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PREFACE 


This book is intended for teachers, and for teachers only. 
The publishers will sel] it to no person except to a teacher 
who is using the Wentworth-Smith Trigonometry as the 
regular textbook of his class. Every teacher who purchases 
a copy must consider himself in honor bound not to leave his 
copy where pupils can have access to it, and not to sell his 
copy except to the publishers, Messrs. Ginn and Company. 

It is hoped that young teachers will derive considerable 
help from the systematic solutions of the exercises and that 
every teacher who is pressed for time will find great relief 
by not being obliged to work out every problem for himself. 

Criticisms and corrections will be thankfully received. 


GEORGE WENTWORTH 
DAVID EUGENE SMITH 


Norse. The numbers in brackets quoted as reasons in cases | 
like those on pages 197 and 343 of the Teachers’ Edition refer | 
to the numbered formulas on pages 185-186 of the text. 


iv 


PLANE TRIGONOMETRY 


TEACHERS’ EDITION 


Exercise 1. The Six Functions (Page 5) 


: b 
1. In the figure of § 7, sin B= is Write the other five functions of the 


angle B. a 
@ cos B= — sec B= ee 
Cc a 
Be B ¢ 
an ee esc B = = 
b 
COL —— 
b 
2. Show that in the right triangle 4CB (§ 7) the following relations 
exist: gin A = cosB, cos A = sin B, tan A = cot B, 
cot A = tan B, sec. A = esc B, sec A = sec B. 
In the triangle ACB (§ 7), 
L 
sin A = °. Gos Ate and 
C Cc b 
b 
s0e'B oe Sin, Bia CORB ee 
Cc c b 
*, sin A = cosB -.cos A = sin B. * tan A = cot B. 
@ 
Sie ene sec A == Ce ae 
a b a 
t c c 
tani Z cso B== sec B= — 
b- a 
* cot A = tan B. SCC As —CSCiB. .. esc A = sec B. 
State which of the following is the greater : 
83, sin A or tandA. 4, cosA or cota. 
ih 
sin A =“. pases 
c c 
a 
tan A = =* an ae 
b a 
But G Siz, But Cas 
@ a i 2 & 
o> i> 
ig). Ke Ole ako 
and tan.d > sin A. and cot A > cosA. 
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5. secA or tana, 


@ 
Sec Au== =. 
b 
tana =”. 
b 
But c >a 
; Pr 
hy he 
and sec A > tan A. 


6. csc A or cota. 


c 
CSCLAU— te 
a 
6 
CcotvA = =: 
a 
But C0 
CEO 
“ - >A, 
GG 
and esc A > cota. 


Find the values of the six functions of A, if a, b, ¢ respectively have the 


following values : 


7. 3, 4, 5. 
, a 3 4 
SinkAs= = — = coud 
@ ays 
i  & Cc 5 
osA=a—} seodAa i=: 
% ye 
3 Cue 
tan Ae Gscut eee 
be Gi SS 
855, 12, 13. 
L 5 2 
Sit dae = = 4 oot A eee ! 
(6 13 a 5 
b 12 3 
COS Are ae ca Ai eee 
c 3 iy 1 
v 5 , : 
‘eine Wa ie esc A ome, 
b 12, a 5 
1153.9; 8, 8:9) 
: a 3.9 89 
sin A= = = = = . 
G 9 89 
l 8 
cos A me 
CG 8.9 89 
i Bat 39 
tan A = Y SS 
b 80 


12, 1.19, 1.20, 1.69. 
@ 119 119 


sri al - =s 
e 1.69 169 
Omen 2 (mn 10) 
Cosa ae 
c 1.69 169 
an a 1.19 119 
fan A = — = = : 
@ 1.20 120 


9, 8, 15, 17. 


dine es Re oe a 
Ce AG Oss 
~ fod 
ae =e 560 Ale 
ly b 15 
jon dee eee Pere oe 
6 «16 a 
10. 9, 40, 41. 
9 
sin.d = a =—; cotA= Z = a. 
c 41 (he <9) 
ee ee oes PsA ye 
ch! b 40 
9 
tan. A =—=-——; tact See 
O20 a 9 
Gok 
se SO MESo 
9 ¢ 
secA = — = ae 2 
b 8 80 
poet _¢_ 89 _ 89 
a2 398 39) 
cot A ee ee 
Ghee ley aU) 
c 1.69 169 
sec A = —-=__ = 
i AL at, 
c 1.69 169 
CSO 4 sec s = E 
CAO LO 
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13. What condition must be fulfilled by the lengths of the three lines 
a, 6, ¢ (§ 7) to make them the sides of a right triangle ? Show that this 
condition is fulfilled in Exs. 7-12. 


In order that the lines a, 6, c may be the sides of a right triangle, their 
lengths must be such that a? + 0? = c?, 

In Ex. 7, 3? + 42 =9 4+ 16 = 25; 52 — 25. 

In Ex. 8, 5? + 12? = 25 + 144 = 169; 13? = 169, 

In Ex. 9, 8? + 152 = 64 + 225 = 289; 172 — 289, 

In Ex. 10, 9? + 40? = 81 + 1600 = 1681; 412 = 1681. 

In Ex. 11, 3.9? + 8? = 15.21 +64 = 79.21; 8.92 — 79.21. 

In Ex. 12, 1.192 + 1.20? = 1.4161 + 1.4400 = 2.8561; 1.692 = 2.8561. 


Find the values of the six functions of A, if a, b, ¢ respectively have the 
following values : 
14, 2n, n? —1, n? +1. 


. b al 
Ree aoe ee cotA == ; 
@ 7p seal a 2n 
b | Cape i 
co A =o} sec A fas 
on n? — 
a 2, Cuan eal 
es - “= CSC7AG——— - 
n2 — a n 
n?—1 n?4+1 
15. ‘ 
Me a n*=—1 
} Qn b 2 ail 
Sun Al se Sc z = ——_ ; CObA= == mail ‘ 
B ese 776 il a n 2n 
» 
n? — J n2 +] 
pre 3) 2 244 
cos A = -= oe AL sec A =-= eae aoe 
(pe Ae Wee al n= —1 n2—1 
2 ae 
n? +1 
a n 2n e  goee n? + 1 
Wehnb el See =e ; GOALS Ss 
bs = 1 nt — 1 a n 2n 
2 
16. 2mn, m? — n®, m? + n?. 
2m b  m*— n?2 
sind =O = cot A =-—= 5 : 
c mi n- a 2mn 
ie eespy Ne) 2 2 
cosa == ech, seed = — = aie! ; 
C6 Mm + n? bmn — 
A oe it 2mn ~ c m+ n2 
an =- =f Sh SCA es a 


m? — n2 a 2mn 
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2mn m2 + n? 
iif ’ +n, 
m—n m— Nn 
2mn 
m—n 2mn i b m+n_m—n?, 
Midas Soa fe ae ee cae ; 
m? + n m2+n a 2mn 2mn 
m—n m—n 
m2 + n? 
b m+n m2 — n? c m— Nn m2 + n2_ 
cos A = = = ——— = —, __, ; sec A = —— — _-,_ zs? 
c m+n m+n b m+n m2 — n: 
m—n 
2 2 
2mn m?+n 
AAA a m—mn 2mn ae c m—n m2 + n? 
an a = ———-; SC Z co ss —_______.. 
b mtn me—n?’ at 2mn 2mn 
m—n 


18, As in Ex. 13, show that the condition for a right triangle is ful- 
filled in Exs. 14-17. 
In Ex. 14, (2n)? 4+ (n?-1)? = 4n? 4 nt—2n?4+1=nt4+ 2n?41; 
(n? eee ey, 


n2 nt — 2n? 41 2 ak Ae 
In Ex. 15, (n)? + ; —t)=n Path P i 
n24+1\?_ ni4+2n?+1 
( 2 J= 4 
In Ex. 16, 


(2mn)? + (m? — n?)? = 4m?n? + mt —2 mn? + nt = mt + 2 men? + nt ; 
(m2 + n?)? = mt + 2m2n? + nt. 


- {2mn 2 4 m?n? 
In Ex. 17, ( ) + (m + n)? = ——__________ + m? + 2mn 4-0? 
m—n m2? — 2mn + n? 
_ mt + 2 m?n? AR nt 
m2 — 2mn + n? : 


(~ stata mé TE 2m?n® + nt 
m2 —2mn-+ n2 


m—n 


Given a? + b? = c?, find the six functions of A when: 


19° a= 0d: 
1 l 
CA (OF 07 sin 4 = 2 == aS bot ld ree aes 
b2 4 b2 = 2 CO PWD VD Geb 
eb 1 z 
2b? = c?. = Raa? seo A =o a PN? 5 
l 9 () 
c =bv2. as 
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20. a= 20. a? + U2 = c?, 
4b? + 6? = c?, 
5b? = c?, 
c=bv5. 
ee eee 2 iy ae 
CIN V5 ® Ctaeech a2 
l = Wis a 
eh a ny 4 Sat Ae ey 
GW WS b b 
Pb = 
ie ae AS wR bvV5_1 
b b a 2b 2 
21 a= ze a? + 6? = c?. 
ey Omt a (0) sno 
Dee ice 
been SG 
3 
2 = 
gin a> = 82 2. ; Ses ; 
i cot A = = =- V5. 
£V5 a ge 2 
a yar sec A g g o 3 ie. 
ga eae yee vent 
Le ee Be ee é 3 
b [V5 v5 5 esc A = —- == ——=-. 
3 a 2¢ 2 


Given a? + b? = c?, find the six functions of B when: 


22, a = 24, b = 148. 


} 4 
OPP AS Oe cs eae CR See 
; . s ¢ 145 db 148 
ee cos B ayes. aoe Bee 
6? = 21,025. ea ane Tai oye 
C= 145. : ; 45 
2 tanB=>= =; ese B= $=. 
VIS lt ay ren KRG E 
9.5 9 ; 68 
mea e HN hee a Be sy a ac a ; 
= 19.32 — 9.52 c 19.8 193 b 9.5 95 
ot cree LY Zi C F : 
== WOe24, Be ee ee SRS eee 
ae e¢ 19.8 193 a 168 168 
pote 9.2 : el OS 93 
ia an ee ee ee ee 
Qe slG.Sie 168 b 69.5 95 
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24, a = 0.264, ¢ = 0.265. 
b? = c? — @? = 0.265? — 0.264? = 0.000529. 


b = 0.023. 
0.023 23 0.264 264 
sin B=? = V1) = = = ae = SS 
0.265 265” b 0.023 2 
a 0.264 264 : 0.265" 2 
CO Sse sec BD =- = SS SG 
CuO e200NEZOO a 0.264 26 
b ~=0..023 23 > __ 6 20; 2650 S26 
aie == — a Cs = = = SS = 
a 0.264 264 6b = 0.028 23 


25. b=2Vpq,c =p + q. 
C=c?—V=(pt g)? —(2V py)? = p? + 2pq+ g? — 4 pq =(p— q)? 


a=p—q. 
ane 20. cotB = 2 =e Pa eee 
ae b 2Vpq 27a 
oo - sec B = SP 
ae a pq 
} c y — 
san? 29, Coss B Ve UP og, 
nee b 2Vpq 279 


Given a? + 0? = c?, find the six functions of A and also the six functions 
of B when: 


26m Vip? +, b= V2 py. 
C= a l2 =p? + G2 = 2g. 


(70) SEG), 
a ea db vi : 
aged ee in a cot A= = = EPO 
c Dp -Eg a Vp? + @? 
b V2n% 
COSA Pq seed ee ee 
a / a2 2 
on ee a Gena = Deeg 
b V2 pq a Vp? + g? 
b_ Vang + @ 
ge ae eae cot B v= Reda 3 
CR Dg ) V2 pq 
a Vv? 2 e 4 
cos. pe! soo B= — = 
Cc p+ ¢ a Vprt+ 2 
b V2pq 
tani Bis = a ese B= eee 
a Vpr+ @ b V2 pq 
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27.a=Vp?+p,c=—p4l. 


P=? — =p? + 2p4+1—p?—-p=p+. 


b=Vp +1. 
2 
i ps eee 
c p+il 
othe a eee 1 Z 
ee ee a tl 
7 2 a 
Pane © ae ee 
6 Vp+1 
l 1 
Wd ee ——— 
c vpt+tl 
/ ny2 
foe Se TD 
wy pt+l 
ape = Sree! ae 


a vVpt+p P 


In the right triangle ACB, as shown 


28, Find the length of side a if 
sin A= 3, and c= 20.5. 


sin A ee ze 
Gy 
a ze 
2015 9 5 
ea Olleos 
(eee 


29. Find the length of side b if 
cosA = 0.44, and c = 3.5. 


I 
cos. A = AE 0.44. 
Sey 
3.5 
fees 1064 


80, Find the length of side a if 
tan A = 32, and b = 2,’,. 


1 11 
tan A = g =—. 
8 
iahee 
ot & 38 
8a 27 


oes = Vip 2ve; 
OS Dene 
Sec AneiS = aes =vVp+ 1; 
Y) vVp+l 
eo Dy Ve p 
Np Ep wf 
/ 2 = 
cot B=" xe a ON ‘D; 
Ly ps5 
Ree Rie nt ree tee 
ae Dae P 
CRC one ats Te sai 
b Vp+1 
in §7:; 


81. Find the length of side b if 
cot A = 4, and a =1700. 


cot A = 6 = 4, 
a 
ij 
eee 
1700 
b = 6800. 


32, Find the length of the hy- 
potenuse if sec A = 2, andb = 2000. 


secA = e ie 
b 
c = 2: 
2000 
c = 4000 


33, Find the length of the hy- 
potenuse if esc A=6.4, and a=35.6. 


esc.A = — 


° 
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Find the hypotenuse and other side of a right triangle, given: 


34, b = 6, tan A = 3. 


fie eee 
b 2 
_ G8 
aa 
C= 9; 
a + b? = c?. 
Si SG 1c 
UY SO, 
c= 8Vv13. 


Sih Ss Bay, WOR Al = Ohm, 


cos A = Q 050; 
c 


= s025.68 
On 0ae— Cen 
12'25 -- Ol251c7 == 0". 
Ombre# = 12520. 
ce? = 161. 
po GV Orly oe 


36. b= 4, csv A = 13. 


(es 
ese A = — ==. 
anes 
c= 3a. 
af -- 6? = 6. 
25 a2 
ery 5a 
Q9q? + 144 = 25 a?. 
16 a2 = 144. 
az = 9. 
a=3 e=—5 


Sie Or 2 Sie Ee 


‘ a 
Sines O6e 
G 


= 0s Gre: 
a? + 6? = c?. 
0.86.c? + 4 = c?. 
0.64 c? = 4. 

C2 6.25: 


C= 2.5). 


38, The hypotenuse of a right triangle is 2.5 mi., sin A = 0.6, and 
cos A = 0.8. Compute the sides of the triangle. 


a 


sin A= —. 
= Osim! 
=—t) 00x 2omnlls 
enlontiale 


cos A aly 
c 
. b=ccosAa 
= O88. 5<2 7b mils 
ss annals : 


Find, by means of the above table, the sides and hypotenuse of a right 


triangle, given : 
i), ALS O'S Ile 


41. d= 20° c= 4. 


. 


42, A = 20°, c=3.5. 


sins sind eee ache. 
Cc ¢ c 
a=csinA a=csinA a=csinA 
= 0.342. = 4x 0.342 = 3.5 x 0.342 
b = 1.368. SSH One 
OOS ear: conde Rey ea 
b=ccosA NP ere ii Pel 
= s =ccosA 
mee = 4x 0.940 = 3.5 x 0.940 
= Shi 


= 8.29. 


43, A = 20°, c = 4.8. 
sin A = uF 
Cc 
a=csinA 
= 4.8 x 0.342 
= 1.6416. 


So ee 
Cc 


=c¢ cos A 
= 4.8 x 0.940 
SUS. 


le calaANS ails 

2 

Cc 

=csinA 

= 7} x 0.342 

= 2.565. 
b 


sin A = 


a 


COSA = —- 


fey 


b= c cosa. 
= 7} x 0.940 
= 10S, 


OG}, Zl ee Oia ale 


F a 
sin A ==. 
C 


a=csinA 
= 0.648. 


cos A = b 
Cc 


b=ccosA 
= OO. 


46. A = 40°, c =3. 
a 


SinvAg—=—— 
c 

Qi CSD TA, 

=38 x 0.6438 

= .929: 
cos A = L 
c 

DiC COSA. 


= 2.298. 
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47, A= 40°,c=7. 


pine 
@ 
G— cCsine 
=T7 x 0.643 
= 4,501. 
b 
cosA = -. 
@ 
b=ccosa 
OOO 
= 5.362. 
AST Al 409% e— Oe 
sin A = a 
G 
@ = CsimA 
= 10.7 x 0.648 
= 6.8801. 
b 
cos:Al ==. 
¢ 
b=ccosA 
= Oe s< WSs 
= 8.1962. 
49, A = 40°, c = 250. 
sin. A = eae 
@ 
@=¢ sin A 
= 250 x 0.648 
= 160.75. 
b 
cosA =-. 
i 
b=ccosA 
= 250 x 0.766 
= 1915. 


Ni), 4b = ese SO 
Sinvau== -. 
(a= esin A 


= 2 x 0.940 
=i getsh, 
t 
cos A = - 
C 
b=ccosA 
3K 0.3842 
= 0.684. 


DIN Ar 102 a2. 


a 
esc A =—. 
c 


c=acscA 
12 561064 
28s 
cot A als 
a 
b=acotA 
=2 x 0.364 
= 73 
Bp Ae O Nie 7, 
tan A = oe 
b 
a=bdtana 
=o AT, 
= 5.494. 
secA = 


c 

b 
c=bsecA 

2 

5 


= 2 x 2.024 
= 5.848. 
Souda OS na 2b 
cot A = b 5 
a 
b= alcotaA 
= 25 x 0.364 
=i Oils 
esc. A = oe 
a 
Ci CCS Cr: 
= 25 x 1.064 
IDOL. 


a=btanA 
= 150 x 2.747 
= 412.05. 
secA = ae 
b 


c=bsecaA 
= 150 x 2.924 
= 438.6. 


10 


55. By dividing the length of a 
vertical rod by the length of its 
horizontal shadow, the tangent of 
the angle of elevation of the sun 
at that time was found to be 0.82. 
How high is a tower, if the length 
of its horizontal shadow at the same 
time is 174.3 yd.? 


tan.A = - = 0.82. 


* @ = 0.820 
= 0.82 of 174.3 yd. 
= 142.926 ya. 
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56. A pin is stuck upright on a 
table top and extends upward 1 in. 
above the surface. Whenitsshadow 
is Zin. long, what is the tangent of 
the angle of elevation of the sun ? 
How high is a telegraph pole whose 
horizontal shadow at that instant 
is 21 ft.? 


tana = Se ens 
ae 
m0 a=11b 
= 1} e21 ft: 
= 24 ft. 


Exercise 2. Functions of Complementary Angles (Page 7) 


Express as functions of the complementary angle : 


1. sin 30° = cos (90° — 30°) = cos 60°. 
2. cos 20° = sin (90° — 20°) = sin 70°. 
3. tan 40° = cot (90° — 40°) = cot 50°, 
4, sec 25° = ese (90° — 25°) = csc 65° 
5, sin 50° = cos (90° — 50°) = cos 40°. 
6. tan 60° = cot (90° — 60°) = cot 80°. 
7. sec 75° = cse (90° — 75°) = ese 15° 
8. csc 85° = sec (90° — 85°) = sec 5° 
9. sin 60° = cos (90° — 60°) = cos 80° 
10. cos 60° = sin (90° — 60°) = sin 30° 
11. tan 45° = cot (90° — 45°) = cot 45° 


12. sec 45° = esc (90° — 45°) = ese 45° 


ee 
> oo 


tan 82° 45’ 


re 
on 


15. sec 


= 
<>) 


. sin 75° 30’ = cos (90° — 


75° 30’) = cos 14° 80’. 


cot (90° — 82° 45’) = cot 7°15’. 
68° 15’ = ese (90° — 68° 15’) = ese 21° 45’ 
. cos 88° 10/ = sin (90° — 88°10’) = sin 1° 50’. 


Express as functions of an angle less than 45° 


17, sin 65° = cos (90° — 


18. tan 80° = cot (90° — 
19sec 77° = ese (90° — 
20. cos 52° = sin (90° — 


21. cot 61° = tan (90° — 


65°)-= cos 25°. 
80°) ==cotlos 
UT) ==" CSCELOLs 
52°) = sin 88° 
61°) = tan 29° 


22. csc 78° = sec (90° — 78°) = sec 12°. 


23. sin 89° = cos (90° — 


89°) = Cosiles 
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24. cos 86° = sin (90° — 86°) = sin 4°. 

25. sec 88° = esc (90° — 88°) = ese 2°. 

26. sin 774° = cos (90° — 774°) = cos 12}°. 
27. cos 824° = sin (90° — 824°) = sin 7}°. 
28. tan 88.6° = ‘cot (90° — 88.6°) = cot 1.4°. 


Find A, given the following relations : 


29. 90°— A= A. $1. 90° A=2A. 
a =, 90° = 3/4. 
Ane 2, e302 
30. cos d = sind. 82. cosA = sin2A. 
cos A = sin (90° — A). cos A = sin (90° — 
90°—- A=A. 90°— A=2A4. 
2A = 90°. oie 190e. 
A = 45°. A730", 


Exercise 3. Functions of 30°, 45°, and 60° (Page 9) 


Given V3 = 1 7320, express as decimal fractions the following : 


of 

IES OO Cnn Oeos 

2. cos 30° = 3-V3 = } x 1.7320 = 0.8660 
Si tan sO? =v 8 = 2 17820 = 0.6773 
4, cot 30° = V3 = 1.7820. 

5. sec 80° = 3/8 = 2 x 1.7820 = 1.1547 
6. csc 30° = 2. 

7. sin 60° = 4-V3 = } x 1.7320 = 0.8660. 
8. cos 60° = $ = 0.5: 

9. tan 60° =-V8 = 1.7820. 

10, cot 60° = 1V3 = } x 1.7320 = 0.5773. 


3 
11. sec 60° = 2. 
12. csc 60° = 2 


2 
lI 
[es N} 


2 1.7820 = 1.1547. 


Write the ratios of the following, simplifying the results : 


Lt 


A) 


18. sin 45° to sin 80°. 15. tan 45° to tan 30°. 
sin 45° _ v2 5 tan 45° ee) WE 
sin 30° 3 tan 30° 1V/3 

14. cos 45° to cos 30°. 16. cot 45° to cot 30°. 
cos 45° _ iv2 = 1 couaoee lf 


cos 80° 15/3 38 cot 80° 4/38 


PLANE 
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17 sec 45° to sec 30°. 21. tan 30° to tan 60°. 
seods? V2 1g tan30°_ 4V3_ 1 
see 80° 2V3 ore tan 60° 7) 4/e 3 
18. esc 45° to ese 30°. 22. cot 30° to cot 60°. 
esc45° V2 15 cot30°_ V3 _ 3 
——— SS eV ir aes ae SSS 
cose 2° 2 cot 60° AV3 
19. sin 30° to sin 60°. 28. sec 30° to see 60°. 
sin80°_ 3s lL see 30° _sV3_ 17 
sin 60° 13 38 sec 60 eet i 
20. cos 30° to cos 60°. 24. esc 30° to ese 69°. 
330° 1\3 = ese 30° 2 me 
cose" ev? o/s ee ee 
cos 60° uo ese 60° 24/3 
Express as functions of angles less than 45° 
25. sin 62° 17’ 40’ = cos (90° — 62° 17’ 40”) = cos 27° 42’ 20% 
26. tan 75° 28’ 35” = cot (90° — 75° 28’ 35”) = cot 14° 81’ 25” 
27. sec 87° 82’ 51” = esc (90° — 87° 82’ 51”) = ese 2° 27° 9” 
28. cos 88° 0’ 27” = sin (90° — 88° 0’ 27”) = sin 1° 59’ 38” 
29. sin 75.8° = cos (90° — 75.8°) = cos 14.2°. 
80. cos 82.75° = sin (90° — 82.75°) = sin 7.25°. 
31. tan 68.82° = cot (90° — 68.82°) = cot 21.189, 
82. sec 85.05° = ese (90° — 85.95°) = ese 4.05°. 


Find A, 
33. 90° — A = 45° — $A. 


— }A=— 45°. 


A 90? 
34, 90° -— LA=A., 
— 1 A 902, 
"A= 60°, 
36. 45° + A = 90° — A 
2A = 45° 
A = 223°, or 22° 80/ 
36. 90°— 4 A= A 
A = — 90° 
col ST 
37. 90° — A=nd. 
A (n + 1) = 90°. 
90° 
Al 


w+) 


given the following relations : 


38. cos 4 = sin (45° — } A). 
cos A = sin (90° — A). 
90° — 4d = 45°— LA. 
—}A=— 45°, 
A == 90°: 


89. cou} d = tan A. 


cot }.d = tan(90°— 4 4). 
vn oe ge 
+ A= 90°. 
A = 60°. 
40. tan (45°+ A) = cot A. 


cot A = tan (90°— 
90° — A = 45°+4 A. 
— 9 iA 


A). 


=o 

6 
lc 
~ 


© aT 22° 86" 
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41. cos4A= sin A. 45. By what must cos 45° be 
cos4 A = sin(90° ~ 4A), multiplied to equal tan 60°? 
90°— 4A=A. x cos 45° = tan 60°, 
—5A=— 90°, tan 60° 
+ oh L£= aR = V3 Aes 
f hv2 
42, cot A = tannd. 46. By what must cse 60° be 
cot A = tan (90° — A), divided to equal tan 45°? 
90°—-A=nA. ese 60° 
A(n +1) = 90°. — — = tan 45°, 
= pi Oe A Ea 


Wee Ls tan45° 1B 


43. By what must ante be 41. 


(toss By what must ese 80° be 
multiplied to equal tan 80° 


divided to equal tan 80° ? 


. (| pe ey 2()2 
@ gin 46° = tan 30°. cse 80° 


tan 80° 1.4/6 4 —— = tan 80°, 
a= in 45° mae oa V6. ‘i 80° ) 
/¢ é CSC 4 
yvi 8 2 OO ee 
tan 80° 1 4/3 
44, By what must sec 45° be ¢ 
multiplied to equal ese 80°? 48. What is the ratio of sin 45° 
az sec 46° = csc 80°, sec 45° to cos 60° ? 
ese 80° 2 : 5° gece 45° } VE 
Fi Ae ais = 5/9. sin 45° sec 45 bv2x V2 _ 
sec 45° 4/9 cos 60? } 
© 


49. What is the ratio of cos 45° ese 45° to cos 80° ese 80° ? 
cos 45° ese 459 _ V2 x ee ae 
cos B0° csc 30° } V3 x 2 /3 3 


50. What is the ratio of sin 45° sin 30° to cos 45° cos 30° ? 
sin 45° sin 30° V2 x } ag! J ir 
COR « 45° cos £ 302 N /9 % } V3 V3 3 

51. What is the ratio of tan 80° cot 30° to tan 60° cot 60° ? 
tan 30° cot 30°} V3 x VB 


a a ee S| 


tan 60° cot 60° V3 x /3 


62. From the statement tan 30° = } V3 find cot 60°. 


cot 60° = cot (90° — 30°) = tan 30° = , V3. 
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Exercise 4. Use of the Table (Page 10) 


From the table on page 11 find the values of the following : 
iy ONS z= Oy Merz Le VsinviG2a== 029703. 23. tan 45° = 1.0000. 
2. sin 14° = 0.2419. 13. cos 24° = 079135. 24. cot 45° = 1.0000. 
8. sin 21° = 0.3584. 14. sin 66° = 0.9135. 25. secC° = 1.0000. 
4. sin 30° = 0.5000. 15. cosdd” = 0.8192. 26. csc 90° = 1.0000. 
5. cos 85° = 0.0872. 16. sin 55° = 0.8192. 27. sec 15° = 1.0353. 
6. cos 76° = 0.2419. Li cot: 5° = 11 4301S F238. csenisca IO Bose 
7. cos 69° = 0.3584. 18, tan 85° = 11.4801. 29. ese 12° = 4.8097. 
8. cos 60° = 0.5000. 19. cot 11° = 5.1446. 80. sec 78° = 4.8097. 
9. cos 6° = 0.9945. 20. tan 79° = 5.1446. 81. esc 44° = 1.4396. 

10. sin 84° = 0.9945. 21, tan.21° = 0.3839: 32. sec 46° = 1.4396. 

li, cos14° = 0.97038. 22. cot 69° = 0.8839. 


33. Find the difference between 2 sin 9° and sin (2 x 9°). 
2 sin 9° = 2 x 0.1564 = 0.3128. 
Simi 9°) su 82 = 0.3090. 
0.3128 — 0.3090 = 0.0088. 
34. Find the difference between 3 tan 5° and tan (3 x 5°). 
3 tan 5° = 3 x 0.0875 = 0.2625. 
tan (3 x 5°) = tan 15° = 0.2679. 
0.2679 — 0.2625 = 0.0054. 
Which is the larger, 2 sec 10° or see (2 x 10°)? 
2sec10° = 2 x 1.0154 = 2.0308. 
sec (2 x 10°) = sec 20° = 1.0642. 
2 sec 10° is the larger, 


35 


86. Which is the larger, 2 csc 10° or ese (2 x 10°) ? 
2 esc 10° = 2 X 5.7588 = 11.5176, 
esei(Z x 102) esc 202 e020 38h 
2 csc 10° is the larger. 
37. Which is the larger, 2 cos15° or cos (2 x 15°) ? 
2 cos 15° = 2 x 0.9659 = 1.9818. 
cos(2 x 15°) = cos 30° = 0.8660. 
2 cos 15° is the larger, 
38. Compare 3 sin 20° with sin (3 x 20°); with sin(2 x 20°). 
3 sin 20° = 38 x 0.38420 = 1.0260. 
sin (8 x 20°) = sin 60° = 0.8660. 
sin (2 x 20°) = sin 40° = 0.6428. 
8 sin 20° is larger than sin(3 x 20°) and larger than sin (2 x 20° 
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89. Compare 3 tan 10° with tan(8 x 10°); with tan(2 x 10°). 

8 tan 10° = 8 x 0.1763 = 0.5289, 

tan (3 x 10°) = tan 30° = 0.5774. 

tan (2 x 10°) = tan 20° = 0.3640. 

3 tan 10° is smaller than ‘tan (3 x 10°) and larger than tan (2 x 10°), 
40. Compare 8 cos 10° with cos(3 x 10°); with cos(2 x 10°). 

3 cos 10° = 8 x 0.9848 = 2.9544. 

cos (8 x 10°) = cos 30° = 0.8660. 

cos (2 x 10°) = cos 20° = 0.9397. 

3 cos 10° is larger than cos(3 x 10°) and larger than cos(2 x 10°). 
41. Is sin(10° + 20°) equal to sin 10° + sin 20° ? 

sin (10° + 20°) = sin 80° = 0.5000. 

sin 10° + sin 20° = 0.1736 + 0,3420 = 0.5156. 

sin (10° + 20°) is not equal to sin 10° + sin 20°. 
42. When the angle is increased from 0° to 90° which of the six func- 

tions are increased and which are decreased ? 

The sin, tan, and sec increase and the cos, cot, and ese decrease. 


Exercise 5. Use of the Table (Page 12) 


Using the values given in the table on page 11, show as above that the 
following are reciprocals : 


1. sin 80°, cse 30°. 6. cos 10°, sec 10°. 
Sn BUCO SW! = Dyn xe FF = le cos 10° sec 10° = 0.9848 x 1.0154 
2, sin 25°,, esc 25°. = 0.99996592 
sin 25° esc 25° = 0.4226 x 2.3662 =, 
= 0.99995612 Tie 
— 1.0000. 7. sin 75°, ese 
3. cos 35°. sec 35° sin 75° cse 75° = 0.9659 x 1.0353 
ee +. = 0,99999627 
cos 85° sec 85° = 0.8192 x 1.2208 - : 
= 1.00007936 — 
=1. 8. cos 75°, sec 75 
4, sin 10°, ese 10°. cos 76° sec 75° = 0.2588 x 3.8687 
sin 10° esc 10° = 0.1736 x 5.7588 — 0,99992556 
= 0.99972768 ee 
remot I 
5. tan 10°, cot 10°. 9, tan 75°, cot 75°. 
tan 10° cot 10° = 0.1763 x 5.6713 tan 75° cot 75° = 3.7321 x 0.2679 
= 0,99985019 = 0.99982959 


— J]. Sle 
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10. From the table show that the ratio of sin 20° esc 20° to tan 50° 
cot 50° is 1. 
sin 20° csc 20° (0.8420 x 2.9288  0.99998960 __ 1 


tan 60° cot 50° 1.1918 x 0.8391  1.00003988 1 


11, Similarly, show that cos 40° sec 40° : tan 70° cot 70° = 1. 
cos 40° sec 40° 0.7660 x 1.8054 _ 0.99993640 1 
tan 70° cot 70° 2.7475 x 0.3640 1.00009000 1 


In the right triangle ACB, as shown in §7: 


12. Find the length of side a if 15. Find the leneth of side a if 
A150 2.and Cina. A = 60°, and b = 34.64. 
ain A =<. tan A = ©. 
G b 
a=csinA a=bdtanA 
= 75.2 x 0.5000 = 34.64 x 1.7321 
=tOukOn = 59.999944. 
13. Find the length of side a if “ @= 60. 


d = 46°, and ¢ = 1.414. 16. Find the length of side 0 if 


sin A = °. A = 60S vandle == 2bui2s 
Cc 
= Csinee: Cosi 
= 1.414 x 0.7071 € 
= 0.9998394, bis ¢ One 
ee: = 25.72 x 0.5000 
= 12.86. 


14, Find the length of side b if 


A = 80°, and c = 115.47. 17. Find the length of side a if 


Yi b A = 80°, and c = 45.28. 
cosy 5 - 
b=ccosA as 
= 115.47 x 0.8660 a=csinA 
= 99.99702. = 45.28 x 0.5000 
Py Os TO = 22.64. 


Exercise 6. Use of the Sine (Page 15) 
Find a to four figures, given the following : 


To @ == IM, Al se 0 bb Gash, 73) 2 
C— Csi ALOR a O S01 — 1.156% = C'SincA 5S Oe One 4 Ode 
C(O WS, Jal ee 15, 4 C =a Owe A= 07 


a= csin A = 15 012588 = 3.882. a=csinA = 75 x 0.7660 = 57.46. 


TEACHERS’ EDITION 17 


Find A, given the following : ; 
Ds C—O 2.0795 Wo @ =F, oh = MW ASSOr 


2.075 2586 
pie 00079. hye OO 8 6008 
es 16 ¢ 2 

les ; A= 39°, 
6. c = 20, a = 6.840. 8. c= 50, a = 34.1. 
pee ee 65400. bin A 0 ona) 
@ 20 c 50 
A = 20°, A = 43° 


8. A 50-foot ladder resting against the side of a honse reaches a 
point 25 ft. from the ground. What angle does it make with the 


ground ? 95 
Res 9 5000. 
c 50 
0 A = DS 


The ladder makes an angle of 80° with the 


ground. 
10, From the top of a rock a cord is stretched to a poiit on the ground, 
making an angle of 40° with the horizontal plane. The cord is 84 ft. long. 
Assuming the cord to be straight, how high is 
the rock ? a 
sin A =-. 
G 
a=csindA = 84 x 0.6428 = 53.9962. 


The height of the rock is 54 ft. 


11. Find the side of a regular decagon inscribed in a circle of 
radius 7 ft. 
Central angle = 360° + 10 = 86°. 
Half the central angle = } of 36° = 18°. 


: L 
SineAge—e 


a@=csinA =7 x 0.8090 = 2.16380. 
BO = 2.163 ft. 


The side of the decagon is 4.526 ft. 


B 
a | 


ela 


12, The edge of the Great Pyramid is 609 ft. and makes an angle of 
§2° with the horizontal plane. What is the height 


of the pyramid ? | a 
SineA a 


a=csinA = 609 x 0.7880 = 479.8920. 
The height of the pyramid js 479.9 ft. 
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13. Wishing to measure BC, the length of a pond, a surveyor ran a 
line CA at right angles to BC. He measured AB and 24, finding that 
AB = 928 ft., and A = 29°. Find the length 
of BC. 


sin A = ©. 
é 
a=csinA = 928 x 0.4848 = 449.8944. 
The length of BC is 449.9 ft. A 


Exercise 7. Use of the Cosine (Page 16) 


Find b to four figures, given the following : 

ie ean 11029 6, C= 2:8), A = 482: 

b=ccosA =il1 x 0.9848 = 10.83. b=ccosA=2.8 x 0.6691 = 1.878. 
2e¢ 145A 16>. is (C= 9.1, Ab 529% 

b= c.cosiA = 145400613 = 133465) bi=leicos Al ai OG onoce 
Sh Oe sy 24) ve Sic al 2 Al 8 

b= ccosA = 28 x 0.9135 = 25.58. =c¢ cos A = 11.2 x 0.5299) = 5-035. 
ik @eSchls sla eee 9G 12 oA Gnes 

DC cos A= 4 x ONT T= S186. b= c cos ANP ba0. 3 90n—4aeoess 
by Cay Abas cb LONG = 28.25 Ar 7528 

b= cosa. = 75 X OV745l = 55.78. b=\6 cos A= 28.25 sa Oos8i—eaiale 


Find A, given the following : 


11. c = 10, b = 9.848. 


14. c=17.6, b = 8.8. 


9. 

cos A = 2 = pas = 0.9848. cos A = g = oS = 0.5000. 

Cc Came i6 

5 al se JIS. a 4b = OE, 

12, ¢ = 20, b = 19.126. 15. c = 500, b = 227. 

Coad = eae eee horas, Ce = ane 

c c 600 

os ASS 7. meee =" 63e. 


13. ¢ = 40, b = 35.952. 


b= 3.952. 
COVA = Ss 
i 


eA Oa 


= 0.8988. 


16. c = 600, b = 205.2. 
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17. c = 200, b = 117.56. 19. ¢ = 300, b = 1023. 
17.56 3 
iy aa Rese en 08490 
e 200 G 300 
pode BAe a 
18, c = 187, = 981. 20. ¢ = 1000, 6 = 104}. 
b 98.2 5 
eg er oa a Ee on045 
c 187 ¢ 1000 
Para 60°: CWA 1840: 


21. A flagstaff breaks off 22 ft. from the top and, the parts still holding 
ecogether, the top of the staff reaches the earth 11 ft. from the foot. 
What angle does it make with the ground ? 

t 
Ue 05000! 
@ 22 


a 


COscAn— 
A = 60°, the required angle. 
22. Wishing to measure the length of a pond, a class constructed a 


right triangle as shown in the figure. If Ab = 640 ft. 
and A = 50°, required the distance AC, 


t 
cones 
C 


b=ccosA = 640 x 0.6428 = 411.892. 


The required distance is 411.4 ft. 


23. In the same figure what is the length of AC when Ab = 500 ft. 
and A = 40°? 
b 
COStAl er 
¢ 


b =ccosA = 500 x 0.7660 = 383.0000. 


The required length is 388 ft. 


24, In the same figure, if AC = 731.4ft. and 4 B=1000ft., what is 


the size of angle A ? ; 
cos A = e = UaSs = 0.7314. 
e 1000 


A= 7430; 
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25. A regular hexagon is inscribed in a circle of radius 9in. How far 


is it from the center to a side ? 
360 — 30°. 


Half the angle at the center is 5 of 


cos A =2. 
b=ccosdA = 9 X 0.8660 = 7.7940. 


The distance from the center to a side is 7.794in. 


26. What is the area of a regular hexagon ipscr‘ked in a circle of radius 


8 in. ? b 
cosd =-. 


b=ccosA = 8 x 0.8666 = 6.9280. 


The apothem is 6.928 in. 
8.9 
Area of hexagon = 6 x aa a. in, = 166.272 sq. in. 


27. A ship sails northeast 8 mi. It is then how many mies to the east 


of the starting point ? 
cos A = — 


b= eres A = 8 x 07071 = 5.6568. 


The ship is 5.657 miles east of the starting point. 


28. Some 16-foot roof timbers make an angle of 30° with the hori- 
zontal in an A-shaped roof, as shown in the figure. Find AA’, the span 


of the roof. 
cosA = us B : 
b=ccosA = 16 X 0.8660 = 18.8560. pee ADEA, 
ACA C—) 2A G20 2 SCS Sh Oi ene 


The span is 27.71 ft. 


29. An equilateral triangle is inscribed in a circle of radius 12 in. 


How far is it from the center .to a side ? 
860° 
= G02 


Half the angle at the center is 5 of 


COSHia— 


> 


alo 


b=ccosA = 12 x 0.5000 = 6. 


The distance from the center to a side is 6 in. 
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80. A crane AB, 80 ft. long, makes an angle of « degrees with the 
horizontal line AC. Find the distance AC when «= 20; when x = 45; 
when g = 65; when zg =0; when x = 90. 


cos A ee 
@ 


5 =ccosA = 380 cos 20° = 80 x 0.93897 = 28.1910. 
AC =28.19 ft. Ans: 

y =c cosA = 80 cos 45° = 30 x 0.7071 = 21.2130. 
AG = FAO aes 6S 

b =ccosA = 80 cos 65° = 80 x 0,4226 = 12.6780. 
ACG=12.68 it. Ans. 

DiC COS Al = 30 Cos;07 = 30 se 1730: 
AC = 30ft. Ans. 

b= 70 cos Al 30ic0s:90° = 380) x 0 = 0: 
AlCn— nite Ans: 


31. In Ex. 30 what angle does the crane make with the horizontal when 
AC=15ft.? when AC = 30 ft. ? 


i es 6 30 ; 
cosA = - = — = 0.5000. Cogs a 10000 
Ce 30 ¢ 380 
, Als, Alpss 6 BUSS as 
32. The square AN, of which the side is 200 ft., is inscribed in the 
square OM, AC is 181.26 ft. Required the angles that the sides of the 
small square make with the large one. uw D 
; ri N 
b 181.26 
cosA = a = = 0.9063. 
¢ 200 
i hl ae NS. 
B = 90° — 25° = 65°. le 
she required angles are 25° and 65°. A C 


33, In Ex. 32 find the required angles when AB=15in. and BC=7} in.; 
when A B= 20in. and BC = 10.3 in. 


a’ 72h a@_ 10.8 


COs a) 0008 COS 3 eee = 0.5150 
C 5 c 20 
- B= 60°. o. B= 59°. 
A = 90° — 60° = 380°. A909 == 50° 819 


The required angles are 30° and 60°; 31° and 59°. 
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34. The edge of the Great Pyramid is 609ft., and it makes an angle 
of 52° with the horizontal plane. What is the diagonal of the base ? 


ey ra 
© 


b=ccosA = 609 x 0.6157 = 374.9618. 
2b = 749.9226. 


The diagonal of the base is 749.9 ft. 


Exercise 8. Use of the Tangent (Page 19) 


Find a to four significant figures, given the following : 


lL. b = 37, A=18. 
a 


== in Zl, 
b 
a= btanaA 
= 87 x 0.8249 
= 12.0218. 
OS MP 


PA Wi = PX, al Ss 2a 
a=btanA 
= 26 x 0.4245 
Se IOsnO: 
A — wt. 


SY (ea isn 2 VS Ghiey 
a=btana 
= 48 x 0.6009 
= 28.8432. 
a = 28.84. 


AN 0 = 620A == 36° 
a=btanaA 
=162% 0271265 
= 45.0430. 
a= 45.04. 


i} locas holy Zale are Rasen 
a=btanA 
=98 x1 
= 98, 


6. b= 4.8, A = 51° 


a=btanaA 
= 4.8 x 1.2349 
= §.02752. 

a = 5.928. 


6 OS OG, Al Saanies 


i= bitaned: 
= 9.6 x 1.5399 
= 14.78304. 

a = 14.78. 


a=btanA 
= 23.4 x 1.8807 
= 44.00838. 

a = 44.01. 


9 b= 28.7, A=75°. 


a=bdtanA 
= Jone oon ll 
== Oa. 
COTE 


10 b = 39.7, A = 85°. 


a=bdtanA 
= 89.7 x 11.4801 
= 453.77497. 

a = 453.8, 
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Find A, given the following: 


OS S600; 14, a = 13.772, b= 40. 
a. 6 13.772 
tan A =—-=-=l1. nS 9 — 
aa tan A = ae = 0.8448 
A= 4B. rede 105 
12, a = 0.281, b = 2. 15. a = 2.424, b= 6. 
2 
ae OO 406: eA = es 040 
b 2 D 6 : 
a, At = (8h), 2, Al = O22. 
13, a = 4.752, b = 30. 16. a — 20.503, b = 10. 
9 
Pee Oe ieee te 0508: 
bu 30 b 10 
7A 0° «A= 64°, 


17. A man standing 120ft. from the foot of a church spire finds that 
the angle of elevation of the top is 50°. If his eye is 5ft. 8in. from the 
ground, what is the height of the spire ? 

a=btanA =120 x 1.1918 = 143.016. 
a = 148. 


The height of the spire is 148 ft. + 5ft. 8in. = 148 ft. 8 in. 


18. When a flagstaff 55.43 ft. high casts a shadow 100 ft. long on a 
horizontal plane, what is the angle of elevation of the sun ? 


fonts = = 0.5543 
b 100 
~. A= 29°. 


Angle of elevation of the sun is 29°. 


19. A ship S is observed at the same instant from two lighthouses, L 
and L’, 8mi. apart. ZL’LS is found to be 40° and ZLL’S is found to be 
90°. What is the distance of the ship from L’? What is its distance 


from L ? s 
tan A= 2 cos A = Os 
b c 
a hore * 0.7660 = = 
= 9.5173. = 3.9164, 1 ——_Iy/ 


The distance of the ship from ZL’ is 2.517 mi. and from JF it is 8.916 mi, 
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20. From the top of a rock which rises vertically, including the instru- 
ment, 134 ft. above a river bank the angle of depression of the opposite 
bank is found to be 40°. How wide is the river ? 


a 
tan A= —. 
b 


a 134 


= = = 159.69. 
tanA 0.8391 


The river is 159.7 ft. wide. 
21, An A-shaped roof has a span AA’ of 24 ft. The ridgepole RF is 


12 ft. above the horizontal line AA’. What angle does AR make with 
AA’? with RA’? with the perpendicular from R on AA’? 


a 
tan A= -—. 
b R 


4x 24ft. = 12 ft. 
tand=13=1 ? 
PAueos Ag 24 34 
PAU Acne. 

AR makes with 4A’ an angle of 45°, with RA’ an angle of 90°, and 
with the perpendicular from R on AA’ an angle of 45°. 

22. The foot of a ladder is 17 ft. 6in. from a wall, and the ladder makes 
an angle of 42° with the horizontal when it leans against the wall. How 
far up the wall does it reach ? 

tan dee 
b 


a =btanA=174 x 0.9004 = 15.7570. 
The ladder reaches 15.76 ft. up the wall. 


23. A post subtends an angle of 7° from a point on the ground 50 ft. 
away. What is the height of the post ? 


tana 


tan A = 50 x 0.1228 = 6.1400. 
The post is 6.14 ft. hee 
24, The diameter of a one-cent piece is } in. If the coin is held so that 
it subtends an angle of 40° at the eye, what is its distance from the eye ? 
Angle A = } of 40° = 20°. 
Radius of coin = 
tan A = 


a 3 
(aS eS = 1) ORY 
tan A 0.3640 


The coin is 1.03 in. distant from the eye. 
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Exercise 9. Use of the Cotangent (Page 20) 


Find b to four significant figures, given the following : 


1. a = 29, A = 48°. 

b=acotA = 29 x 0.9004 = 26.11. 
2. a = 88, A= 72°. 

Dla cot A= 388s 018249112. 35. 
3. a = 56, A = 19°. 

b=acotdA = 56 x 2.9042 = 162.6. 
4, a=72, A = 40°. 

C= coves 12 11018 = 85,8 

Find A, given the following : 

9. a = 72, b = 72. 


ye oes o = 1.0000. 
a 
AG AD eo. 


b= 425) A382: 
b=acotA = 425 x 1.2799 = 544.0. 
6, — 19) A362, 
b=acotA = 19} x 1.3764 = 26.84. 
Us Che Peele Al eee BS 
b=acotA = 24.8 x 1.0724 = 26.60. 
Sila = 256-8; 
b=acot A = 256.8 x 0.2679 = 68.80. 


ZN lye 


10. a = 60, b = 128.67. 


9 
cot. A = 2 = eee = 2.1445. 
a 60 
Ale Dee 


11. How far from a tree 50 ft. high must a person lie in order to see 
the top at an angle of elevation of 60° ? 


cotAa— bs 


b=acotA = 50 x 0.5774 = 28.8700. 


The distance from the tree is 28.87 ft. 


12. From the top of a tower 300 ft. high, including the instrument, a 
point on the ground is observed to have an angle of depression of 35°, 


How far is the point from the tower ? 


cot A eM 
a 


wo 


Angle A = 85°= angle M. 


300 


b=acotA = 800 x 1.4281 = 428.43. 
The point is 428.4 ft. from the building. mG 


18, From the extremity of the shadow cast by a church spire 150 ft. 
high the angle of elevation of the top is 58°. What is the length of the 


shadow ? 


cot A = 


aQlico 


b= acotA = 150 x 0.75386 = 118.0400. 


The length of the shadow is 113 ft. 
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14. A tree known to be 50 ft. high, standing on the bank of a stream, 
is observed from the opposite bank to have an angle of elevation of 20°. 
The angle is measured on a line 5 ft. above 
the foot of the tree. How wide is the stream ? 


6 
cot A = — 
b=a cot A = (50 — 5) x 2.7475 = 123.6375. 
The width of the stream is 123.6 ft. 
Exercise 10. Use of the Secant (Page 21) 
Find c to four significant figures, given the following: 


lh, OSX, Ale. 4. De 2a A A 8O, 
¢=bsecA = 86 x 1.1228=40.40. c=bsecA = 22) x 


PH (ete) bes SO), Dwi SorteeAe— Does 
C= sec A = 48% 1.2868 = 61.77. C= disecA=—334 x 1.6616 = 5.50% 


8. b= 74, A = 43°. 6. b = 148.85 eA = 642% 
@= bsec-A = 74 X 1,3673'= 101.2. “eb sec A= 148.8 % 22812830. 


Find A, given the following: 


7. 6=10,c=13), 8. b= 17.8, c= 86.6. 
31 ; 85 
Se ee a con scot oo Crone 
b 10 b 17.8 
A=41° - A= 60° 


9. A ladder rests against the side of a building, and makes an angte of 
28° with the ground. The foot of the ladder is 20 ft. from the building. 
How long is the ladder ? 


ec A = 
C= 0Sec An 
The ladder is 22.65 ft. long. 


i a 


0 X 1.1826 = 22.6520. 


10. From a point 50 ft. from a house a wire is stretched to a window 
xo as to make an angle of 30° with the horizontal. Find the length of the 
wire, assuming it to be straight. 


sec A = 


se 


e=bsec A = 50 x 1.1547 = 57.7850. 
The wire is 57.74 ft. long. 
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11. In measuring the distance AB a surveyor ran the line AC, making 
an angle of 50° with AB, and the line BC perpen- 
dicular to dC. He measured AC and found that it 
was 880 ft. Required the distance AB. 

sec 4d =<. 
b 
c = bsec A = 880 x 1.5557 = 1369.0160. 
The distance AB is 1369 ft. 


12. From the extremity of the shadow cast by a tree the angle of 
elevation of the top is 47°. The shadow is 62 ft. 6in. long. How far is 
it from the top of the tree to the extremity of the shadow ? 


C 
SQOAl S =e 
b 


c=bsecA = 62.5 x 1.4663 = 91.64875, 


The distance from the top of the tree to the extremity of the shadow 
is 91.64 ft. 


13. The span of this roof 1s 40 ft., and the roof timbers AB make an 


angle of 40° with the horizontal. Find the length of AB, B 


One half the span = 20 ft. 


secA =-. Ag 40 ft. es 


c=bsecA = 20 x 1.3054 = 26.1080. 


So1S 


The length AB is 26.11 ft. 


Exercise 11. Use of the Cosecant (Page 22) 
Find ¢ to four significant figures, given the following : 
== 2A Ae 20°. thy WhO, al = WIE, 
c=acscA = 24 x 2.0627 = 49.50. c=acscA =56} x 1.1484 = 64.60 
Ce OO eae ALC. Sy Wh == Cash 22h Sah 
G=10Csc-Au—=100 < 1.5243 = 54.87. e=acse d = 75.8% 10711 — 81.19. 
3. = 565, A 4 4°, Gu 1'46:95 A= 74°. 
¢=acscA = 56 x 1.4896 = 80.62. c=acscA=146.9 x 1.0408 =152.8 
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Find A, given the following : 


es Chest NO = IDL IXY. 9. a= 5h, c = 6.0687. 
3 6.068 
Fy LE BT tag Ae OO ie 
a 10 a 
7, AS bP. AOR. 
8. a = 13, ¢ = 27.6913. 10. a = 75, ¢ = 106.065. 
Se eoent. ea ee eee 
a 13 a 75 
ey AlL= 2c. . A= 45° 


11. Seen from a point on the ground the angle of elevation of an 
aeroplane is 64°. If the aeroplane is 1000 ft. above the ground, how far 
is it in a straight line from the observer ? 

ese A = = 
a 
c=acscdA = 1000 x 1.1126 = 1112.6000. 


The aeroplane is 1118 ft. from the observer. 


12. A ship sailing 47° east of north changes its latitude 28 mi. in 3 hr, 
What is its rate of sailing per hour ? 
A = 90°— 47° = 48°, 
Cee 
a 
c=acscA = 28 x 1.4663 = 13.6855. 


The rate of sailing is 138.69 mi. per hour, 


13, A ship sailing 68° east of south changes its latitude 45 mi. in 5 hr 
What is its rate of sailing per hour ? 
A=" 909 63>) =i 2712: 


esc A = 


ip Q1O 


c=acscA = 45 x 2.2027 = 19.8248. 


The rate of sailing is 19.82 mi. per hour, 


14. From the top of a lighthouse 100 ft., including the instrument 
above the level of the sea a boat is observed under an angle of depres 
sion of 22°. How far is the boat from the point of observation ? 

ese A ee 
a 
¢=acscA = 100 x 2.6695 = 266.95. 
The point is 267.0 ft. from the point of observation. 
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15. Seen from a point on the ground the angle of elevation of the top of 
a telegraph pole 27 ft. high is 28°. How far is it from the point of observa- 
tion to the top of the pole ? i 


esc A =—. 
a 


C—O CSC Aa eo al SO Ole=—oneo lene 


The distance from the point of observation to the top of the pole is 
57.51 ft. 


16. What is the length of the hypotenuse of a right triangle of which 
one side is 113 in. and the opposite angle 43°? 


C 
CSCrAc—— tn 
a 


e=acscA =11} x 1.4663 = 17.229025. 
The hypotenuse is 17.23 in. 


Exercise 12. Functions as Lines (Page 23) 


1, Represent by lines the func- 
tions of 45°. 


2. Represent by lines the functions 
of an acute angle greater than 45°. 


Te 
B S 
CV 
foe 


B' B! 
sin 45°= MP; cos 45°= OM; 
tan45°= AT; cot 45°= BT; 
sec 45°= OT; csc 45°= OT. 


sine = WP cosz-— OM. 
tang =A cobs. —= BS 
Seca — OULM csc — OS: 

Using the above figure, determine which is the greater : 


3. sing or tang. 4, sin or sec x. 


MP = sine, AT=tan@. 
OM:MP=0OA:AT. 
But OM<OA. 
ERAT. 
+, sing < tang, 
or _ tana >sinz. 


MP = sing, OT = seca: 
OP< OT. 
InattAOMP. ORS MP. 
5 WOOO, 
+ SINe < seca, 
sec @ > sin z. 
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5. secg or tana. 
OT=secx, AT = tana. 
lanertey OAM Oe rAcls 
“. secg> tang. 


6. csc x or cote. 
OS= cse ce BS coun. 
In rt. ABOS, OS>BS. 
*. escx>cote. 


7. cosz or cote. 
OM = cosz, BS = cota. 
OP: OS = OM: BS 
OP <OS. 
7 OM<BSs 
*. COST < cOtz, 


or cotx > cos x. 


8. cosx or csc a. 
OM = cosa, OS = csc. 
In rt. AOMP, OP>OM., 
= OSS OME 
*, CSCL > COSe. 


Construct the angle x, given the following : 


Om tant— 3. 


Let BAD’ be a unit circle with 
center O; then construct a tangent 
to the circle at A. On this tan- 
gent take AT=304A; then Ad0T 
is the required angle. 


LOW esein =)2° 


Let ABA’ be a unit circle, with 
center O; construct BN tangent 
to the circle at B. With center O 
and radius equal to 2 OA describe 
an arc cutting BN at S; draw OS. 

Then AOS is the required angle. 


11. cos z= }. 


Take OM =} radius OA. At M 
erect a | to meet the circumference 
at P. Draw OP. 

Then POM is the angle required. 


12. sinz = cos@. 


Let MP = sing and OM = cosa. 

But, by hypothesis, MP = OM. 

Therefore, by geometry, x = 45°. 

Hence, construct an angle of 45° 
as the required angle. 


13. sinz = 2 cosa. 

Construct rt. Z PMO, making 
PM=20M. Draw OP. 

Then POM is the angle required. 


14. 4sinz = tang. 

Take } of radius OA to M. At 
M erect a t to meet the circum- 
ference at P. Draw OP. 

Then POM is une required angle. 


15. Show that the sine of an 
angle is equal to one half the chord 
of twice the angle in a unit circle. 

Given Z POA. 

Construct POB=2 POA. Draw 
chord PB. Then it is 1 to OA; 
and PM, its half, is the sine of POA. 

*. sing = } chord 22. 


16. Find wif sin z is equal to one 
half the side of a regular decagon 
inscribed in a unit circle. 


Let AC be a side of a decagon. 
Then AOC = ,}, x 360° = 386°. 
Draw OB bisecting AC. Then 
ZA OC is bisected, and ZAOB=18°. 
But the sine of AOB= 3 AC. 
SCHORR Bil Gas 
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Given x and y, x + y being less than 90°, construct a line equal to: 
17. sin(z + y)— sing. describe an are from O as center, 
Let P’M = sin(x + y) in a circle cutting OT’ in N. Then 
whose center is O,and PM = sinc. T’N = sec (x + y)— seca. 
Then, with a radius equal to PM, Ti 


describe an are from M’ as center, 
eutting P’M’ in N. Then 


PN = sin(x + y)— sing. 
{| fh 
a 


20. cosz — cos(x + y). 


Let OM’ = cos(« + y) in a circle 
whose center is O, and OM = cosz, 
Then OM—OM = MM 


18, tan(v + y)— tanec. 
and M’M = cosx — cos (x + y). 


Let AT’ = tan(x + y) in a circle 


whose center is O, and A T= tana. Pp! 
Then 1 -ATH=TT’ (VAS = 
4 awa er 
= tan(x.+ 7)— tang. ’ Lat l\, 


T’ 


B 
21. cotx — cot (a + y). 
A Let BS’ = cot(x + y) in a circle 
Al ve whose center is O, and BS = cota. 
Then BS—BS’ = SS’ 
Ce and SS’ = cot x — cot(% + y). 
7a 


19, sec (@ + y)— seca. 


Let OT’ = sec(x + y) in a circle 
whose center is O, and OT = secz. 
Then, witha radius equal to OT, 
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22. cscx — csc (x + y). 


Let OS’ = csc(x + y) in a circle whose 
center is O, and OS=cscgx. Then, with a 
radius equal to OS’, describe an arc fromO 4 
as center, cutting OS in VN. Then 


NS = cscg — csc(& + y). 


23, tan(x + y) — sin(w + y) + tang — sing. 

Let AT’ = tan (x + y) ina circle whose center 
is O, and P’M’=sin(«+y), AT=tanz, and 
PME = Sie. 

From A with a radius = P’ MW’ take AR. 

From R with a radius = AT take RD. 

From D with a radius = PM take DL in the 
opposite direction. 

Then T’L is the constructed value of tan («+ 4’) 
— sin(x« + y) + tang — sing. 


Given an angle x, construct an angle y such that: 
24, siny = 2sina. 


Let PM be the sine of the Zxina circle whose 
center is O. 

Draw PN perpendicular to the vertical diam- 
eter. 

Then Ol PM. 

Take ND on vertical diameter = NO. Draw 
DE perpendicular to vertical diameter, meeting 
circumference at #. Draw HF perpendicular to 
OM and draw OF, 

OD=2 MP by construction 
HE = OD Hi = OyPM. 
-. ZEHOM = angle required. 


25. cosy = } cosa. 

Let. OM be the cosine of the Zz in a circle 
whose center is O. 

Take OM’ on OM equal to } OM. 

At M’ erect a perpendicular P’M’ meeting 
the circumference in P’. Draw P’O, .. Z2MOP’ 
= angle required. 
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26. siny = cosa. 


Let OM be the cosine of the Zz in a circle whose 
center is O, Then OM is the sine of the ZOPM, 
the angle required. 


27, tan y = cot z, 


Since tan y = cota, 
c—0 
Camas 
os ih aloe 


Hence, construct an isosceles right triangle. 
The required angle will be 45°. 


28. tany = 3 tanz. 
Let AT be the tangent of the Zz in a circle 
whose center is O. 
Produce AT to T’, making AT’ equal to 3 AT. 
Draw OT’, Then ZA OT’ is the required angle. 
29. sec y = csc a. 
Since secy = csea. 
Came 
ba 
daa. 


Hence, construct an isosceles right triangle. 
The required angle will be 45° 


80. siny = } tang. 
Let AT be ‘a tangent of the Zz in a circle 


whose center is O, 
On AT take AP’ = | AT and draw through P’ 


a line parallel to the horizontal axis cutting the ~ 


circumference in P. Draw PM perpendicular to 
OA. Draw the lineOP.. Then PM=P’A= 3 AT. 
ZAOP ‘s the required angle. 


be 
ot J 


B! 

T' 
B 

T 

A 5 VF 
B' 
BR 

P 

# mu |4 

i 
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31. siny = 3 tang. T 

Let AT be the tangent of the Za in a circle A /| |p! 
whose center is O. es 

On AT take AP’ equal to 2 AT and draw AN 
through P’ a line parallel to the horizontal axis 4 fa) A 


intersecting the circumference in P. Draw PM 
perpendicular to OA. Draw the line OP Then 
PM=P’A=2AT. ZAOP is the required angle. 


32. Show by construction that 2 sin A> sin 2.4, 
when A < 45°. 

Construct ZAOP avd ZPOP’ each equal to 
the given ZA and less than 45°. PM = sin A, 
I2AGE == SNM al “ 

PGA 2 sineAn andi Me — simi2iAn 

But IP Be SSIE IME, 

- 2sinA > sin 2A. 


33. Show by construction that cos A < 2 cos 2A, when A< 80°. 
Construct ZAOP and Z POP’ each equal to B 


the given ZA, less than 30°. a 
OM = cosA, OM’ = cos2A. ca P 
On OA lay off ON equal to 2 OM’. A au 


pepe! 
ON =20M’> OM. 
OM < ON. 
*, cosd < 2 cos2A. 


34, Given two angles A and B, A+ B being less than 90°; show that 
sin(4 + L)< sind + sin Bb. 
Construct AO Rawanda al O Raab. 
Then sin(4 + B)=P’M’, sina = PM, and 
sinB=P’N. Draw NR& perpendicular to OA. 
PM’ <P’N+ NR, 
and PM>WNR. 
By TRI TEIN SS IEE 
*. sin(4 + Bb) < sin A + sin B. 


35. Given sin x in a unit circle ; find the length of a line in a circle of 
radius r corresponding in position to sin a. 

1:r=sin a: the required line. 

Therefore the length of line required = r sing. 
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86. In a right triangle, given 37, In a right triangle, given the 
the hypotenuse c, and sind=m;_ side b, and tand =m; find the 
find the two sides. other side and the hypotenuse. 

nA = a, tand =~? =m. 
G b 
oO ICN. SS OS Wi 
b? = c? — q? = c?— 2m? c= at + = bm? + 02. 


b=cV1— mi. c=bVm? +1. 


Construct, or show that it is impossible to construct, the angle x, given the 
following : 


38, sing = }. 


in a unit circle whose center is O, take ON on 
the vertical axis equal to } of the radius. From 
N draw NP parallel to OA and meeting the Pay 


circumference at P. From P draw PM perpen- 
dicular to OA and meeting the axis at M. Then 
PM=NO=}3. Draw PO. Then Z POA is the 


angle required. 


Sosin/y — 1 

In a unit circle, since sina = 1, a side of the 
triangle must equal 1, and hence the radius OB. 

The angle whose sine is 1 is 90°. 

The sine of the angle increases until it reaches 
the limit 1, as the angle increases to $0°. 


40. sing = 8. 
It is impossible to construct the angle z, for a 
right triangle having a side greater than the hypotonuse does not exist 


al cosa — 0. 

Since in a unit circle cosa = OM = O, M must coincide with O and 
angle 7 = 90°. 

42. cosx = %. 

It is impossible to construct the angle z, for 


c 4 6 : Iz 
a right triangle having a side greater than the 
hypotenuse does not exist. 


43. cosx = i. ' 
Take OM = } radius OA of a unit circle. At 
M erect a perpendicular intersecting the circum- 
ference at P. Draw OP. Then POM is the 
required angle. B’ 
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44, tanx = 4. 

In a unit circle whose center is O, draw 
AT the tangent at A, the extremity of the 
horizontal axis, and equal to 4 of the radius 
OA. Draw OT. Then AOT is the required 
angle. 


45. cotx = }. 


In a unit circle whose center is O, draw 
BS the tangent at B, the extremity of the 


B 
SS 
vertical axis, and equal to } of OB the radius. 
BS=}=cotz. Then AOS is the required 
angle. 


46. secx = }. 


pa 


It is impossible to construct the anglez, for 
a right triangle having a side greater than the B’ 
hypotenuse does not exist. B 


47. Using a protractor, draw the figure to show that 
sin 60° = cos(} of 60°), 
and sin 30° = cos (2 x 30°). 


Wi 
sin 60° = ~~. C0s002 = 


hes) 
= 


sin 30° = 3, cos 60° = }. Ac Cc 
Exercise 13. Functions as Lines. (Page 26) 
1. Draw a figure to show that sin 90° =1. B 
ae oe 
As the angle increases MP increases to M’P’, 4 saen 
and so on, P’ moving along the circumference z 
of the circle until it reaches B, the limit. Then 


xv = 90° and OB = sin 90° = 1, the radius of the 


circle. Ss 
B 
2, What is the value of cos 90°? Draw a figure P 
to show this. Ly 
cos 90°= 0; cose = OM. WK Fae r 
As x increases M moves along OM towards O. 
At 90°, M coincides with O and hence 


OM = cos 90° = 0. B! 
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3. What is the value of sec 0°? Draw a figure 
to show this. 


sec 0° =1; seca = OTF. 
AS « approaches 0°, OT’, OT, etc., approach 


OA. At 0° OT coincides with OA, and hence 
equals 1. 


4, What is the value of tan90°? Draw a figure 
to show this. 


tan 90° =o; tang = AT. 


As x increases, AT increases to AT’, etc., 
until at 90° AT is infinitely long when OT is 
parallel to AT, 


5. What is the value of cot 90°? Draw a figure 
to show this. 


Cong0=—0); cota = BS. 


As « increases, BS decreases to BS’, etc., 
until S reaches B. Then « = 90° and BS=0. 


6. As the angle increases, which in- 
creases the more rapidly, the sine or the 
tangent ? Show this by reference to the 
figure, 

The tangent increases more rapidly. 

In the figure, PM is the sine of angle x 
and AT the tangent. As « grows larger, 
the difference between P’M’ and T’A’ 
increases over the difference between PM 
and TA. 


i 
a 
| 


bie 
qT’ 
B é 
T 
ey 
a vi 
B’ 
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7. If you double an angle, does this double the sine ? Show this by 
reference to the figure. 
No. sing = PM. 
OG IEA 
On M’P’ lay off M’N equal to MP. M’N is not 3 of P’M’. 
2PM does not equal P’M’. 


8. If you bisect an angle, does this bisect the tangent ? Prove it. 
No. tale IA 
tan re 
2 
On AT lay off T’D equal to AT’. 
T’A does not equal } TA. 


9, State the angle for which these relations are true: 
sin % = cosa, tang = cotx, secx = csc a. 
Show this by reference to the figure. 
sing = cos wheng = 45°. Then PM(sin x)= OM(cosz)=1. 
tang = cote whenz = 45°. Then TA (tanz)= BS(cotxv)=1. 
secr = csce® wheng = 45°, Then OT (sec x)= OS(csex)=1- 


10. If you know that sin 40° 15’ = 0.6461, and cos 40° 15’ = 0.7632, 
and that the difference between each of these and the sine and cosine of 
40° 15’ 30” is 0.0001, what is sin 40° 15’ 80”? cos 40° 15’ 80” ? 


sin 40° 15’ 30” = 0.6461 + 0.0001 = 0.6462. 
cos 40° 15’ 80” = 0.7632 — 0.0001 = 0.76381. 


11. If you know that tan 20° 12’ is 0.8679, and that the difference 
between this and tan 20° 12’ 15” is 0.0001, what is tan 20° 12’ 15” ? 
tan 20° 12’ 15” = 0.3679 + 0.0001 = 0.3680. 


12. If you know that cot 20°12’is 2.7179, and that the difference 
between this and cot 20° 12’ 15” is 0.0006, what is cot 20° 12’ 15” ? 


cot 20° 12’ 15” = 2.7179 — 0.0006 = 2.7173. 
13. If you know that tan 66.5° is 2.2998, and that the difference betweer 
this and tan 66.6° is 0.0111, what is tan 66.6° ? 
tan 66.6° = 2.2998 + 0.0111 = 2.3109. 
14, If you know that cos 57.4° is 0.5388, and that the difference betweex 
this and cos 57.6° is 0.0015, what is cos 57.5° 2 
cos 57.5° = 0.53888 — 0.0015 = 0.5378. 
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Draw the angle x, for which the functions have the following values and 


state (page 11) to the nearest degree the value of the angle: 


U5, sinw—10. ie 
sing = 0.1. 
fh tor 


Lraw a unit circle with center O. 
With the protractor lay off AOP 


= 62% 
Then WI? == Son C= Wik 


16. sing = 0.4. 
Bilis 04 
4p = DA, 
MP = sin OHNO ses 0.4. 


We jugs Oe 
Shite == Osc 
a= 44°. 
MP = sin 44° = 0.7. 


18. cost = 0.9. 
COST — 0895 
1 == NG? 
OM = cos 26° = 0.9 
B 


NY 


B' 
TOM COs 10-o. 
Cosa — OSs 
ig = 


OM = cos 37° = 0.8. 


20. cosx = 0.7. 
COS One 
C= 46°. 
OM = cos 46° = 0.2 
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2ietaiae= Onis 24, cota = 4.0. 
tang = 0.1. cour — 4.0; 
T= 6o8 = 1402 
AT = tan 6°= 0.1. BS = cot 14° = 4.0. 
B B 4.0 


es f 
A |A 
ie 
22. tanz = 0.23. 25. cot r= 2-9. 
tanz = 0.238. cots = 2.9. 
ahs EY i= 1Oee 
Avi — tan oo 0.298 Bee coud 22.9: 


2.9 


B 
; ae 
A As |o2s es 
B’ 


B' 
OMnt IN — 1 Osa 26. cotx = 0.9. 
tana == 024. cotz = 0.9. 
ines OVS. aces 
Avie tano2a—Oeas BS = cot 48° = 0.9. 
B B_ 09 


3 
(i> 
A =e \ps 
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27. secx = 1.2. SOncsea—.220: 
seca = 1.2. ese © = 2.0. 
g — 34°, Coos 
OT = sec 34° = 1.2. OS = esc 30° = 2.0. 


31, Pr OsOs 
28. secz = 1.3. CSC 1 


CSC B= 3.6; 
seca = 1.3. ip = 12, 
as Oo 
2 = 40°. OS = csed6° ='8.6. 


OT = sec 40° = 1.8. 
BL 

: ae a 
B 


, 


29. secre Tie $2. csc x == 1.66. 
SOC Crile. CSCC 1266: 
i= O40, SSO. 
OT = sec 54° = 1.7. OS = ese-3872'= 1.66. 


( 


A 
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$3. Find the value of sin z in the equation sin z — = +1.5=0. Which 
sin 
root is admissible ? Why is the other root impossible ? 


; sinz = } or —2. 
sin £ — 


+1.5 =0 


sin z 3 is admissible. 
(sinz)?—1+1}sinzg =0 —2 is impossible because the 
2(sinz)?—2+43sine =0 sine cannot have an absolute value 
2(sinz)? + 8sing—2 =0 greater than one. 


(2 sina — 1)(sinz + 2) =0 


Exercise 14. Use of the Sexagesimal Table (Page 29) 


From the table on page 28 find the values of the following : 


1encos 412 10 sods 9. cos 47° 59’ = 0.6693. 
2. tan 42° = 0.9004. 10. cos 48° 57’ = 0.6567. 
3: cos 41°17— On71545. 11. sin 42° 4’ = 0.6700. 
4, tan 42° 2’= 0.9015. 12. cos 47° 56’ = 0.6700. 
5. cos 41° 5’ = 0.7588. 13. tan 41° 3’ = 0.8708. 
6. sin 48° 59’ = 0.7545. 14. cot 48° 57’ = 0.8708. 
7. sin 47° 587= 0.7428. 15. tan 48° 57’ = 1.1483. 
8. cos 48° 59’ = 0.6563. 


In the right triangle ACB, in which C = 90°: 
16. Given c = 27 ana 18. Given c = 61 and 20. Given b= 24 and 


A = 41°39’, find a. PAG 4 eet dns A = 41°38’, find a. 
ey eee Coe tance 
c C b 
a=csinA b=ccosAa a=btanéa 
= 27 x 0.6567 = 61 x 0.7548 = 24 x 0.8708 
= 17.7309. = 46.0123. = 20.8992. 
L713. -Ans. 46.01. Ans. 20.90. Ans. 
17. Given c = 48 and 19. Given c = 72 and 21. Given 6 = 28 and 
A = 42°4’, find a. A = 42° 3’, find b. A = 42° 4’, find a. 
ines. Gost tanA =“ 
Cc C b 
a=csinAa b=ccosAa a=bdtana 
= 48 x 0.6700 = 72 x 0.7426 = 28 x 0.9025 
= 82.1600. = 53.4672. = 25.2700. 


82.16. Ans. 53.47. Ans. 25.27. Ans, 
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2z. Given a = 42 and 25. Given c= 92 and 28. Givena = 86 and 


A = 41°17, find 6. A = 48° 57’, find a. A = 48° 56’, find b. 
oan wee sin A =. ae hon 
a Cc a 
b=acota a=csnA b=acota 
= 42 x 1.1497 = 92 x 0.7541 = 86 x 0.8713 
= 48.2874. = 69.3772. SA Oo Se 
48,29. Ans. 69.38. Ans. 74.93. Ans. 
23. Givena—60and 26. Givenb=45and — 29, Givena = 98 and 
A = 42° 4’, find b. A =47?° 55’, find a. A = 47° 58’, find 0. 
ry ae tan No Aece 
a b a 
Vea cot: a= obdtanA = cota: 
= 60 x 1.1080 = 45 x 1.1074 = 98 x 0.9015 
= 66.4800. = 49.8330. = 88.3470. 
66.48. Ans. 49.83. Ans. 88.35. Ans, 
24, Given c = 86 and 27. Given b = 85 and 30. Given b = 67 and 
A = 48° 56’, find a. A = 47°59’, find a. c = 100, find A. 
sina: tanA =~. est 
c b c 
GDOMMIAL a=btana = 0.455 
= 86 x 0.7539 = 85 x 1.1100 = 0.6700 
= 64.8354. = 94,3500. = cos 47° 56’. 
64.84. Ans. 94.35. Ans. 47° 56’. Ans. 


31. A hoisting crane has an arm 30 ft. long. When the arm makes an 
angle of 41° 3’ with z, what is the length of y? what is the length of « ? 


sin A = “. 

a=csinA = 80 x 0.6567 = 19.7010. 
cos A = Be 
c 


=ccosA = 30 x 0.7541 = 22.6230. 
The length of y is 19.70 ft. and of « is 22.62 ft. 
32. In Ex. 31 suppose the arm is raised unti} it makes an angle of 41° 5’ 
with x, what are then the lengths of y and x? 


sin A — <. 
a@=csin.A = 80 x 0.6572 = 19.7160. 
cos A = us 
Cc 


b=ccos.A = 30 x 0.7538 = 22.6140. 
The iength of y is 19.72 ft. and of « is 22,61 ft. 
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33. From a point 128 ft. from a 
building the angle of elevation of 
the top is observed, by aid of an 


34, From the top of a buildin; 
62 ft. 6in. high, including the in 
strument, the angle of depression o: 


the foot of an electric-light pole i 
observed to be 41°93’. How far i 
the pole from the building ? 


instrument 5ft. above the ground, 
to be 42° 4’. What is the height of 


the building ? 
a 


tan A = b 
6 cot A =—. 
a=btanaA a 
= 128 x 0.9025 b=acotd 
= 115.5200. = 62.5 = 114838 


115.5 ft. + 5ft. = 120.5 ft. = 71.76875. 


The height of the building is 
120.5 ft. 


The pole is 71.77 ft. from thé 
building. 


Exercise 15. Use of the Decimal Table (Page 30) 


From the above table find the values of the following : 


. sin 0.5° = 0.0087. 8. tan4.4°= 0.0769. 15. 
. tan 0.4°= 0.0070. 9. cot 4.5° = 12.71. 16, 
sin 4° = 0.0698. 10. cot 4.2° = 18.62. Wife 
cos 4.2° = 0.9978. 11. sin 85.7° = 0.9972. 18. 
tan 4.5° = 0.0787. 12. sin 85.9° = 0.9974. 19. 
. sin 4.1° = 0.0715. 18. cos 85.6° = 0.0767. 20. 
cos 4.8° = 0.9972. 14. tan 85.9° = 13.95. 


cot 85.6° = 0.0769 
sin 89.5° = 1.0000 
cos 85.9° = 0.0715 
tan 89.6° = 148.2. 
cot 89.7° = 0.0052 
cot 85.8° = 0.0734 


21. The hypotenuse of a right triangle is 12.7in., and one acute ang? 


is 85.5°. Find the two perpendicular sides. 
sina: 
c= oul = 12.7 x 0.9969 = 12.66063. 
Cosel = a 
C 


b=ccosA = 12.7 x 0.0785 = 0.99695. 
The sides are 12.66 in. and 0.9970 in. 
é2. From a point on the top of a house the angle of depression of th 


foot of a tree is observed to be 4.4°. The house, including the instrument 
is 830 ft. high. How far is the tree from the house ? 


See ee 
a 


b=acotA = 80 x 13.00 = 890. 
The tree is 390 ft, from the house, 
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23. A rectangle has a base 9.5 in. long, and the diagonal makes an 
angle of 4.5° with the base. Find the height of the rectangle and the 
length of the diagonal. 


ae Caen 
b c 


a=btanA = 9.5 x 0.0787= 0.74765. ,_ © __ 95 _ 9 goon 
cosA 0.9969 


The height of the rectangle is 0.7477 in. and the length of the diagonal 
is 9.530 in. 


Exercise 16. Use of the Table (Page 33) 


Find the values of the following : 


desine 21210730 — 
sin 27° 11’ = 0.4568 
sin 27° 10’ = 0.4566 
0.0002 


2° of 0.0002 = 0.0001. 
*, sin 27° 10’ 30” = 0.4567. 


2. sin 42°15’ 30”. 
sin 42° 16’ = 0.6726 
sin 42° 15’ = 0.6724 
0.0002 


20 of 0.0002 = 0.0001. 
. sin 42°15’ 80” = 0.6725. 


8. sin 56° 29’ 40”. 
sin 56° 30’ = 0.8339 
sin 56° 29’ = 0.8337 
0.0002 


4° of 0.0002 = 0.0001. 
-. sin 56° 29’ 40” = 0.8338. 


4. sin 65° 29’ 40”. 
sin 65° 30’ = 0.9100 
sin 65° 29’ = 0.9098 
0.0002 


£0 of 0.0002 = 0.0001. 
-, sin 65° 20’ 40” = 0.9099. 


COS SGol 4s BO 


cos 86° 14’ = 0.8066 
cos 386° 15’ = 0.8064 
0.0002 


2 of 0.0002 = 0.0001 


*. cos 86° 14’ 80” = 0.8065 


- cos 48° 12” 20”. 


cos 43° 12’ = 0.7290 
cos 48° 13’ = 0.7288 
0.0002 


2° of 0.0002 = 0.0001. 


. cos 48° 12’ 20” = 0.7289. 


. cos 64° 18’ 45”. 


cos 64° 18’ = 0.43837 
cos 64° 19’ = 0.48384 


0.0003 
40 of 0.0003 = 0.0002. 


*. cos 64° 18’ 45” = 0.4335. 


. tan 28° 32’ 20”. 


tan 28° 38’ = 0.5441 
tan 28° 82’ = 0.5437 
0.0004 
#8 of 0.0004 = 0.0001. 


. tan 28° 32’ 20” = 0.5488, 
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9. tan 32° 41’ 30”. 
tan 32° 42’ = 0.6420 
tan 32° 41’ = 0.6416 
0.0004 
28 of 0.0004 = 0.0002. 
+, tan 32° 41’ 30” = 0.6418. 


10, tan 42° 38’ 30”. 
tan 42° 39’ = 0.9212 
tan 42° 38’ = 0.9206 
0.0006 
3 of 0.0006 = 0.0003. 
-. tan 42° 38’ 30” = 0.9209. 


11. tan 52°10’ 45”. 
tan 52°11’ = 1.2884 
tan 52°10’ = 1.2876 
0.0008 
#2 of 0.0008 = 0.0006. 
+. tan 62°10’ 457 = 1.2882. 


12, tan 68° 12/45”. 
tan 68° 13/ = 2.5023 
tan 68° 12’ = 2.5002 
0.0021 
45 of 0.0021 = 0.0016. 
-. tan 68° 12’ 45” = 2.5018, 


13. tan 72° 15’ 50”. 
tan 72° 16’ = 3.1271 
tan 72° 15’ = 3.1240 
0.0031 
8° of 0.0031 = 0.0026. 
*, tan 72° 15’ 50” = 3.1266. 


14. tan 85°17’ 45”, 
tan 85° 18’ = 12.1632 
tan 85°17 = 12.1201 
0.0431 
45 of 0.0431 = 0.0323. 
-. tan 85° 17/ 45” = 12.1524, 
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15. tan 86°15’ 50”. 
tan 86° 16’ = 15.3254 
tan 86°15’ = 15,2571 
0.0683 
52 of 0.0683 = 0.0569. 
-. tan 86° 15’ 50” = 15.3140. 


16. cot 5° 27’ 30”. 
cot 5° 27’ = 10.4813 
cot 5° 28’ = 10.4491 
0.0322 
29 of 0.0822 = 0.0161. 
. cot 5°27’ 80” = 10.4652. 
17. cot 6° 32 45”. 
cot 6° 32’ = 8.7317 


cot 6° 33’ = 8.7093 
0.0224 


45 of 0.0224 = 0.0168. 
-. cot 6° 32’ 45” = 8.7149. 


18. cot 7° 52’ 50”. 
cot 7° 52’ = 7.2876 
cot 7° 53’ = 7.2220 
0.0155 
£9 of 0.0155 = 0.0129. 
. cot 7° 52/50” = 7.2246. 


19. cot 8° 40’ 10”. 
cot 8° 40’ = 6.5606 
cot 8° 41’ = 6.5478 
0.0128 
1° of 0.0128 = 0.0021. 
-. cot 8° 40’ 10” = 6.5585. 


20. cot 9° 20’ 10”, 
cot 9° 20’ = 6.0844 
cot 9° 21’ = 6.0784 
0.0110 
42 of 0.0110 = 0.0018. 
“. cot 9° 20’ 10” = 6.0826. 
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21. Given sin x = 0.6391, find z. Then find cosz. 


0.6392 = sin 39° 44’ 0.6391 = sin « cos 89° 43’ = 0.7692 
0.6390 = sin 39° 43” 0.6390 = sin 39° 43’ cos 89° 44’ = 0.7690 
0.0002 0.0001 0.0002 
4 of 60” = 30”. 20 of 0,0002 = 0.0001. 

. © = 89° 43/30”. «+. cos 89° 48’ 80” = 0.7691. 


22. Given sin z = 0.7691, find «. Then find cosa. 


0.7692 = sin 50°17’ 0.7691 = sine cos 50° 16’ = 0.6392 
0.7690 = sin 50° 16’ 0.7690 = sin 50° 16” cos 50° 17’ = 0.6390 
0.0002 0.0001 0.0002 
} of 60” = 30”. 3° of 0.0002 = 0.0001 

. & = 50° 1630”. —.». cos 50° 16’ 30” = 0.6391 


23. Given cos @ = 0.3174, fina z. Then find sina, 


cos 71° 29’ = 0.38176 0.8176 = cos 71° 29 sin 71° 30’ = 0.9483 
cos 71° 30’ = 0.38173 0.38174 = cos x sin 71° 29’ = 0.9482 
0.0003 0.0002 0.0001 

2 of 60” = 40”. £0 of 0.0001 = 0.0001. 

syle 200407) sini 72299307 = 0.9483. 


24. Given tan « = 2.8649, find x. Then find cot x. 


2.8662 = tan 70° 46’ 2.8649 = tan x cot 70° 45’ = 0.38492 
2.8636 = tan 70° 45’ 2.8636 = tan 70° 45’ cot 70° 46’ = 0.3489 
0.0026 0.00138 0.0003 
42 of 60” = 30”. 2° of 0.0003 = 0.0002. 

. & = 10° 45 380”... cot 70° 45’ 30” = 0.3490. 


25. Given tan x = 5.3977, find «. Then find cota. 


5.4043 = tan 79° 31’ 5.8977 = tanz cot 79° 80’ = 0.1853 
5.8955 = tan 79° 30’ 5.3955 — tan 79° 30’ cot 79° 31’ = 0.1850 
0.0088 0.0022 0.0003 
32 of 60” = 15”. 15 of 0.0003 = 0.0001. 

. @ = 79° 30°15”. +. cot 79° 80’ 15” = 0.1852 


First. converting to sexagesimals, find the following : 
Reduce the decimals in Exs, 26-40 by Table X, page 104. 
26. sin 25.5°. 27. sin 25.55°. 


25.5° = 25° 80’. 25.55° = 25° 33’. 
sin 25° 30’ = 0.4305. sin 25° 33’ = 0.4313. 
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28. 


29, 


30. 


31. 


32, 


33. 


34, 
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sin 32.75°. 
S20 82240. 
sin 82° 45’ = 0.5410. 

sin 41.65°. 


41.65° = 41° 39’. 
sin 41° 39’ = 0.6646. 
sin 64.75°. 


64.75° = 64° 45’. 
sin 64° 45’ = 0.9045. 


cos 78.52°. 
TRS IVAT hehe aitl NPA 
cos 78° 31” = 0.1991 
cos 78° 32’ = 0.1988 
0.0003 


12 of 0.0003 = 0.0001. 
cos 78° 31’ 12” = 0.1990. 


tan 78.59°. 
78.59° = 78° 35’ 24”, 
tan 78° 86’ = 4.9594 
tan 78° 35’ = 4.9520 
0.0074 
24 of 0.0074 = 0.0080. 
tan 78° 85’ 24” = 4.9550. 


cos 81.48°. 
81.48° = 81° 25’ 48”. 
cos 81° 25’ = 0.1492 
cos 81° 26’ = 0.1490 
0.0002 
4§ of 0.0002 = 0.0002. 
cos 81° 25’ 48” = 0.1490. 


tan 82.72°, 
SVAN EAS eV BY OS 
tan 82° 44’ = 7.8424 
tan 82° 48’ = 7.8243 
0.0181 
32 of 0.0181 = 0.0036. 
tan 82° 42’ 12” = 7.8279. 


35. 


36. 


37. 


38. 


39. 


40. 


tan 84.68°. 
84.68° = 84° 40’ 48”. 


tan 84° 41’ = 10.7457 
tan 84° 40’ = 10.7119 


0.0388 
£8 of 0.0838 = 0.0270. 
tan 84° 40’ 48” = 10.7889. 
cos 11.25°. 


1252 == Tobe 
cos 11° 15’ = 0.9808. 
cect 12.32°. 
12S OO = Son Oates 
cot 12° 19’ = 4.5800 
cot 12° 20% =:4.5736 
0.0064 
22 of 0.0064 = 0.0013. 
cot 12°19’ 12” = 4.5787. 
cot 13.54°. 
13.54°'= 18°32" 247, 
COS? 326 4154 7 
cot 18° 83’ = 4.1493 
0.0054 
24 of 0.0054 = 0.0022. 
cot 13° $2/ 247 = 4.1525. 
cot 15.48°. E 
15.48° = 15° 28’ 48”. 
cot 15° 28’ = 3.6140 
cot 15° 29’ = 3.6100 
0.0040 
4° of 0.0040 = 0.0082. 
cot 15° 28’ 48” = 3.6108. 
cot 16.62°. 
16622 =. 62 372127. 
cot 16° 37’ = 3.3509 
cot 16° 38” = 3.3473 
0.0036 
12 of 0.0036 = 0.0007. 
GOt162:37412/ a Hos 


i 
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Find the value of x in each of the following equations : 


41. sine = 0.6225. 48. cosx = 0.7115. 
0.5225 = sin 31° 80’. 0.7116 = cos 44° 38” 
ofp == SBN 0.7114 = cos 44° 89’ 
0.0002 
42. sinz = 0.5771. 
’ 0.7115 = cosa 
0.5771 = sin 35° 154 0.7114 = cos 44° 397 
Nor pe Soe 1 0.0001 
43. sing = 0.6601. 3 Or 60— 30 


0.6602 = sin 41° 197 z = 44° 38’ 30”. 


0.6600 = sin 41° 18” 


: 49. tan x = 2.6395. 
0.0002 
GieeOl ae ain 2.63895 = a Oye Is 
0.6600 = sin 41° 18’ seg os oe 
0.0001 
50. tana = 4.7625. 
4 of 60” = 30%. 
ag = 41° 18’ 30”. 4.7659 = tan 78° 9” 
4.7591 = tan 78° 8” 
44, sinx = 0.7028. 0.0068 
0.7024 = sin 44° 37’ 4.7625 = tana 
0.7022 = sin 44° 36’ 4.7591 = tan 78° 8’ 
0.0002 0.0084 
0.7023 = sina 34 of 60” = 30”. 
0.7022 = sin 44° 36’ x — 78° 8’ 80”. 
0.0001 
4 of 60” = 30”. 51. tanxz = 4.7608. 
& = 44° 367 30”. 4.7659 = tan 78° 9 
4.7591 = tan 78° 8” 
: = 0.7853. - 
45. cosx = 0.7853 0.0068 


.78538 = ¢e peated bay 
0.7853 = cos 4.7608 = tana 


eat 4°7591 = tan 78° 8” 
46. cosa = 0.7716. 0.0017 
0.7716 = cos 89° 30’. 34 of 607 = 15”. 
Vie, = 59° ol, (Peas heey IMs 
AT. cosa = 0.9524. 52. cotx =: 3.7983. 
0.9524 = cos 17° 45’. 8.7983 = cot 14° 45’. 


ea Lb S(t ME IC 
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53. If sina = 0.6431, what is the 
value of cos x? 


0.6432 = sin 40° 2’ 
0.6430 = sin 40° 1” 


0.0002 
0.6431 = sina 
0.6430 = sin 40° 1’ 
0.0001 
i of 60” = 30”. 
Died osles ice 


cos 40° 1’ = 0.7659 

cos 40° 2’ = 0.7657 
0.0002 

2° of 0.0002 = 0.0001. 


*. cos 40° 1’ 30” = 0.7658. 


54. If cosx = 0.7652, what is 
the value of sina? 


0.7658 = cos 40° 4’ 
0.7651 = cos 40° 5” 
0.0002 
0.7653 = cos 40° 4’ 
0.7652 = cos x 
0.0001 
3 Cn 604—= 30% 
Di 4 (ASS Oe 
sin 40° 5’ = 0.6439 
sin 40° 4’ — 0.6437 
0.0002 
28 of 0.0002 = 0.0001. 


.. sin 40° 4’ 30” = 0.6488. 


55. If tanz = 0.6827, what is the 


value of sin az ? 
0.6830 = tan 34° 20’ 
0.6826 = tan 34° 19’ 
0.0004 
0.6827 = tana 
0.6826 = tan 34° 19’ 
0.0001 
4 of 60% = 15”. 
© = 34°19 15”. 
sin 34° 20’ = 0.5640 
sin 34° 19’ = 0.5638 
0.0002 
238 of 0.0002 = 0.0001. 
.. sin 34° 19’ 15” = 0.5639. 


56. If tan x = 0.6537, what is the 


value of «? of cota? 
0.6540 = tan 38° 11’ 
0.6536 = tan 33° 10’ 
0.0004 
0.65387 = tan x 
0.6536 = tan 38° 10’ 
0.0001 
1 of 60” = 15”. 
Ci oocnl alos 
cotse° 107= 1763801 
cot33° 11’ = 1.5291 
0.0010 
L5 of 0.0010 = 0.0003. 
COtsoe 107 loa 1h o298. 


57. If cot x = 1.6550, what is the value of 2? of tana? 
Verify the second result by the relation tanz = 1/cota. 


y°p Of 60” = 80”. 


1.6555 = cot 31° 8’ 
1.6545 = cot 31° 9’ 


0.0010 

1.6555 = cot 31° 8’ 
1.6550 = cot x 
0.0005 


= SO CY GM, Zea 


tan x ares ae OLOU42=26 


tan 31° 9’ = 0.6044 
tan 31° 8’ = 0.6040 
0.0004 
20 of 0.0004 = 0.0002. 
tan 31° 8’ 30” = 0.6042. 
.. tanz = 0.6042. 
1 


Ans. 


cots i 1.6550 


Ans. 


Ans. 


——— = 0.6042, 
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Exercise 17. The Right Triangle (Page 37) 


Solve the right triangle ACB, in which C = 90°, given: 


1, a=38,b=4. 
yes, 2 i 
iA = 2 0.7600. c=Va +P =V9 + 16 
i Al =V25 = 5. 
. A = 86°52’, 

B= 90°— A = 53°8’, 

2a C3. 

eae eo sane b=V(c + a) (ce — a) =V20 x 6 
¢ 18 = V120 =10.95. 
, A = 82° 35’, 

B = 90° — A = 57° 25’. 

3. a = 5.8, A=12°17’. 
B=90°— A =17° 49’. * = sind. 

(b 
. 
eS C= as ppl = 24.92 
a sin A 0.2127 
Pm OL==I ICO Al==1O ron 14 DO 2S =" 24-o4. 

4. a = 10.4, B = 48° 18’. 
A = 90° — B = 46° 42’. = cosB 
te a Rn pene uN Te 
a cosB 0.7278 


-. b=atanB=10.4 x 0.9424 = 9.801. 
DiC) 20s eae 


B = 90° — A = 52° 18’. = cosets 


6 
a Cc 
z = sin A, b=ccosA = 26 x 0.7912 = 20.57. 
2 G@= ¢sin A= 26 < 0.6116 = 15.90. 
6. c = 140, B= 24°12’. : 
A = 90° — B = 65° 48’, == sin B. 
. = cos B. -.b =csin B= 140 x 0.4099 = 57.39 
i ian COS Dy — L405 OF O12 = Otc 
165 (OSE) os OB}. 
9 = y _ = 
pais oS plerar, a=V(¢ + b)(c —b) =V42 x 4 
c 23 = V168 = 12.960. 


A = 90° — B= 34° 18’, 


52 


> J 


10. 


11. 


12. 


13. 


14 
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1 O= 985 er 136:2: 


sin B= b os pede = (0.7249. a= V(e + a)(¢—a)= V233.2 x 37.2 
¢ 1385.2 = 8675.04 = 93.14. 
B= 46°27’. 


A= 90° — B= 48° 33’. 


= 42.4, A = 32°14’. 


B= 90° — A = 57° 467. ° = cos A. 
oe tans Be eee Ee 
b cosA 0.8459 
a= btanA = 42.4 x 0.6305 = 26.78. 
b = 200, B= 46° 11’. 
A = 90° — B= 438° 49’. ° = sin B 
“a : a) Nd eee 


See cot B. i = 
b sin B 0.7216 


..a@=06 cot B= 200 x 0.9595 = 191.9. 


G= 55D =13i4 
5 =Va2 + 6b? =V9025 + 1369 
tan d= 2% =o 567g, 9 CH VG + = V9026 + 1869 
i BY =V 10394 = 102.0. 
-. A = 68° 43’. 
B= 90° — A = 21°17’. 
a=6,¢ = 103. 
ain) Apo ee ae 0 08RBs ree = (0 GNC) Vea 
ce 1038 =V 10573 = 102.8. 
o, A = 8° 20’, 


B= 90° — A = 86° 40’. 


(= BN, I sels 6%, 
A = 90° — B = 84° 52’, 
a _ 3,12 


cos B 0.9960 
-.b=atan B= 3.12 x 0.0898 = 0.2802. 


= 3.133. 


b 
—= tan B. 
a 


w= lise 18, 

ee ee Gdsae b=V(e+ a) (¢ — a)=V35 x1 
c (18 =V35 = 5.916. 

“Oy Ak ey 


B= O02 Ave OSs Oe 
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15. c= 57, A = 38°29’. 
B= 90° — A= 51°31’. 


a 
— = sind. 
C 


53 


» a=csin dA = 57 x 0.6223 = 35.47. 


16m 18. b= 127 
SOF Ur 
(¢ + a) (¢— a) =0?. 


18(c — a) = 144. 
c—a=8. 

Oa Ha Wa 
ioe 


17. a+¢c=90, b= 30. 
C7 — 6". 
(¢ + a) (¢ — a) = D?. 


90 (¢ — a) = 900. 


C—G— 10; 
ECe—O0e 
a = 40. 


18. a+c= 45, b = 30. 
c2 — q? = 6?. 
(¢ + a) (¢— a) =0?. 


45(c — a) = 900. 


c—a= 20. 
eC a OLeOs 
i= NARS 


dye 5. 646. 
@ 13 
A = 22937, 


B= 902 — A = 67° 23%. 


CeO. e000. 
@ 50 


A= DO US 
B=90° — A = 86° 52’ 


sinA = 


ez 
Simedge= 2 = wees 
e 32.5 
Js) PPS 
B= 90° — A = 672 237, 


= 0.3846. 


Solve the right triangle ACB, in which C = 90°, given: 


1927 AC S00 30F 
49’ 30”. 


Bi O02. — Alo 4o 
y= sin A. 
& 
a 2.5 
oy 


= 4.340. 


sin Wo 0.5761 


20. a= 5.7, A = 42°12 30”. 
B=90°— A = 47°47’ 80”. 


b 
—= cota. 
a 


t 
Z COA 
a 


. b=acotA =2.5 x 1.4189 = 3.547 


af 
poe 


b= acotA = 6.7 X 1.1025 = 6.284. sinA 0.6718 
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21. a = 6.4, B = 29° 18’ 30”. 


a ol Lat fo} , 74 
A = 90° — B = 60° 41’ 30”. CH. 
b B Cc 
- = tan b. A 6.4 
ae OS SS Se) 
- b=atanB= 6.4 x 0.5614 = 3.593. cosB 0.8720 
OP), Chas Und Ian 3h AU US. 
A = 90° — B= 58° 39’ 30”. a 
= COs ia: 
b c 
=— tan. 
ig ee So ee 
.. 0=atan B=7.9 x 0.7357 = 5.812. “" "_ cosB. 0.8055 ti‘it:s 


PRY COs), al Se AO 


Bi=31902 Al GOS ao Ou. b 
=== COSA 


> 


a ia 
7 ee «. b= ccosA = 6.8 x 0.8685 = 5.906. 
*. a@a=csindA = 6.8 x 0.4956 = 3.370. 


24. c = 360, A = 34° 20’ 30”. 
B= 90° — A = 55° 39’ 30”. oo 
-= cosa. 
C= sin A . 
Cae ; -. b=ccosd = 360 X 0.8257 = 297.25. 
* a=csinA = 360 x 0.5641 = 203.08. 


ry Da Sl, Ale Zhe ake, 
B — 90° —A= 48° 49’ AU b = cos A. 
Cc 
a 
===tanA. b 25 
b tan A C2 SS = a = 332.14. 
: cosAd 0.7527 " 
+ a@=b tan A = 250 x 08747 = 218.68. 


26. a = 48, A = 25.5°. 


B= 90°— A = 64.5°. o sin A 
Cc 
lj 
3 = cota. 5 C= wae ee laine: 
a sinA 0.4805 
* b= acotA= 48 x 2.0965 = 100.6. 
27, c — 25, A = 24.59, 
B= 90°— A = 65.5°. b 
A A = cos A. 
=sinA. 


38) 


Cc ». b=ccosA = 25 x 0.9100 = 22.75. 
 &=csin dA = 25 x 0.4147 = 10.387 
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28. c = 40, A = 32.55°. 


B= 90° —A = 57.452. 
= cosA,. 


oem 


a : 
—=sinA. 
c _ + b=ccosd = 40 x 0.8429 = 33.72. 
“0 = ¢ sin A = 40015880 = 21.52; 


29. c = 80, A = 55.51°. 


B= 90°—A = 34.499. b 
—-=cosA. 
a : c 
== SIMA 
Cc . b=ccosA = 80 x 0.5663 = 45.30. 
Os Cis Nese 80 0.8 2421— 65. ‘94. 


30. c = 75, A = 68.46°. 


B= 90° —A = 26.54°. : = cosA. 
a ; 
nee sin A, -. 0b=c¢ccosA = 75 x -0-4468 = 83.51. 
*. a@a=csinA =75 x 0.8946 = 67.10. 
31. a = 45, B = 50.59°. 
A = 90° —B = 39.41°. * = cosB. 
er 45 
25 PHN ey, D O= = = 0588s 
a cosB 0.6349 
ae CUA ==) dom cae | Ov—s Ot arine 
$2. 6b = 90, A = 68.25°. : 
B= 90° — A = 21.75°. ~ = cos A 
% _ tan A C= = gio 8 
tam ; ‘cos A 0.3706 


*. a=btan A = 90 x 2.5065 = 225.6. 


83. Each equal side of an isosceles triangle is 16in., and one of the 
equal angles is 24°10’. What is the length of the base ? 
Vi 60s. 
é 
../6 =ccos A = $ base. 
2b=2ccosA = 2 x 16 x 0.9124 = 29.20. 
The length of the base is 29.20 in. 


84. Each equal side of an isosceles triangle is 25in., and the vertical 
angle is 36°40’. What is the altitude of the triangle ? 
4 of 36° 40’ = 18° 20’. 
& = cos B. 
c 
* a= cos B= 25 x 0.9492 = 23.78. 
The altitude is 23.73 in. 
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35. Each equal side of an isosceles triangle is 25in., and one of the 
equal angles is 32° 20’ 30”. What is the length of the base ? 


ae cos A. 
Cc 


.. b=ccosdA = t base. 
2b=2ccosA = 2 x 25 x 0.8449 = 42.25. 


The length of the base is 42.25 in. 
86. Each equal side of an isosceles triangle is 60 in., and the vertical] 
angle is 50° 30’ 30%. What is the altitude of the triangle ? 
4 of 50° 30’ 80” = 25°15’ 15”. 
© = cos B. 
G 
*. @=ccos B= 60 x 0.9044 = 54.26. 
The altitude is 54.26 in. 
37. Find the altitude of an equilateral triangle of which the side is 
50 in. Show three methods of finding the altitude. 


(1) a= Ve2— 102 =the altitude. (8) } B= 80°. 
2) Each angle = 60°. 
(2) eee 60 ae 
—=sin A. ¢ 
Os VOCS 


C 
» @=csini60?. 
Using (2) or (8), a = 50 x 0.8660 = 43.3. 
The altitude is 43.3 in, 
38. What is the side of an equilateral triangle of which the altitude is 


52 in. ? A= 60°. 
2 ei eae 
c 
52 
z 60.05. 


cee Ce= = = 

a ; sinA 0.8660 
The side is 60.05 in. 
39. In planning a truss for a bridge it is necessary to have the 


upright BC =12ft., and the horizontal AC = 8 it., B 


as shown in the figure. What angle does AB make 


with AC? with BC? 
12 x 


tay Ay se eT OOO! 
ee: 


Al OG, OO as 
B= 90° — A = 33° 414947, 
AB makes an angle of 56°18’ 36” with AC and an angle of 38° 41’ 24” 


A 8 40 


with BC. 
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40. In Ex. 39 what are the angles 41. In the figure of Ex. 39, what 
if AB=12ft. and AO = 9 ft. ? is the length of BC if AB=15 ft. 
and x = 62° 10°? 
an 
COs:An e100) GE 
Ce, ‘ Sa i Sinwale 


io) 


A = 41° 24’ 30”. 
B= 90° — A = 48° 85’ 30”. 


Ss OC) Ob 
= 15 x 0.8848 = 18.26. 
A=41° 24’ 30’ and B= 48° 35’ 80”. The length of BC is 13.26 ft. 
42. Two angles of a triangle are 42° 17’ and 47° 43’ respectively, and the 
included side is 25in. Find the other two sides. 
180° — (42°17 + 47° 48’) = 90°. 
The triangle is a right triangle. Let A = 42°17’, B = 47° 43’. 


a f 
== sin A, 
C 


£5 RSA oN Al = sy 6 OO heey, 
b 
== cos A. 
@ 


na Ol C.COS-A —=325) X10 71308 — 18.50. 


The remaining two sides are 16.82 in. and 18.50 in. 


43, A tangent AB, drawn from a point A to a circle, makes an angle 
of 51°10’ with a line from A through the center If AB=10ft., what 
is the length of the radius ? 

Let C be-the center of the circle. 

Then BC is the radius and B is a right angle. 

3C 
BE = tana. 
AB 
+ BO=AB tan A =10 x: 1,2423 = 12.42. 


The length of the radius is 12.42 ft. 


44, How far from the center of a circle of radius 12 in. will a tangent 
meet a diameter with which it makes an angle of 10° 20’ ? 
Let C be the center of the circle, B the point of tangency, and A the 
point in which the diameter and tangent meet. 
BC : 
—— = sind, 
AC 
PEO el 2 
sinA 0.1794 
The distance AC is 66.89 in, 
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45. Two circles of radii 10 in. and 14 in. are externally tangent. What 
angle does their line of centzrs make with their common exterior tangent ? 

Let A be the center of the smaller circle and C be the point in which 
the line of centers meets the common exterior tangent. 


Se apes ae 
AC 10 AC 60 
10AC 4+ 240 =14AC. = 0.1667. 
4AC= 240. C = 9° 35’ 40”. 
AOS OD: 


The required angle is 9° 35’ 40”. 


Exercise 18. Logarithms (Page 41) 
1. Since 25 = 32, what is log, 32 ? 3. Since 10*= 10,000, what is 


log, 32 = 5. log 10,000 ? 
2. Since 42 = 16, what is log, 16 ? log 10,000 = 4. 
log, 16 = 2. 
Write the following logarithms : 
4, log, 16 = 4. 8. log, 248 = 5. 12. log, 36 = 2. 
5. log, 64 = 6. 9. log, 729 = 6. 18. log, 848 = 3. 
6, log, 128 = 7. 10, log, 256 = 4. 14, log, 512 = 3. 
7, log, 256 = 8. 11. log, 125 = 8. 15. log, 6561 = 4. 
16. log 100 = 2. 18, log 100,000 = 5. 
17, log 1000 = 8. 19, log 1,000,000 = 6. 
20. Since 10-1= 4, or 0.1, what is log 0.1? 
log 0.1 =—1. 


21. What is log +35, or log 0.01 ? log 0.001 ? log 0.0001 ? 
log 0.01 =— 2; log 0.001 =— 3; log 0.0001 =— 4. 


22. Between what consecutive integers is log 52? log 726? log 2400 ? 
log 24,000 2? log 175,000 ? log 175,000,000 ? 


log 52 is between 1 and 2; log 24,000 is between 4 and 5; 
log 726 is between 2 and 3; log 175,000 is between 5 and 6; 
log 2400 is between 8 and 4; log 175,000,000 is between 8 and 9. 


23, Between what consecutive negative integers is log 0.08? log 0.008 ? 
log 0.0008 ? log 0.1238 ? log 0.0123 ? log 0.002768 ? 

log 0.08 is between — 2 and —1; log 0.1238 is between — i and 0; 

log 0.008 is between — 3 and — 2; log 0.0123 is between — 2 and —1; 

log 0.0008 is between — 4 and — 8; log 0.002768 is between — 3 and — 2. 
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24, To the base 2, write the logarithms of 2, 4, 8, 64, 512, 1024, 3, ., 


1 1 1 1 
329 64) 128) 256° 


logs 2a— 10; amy Os O4a = 6s 
log) 4— 27 lop, oi 2ee =O 
log,8 =3; log, 1024 = 10; 


log, =—2; logge =—6; 

ee ; = : 
logopg =— 4; log,ysg=—7; 
log, Js =— 5; logs st4¢ =— 8. 


25. To the base 3, write the logarithms of 8, 81, 729, 2187, 6561, 3, }, 


1 


1 3 Be 2 
22 Se 


] 
279 B19 243) 


logs38 =1; log,2187=7; log} =~—2; logss4, =—5; 
log,81 =4; log,6561=8; log,;5,=—3; log,z45 =—6; 
log,729=6; log} =—1; log, =—4; logsygz7=—7 


26. To the base 10, write the logarithms of 1, 0.0001, 0.00001, 10,000,000, 


100,000,000. 
log 1 = Ole 
log 0.0001 =— 4; 
log 0.00001 =— 5; 


log 10,000,000 =7; 
log 100,000,000 = 8. 


Write the consecutive integers between which the logarithms of the following 


numbers lie: 


27, 75. 

log 75 is between 1 and 2. 
28, 75.9. 

log 75.9 is between 1 and 2. 
29, 75.05. 

log 75.05 is between 1 and 2. 
30, 82.95. 

log 82.95 is between 1 and 2. 
31, 642. 

log 642 is between 2 and 3. 
32, 642.75. 

log 642.75 is between 2 and 8. 
33, 642.005. 

log 642.005 is between 2 and 3. 
34. 793.175. 


log 793.175 is between 2 and 3. 


35. 7346. 
log 7846 is between 3 and 4. 


36, 7346.9. 


log 7346.9 is between 3 and 4. 


7346.09. 
log 7346.09 is between 3 and 4. 


37, 


38, 9182.735. 


log 9182.735 is between 3 and 4 


243,481. 
log 248,481 is between 5 and 6, 


39, 


40. 5,276,192. 


log 5,276,192 is between 6 and 2 


41, 7,286,348.5. 


log 7,286,348.5 is between 6 and 7. 


42. 19,428,076. 


log 19,423,076 is between 7 and 8. 
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Show that the following statements are true : 
48, log, 4 + log, 8 + log, 16 + log, 64 + log, 2 + log, 82 = 21. 
log, 4 = 2; log, 8 = 3; log, 16 = 4; log, 64 =6; log, 2 =1; log, 382=5 
24+34+44+641+45=21. 
Piesx PN, 
44, log,3 + log, 9 + log,81 + log, 729 + log, 27 + log, 243 = 21. 
log, 3 =1; log, 9 = 2; log, 81=4; log, 729=6; log,27=3; log, 243=5. 
14+24+44+64345=21. 
Dione 
45. log,,11 + log,,121 4 log,, 1881 + log,,14,641 = 10. 
11=1; log), 121 = 25 log, 18381 = 35 log, 14,641 = 4" 
1424+3+4+4=10. 
10103 
46. log 1+ log 10 + log 1000 + log 0.1 + log 0.001 = 0. 
log1=0; log10 =1; log 1000 = 8; log0.1=— 1; log 0.001 =— 3 
0+14+3-—-1-—3=0. 
= 710% 
47. log 1+ log 100 + log 10,000 + log 0.01 + log 0.0001 = 0. 
log1=0; log 100 = 2; log 10,000 = 4; log 0.01=— 2; log 0.0001= — 4. 
04+2+4+4-2-—4=0. 
= 0: 
48. log 10,000 — log 1000 + log 100,000 — log 100 = 4. 
log 10,000 = 4; log 1000 = 8; log 100,000 = 5; log 100 = 2. 
4—3465-—-2=4. 
4= 4. 


logy, 


Exercise 19. Logarithms (Page 45) 


Write the characteristics of the logarithms of the following: 


ibs 5. 7540. 9, 2.578. 13. 0.88. 17, 0.0077. 
dle 3. 0. —1. — 3. 

2. 75.4. 6. 2578. 10. 25,780. 14, 0.885. 18. 0.00007 
it 3. 4. -—1. — 5. 

&. 754 7. 257.8. 11, 0.8. 15, 0.005. 19. 0.10097. 
2. 2. —1. — 3. —1. 

4, 7.54. 8. 25.78. 12, 0.08. 16, 0.0007. 20. 0.07007. 


0. Is — 2. — 4, — 2, 
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Given 3.58681 as the logarithm of 3862, find the following : 


21, log 38.62 = 1.58681. 
22. log 3.862 = 0.58681. 
23. log 386.2 = 2.58681. 
24, log 38,620 = 4.58681. 
25. log 886,200 = 5.58681. 


26. log 88,620,000 = 7.58681. 
27. log 0.8862 = 1.58681. 

28. log 0.08862 = 2.58681. 
29. log 0.0003862 = 4.58681. 


Given 1.67724 as the logarithm of 0.4756, find the following : 


30. log 4756 = 3.67724. 
31. log 4.756 = 0.67724. 
32. log 47,560 = 4.67724. 


33. log 47,560,000 = 7.67724. 
84. log 0.04756 = 2.67724. 
35. log 0.00004756 = 5.67724. 


Given 3.40603 as the logarithm of 2547, find the following : 


36. log 2.547 = 0.40603. 
37, log 25.47 = 1.40603. 
38. log 0.2547 = 1.40603. 


39. log 0.002547 = 3.40603. 
40. log 25,470 = 4.40603. 
41. log 25,470,000 = 7.40608. 


Given 1.39794 as the logarithm of 25, find the following : 


On 
II 
| 
eo 
We} 
4 
We} 
_ 


1 = log 2.5 = 0.39794. 
= log 0.25 = 1.89794. 


45. log 0.025 = 2.39794. 
46. log 25,000 = 4.39794. 
47. log 25,000,000 = 7.39794. 


Exercise 20. Using the Table (Page 47) 


Using the table, find the logarithms of the following : 

1. log2 = 0.30108. 4. log 0.002 = 3.30103. 7. log 2156 = 8.33365. 
2. log 20 = 1.30103. 5. log 2100 = 3.32222. 8. log 2.156 = 0.33365 
8. log 200=2.30108. 6. log 2150 = 3.383244. 9. log 3485 = 3.54220. 


10. log 4462 = 3.64953. 
11. log 5581 = 3.74671. 
12. log 7007 = 3.84553. 
13, log 6285 = 3.72304. 
14. log 68.48 = 1.83556. 
15. log 7.926 = 0.89905. 
16. log 834.8 = 2.92158. 
17. log 0.7 = 1.84510. 
18. log 0.75 = 1.87506. 
19. log 0.756 = 1.87852. 
20. log 0.7567 = 1.87892. 
21. log 0.0255 = 2.40654. 
22. log 0.0036 = 3.55630. 


23. log 0.0009 = 4.95424, 
24. log 0.0178 = 2.25042. 
25. log 12,340 = 4.09132. 


26, 12,345. 


log 12,350 = 4.09167 
log 12,340 = 4.09132 
0.00035 

5 

0.000175 


= 0.00018. 


log 12,345 = 4.09150 


62 


27. 12,347. 
log 12,350 = 4.09167 
log 12,840 = 4.09132 
0.00035 
a 
0.000245 
= 0.00025. 
log 12,847 = 4.09157. 
28, 123.47. 
log 123.50 = 2.09167 
log 123.40 = 2.09182 
0.00035 
eT 
0.000245 
= 0.00025. 
log 123.47 = 2.09157. 
29, 234.62. 
log 234.70 = 2.37051 
log 234.60 = 2.37033 
0.00018 
2 
0.000036 
= 0.00004. 
log 234.62 — 2.37087. 
80. 41.327. 
log 41.830 = 1.61627 
log 41.820 = 1.61616 
0.00011 
a 
0.000077 
= 0.00008. 
log 41.327 = 1.61624. 


Perform the following operations : 
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31. 56.283. 
log 56.290 = 1.75043 
log 56.280 = 1.750385 
0.00008 
3 
0.000024 
= 0.00002. 
log 56.283 = 1.75037. 
32, 0.41282. 
log 0.41290 = 0.61584 —1 
log 0.41280 = 0.61574 —1 
0.00010 
2 
0.000020 
log 0.41282 = 1.61576. 

33. In a certain computation it 
is necessary to find the sum of the 
logarithms of 45.6, 72.8, and 98.4. 
What is this sum ? 

log 45.6 = 1.65896 
log 72.8 = 1.862138 
log 98.4 = 1.99300 

5.51409 

34. In a certain computation it 
is necessary to subtract the loga- 
rithm of 8.84 from the sum of the 
logarithms of 52.8 and 26.5. What 
is the resulting logarithm ? 

log 52.8 = 1.72263 
log 26.5 = 1.42825 
3.14588 
log 3.84 = 0.58433 
2.56155 


85. log 275 + log 321 + log 4.26 + log 3.87 4+ log 46.4. 
log 275 = 2.439383 
log 821 = 2.50651 
log 4.26 = 0.62941 
log 3.87 = 0.58771 
log 46.4 = 1.66652 


7.82948 
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36. log 2643 + log 3462 + log 4926 + log 5376 + log 2194. 
log 2643 = 3.42210 
log 3462 = 3.53938 
log 4926 = 3.69249 
log 5876 = 3.78046 
log 2194 = 3.34124 
17.72562 
$7. log 51.82 + log 7.263 + log 5.826 + log 218.7 + log 8275. 
log 51.82 = 1.71450 
log 7.263 = 0.86112 
log 5.826 = 0.76537 
log 218.7 = 2.88985 
log 3275 = 3.51521 


9.19605 
38. log 8263 + log 2179 + log 3972 — log 2163 — log 178. 
log 8263 = 3.91714 log 2163 = 3.33506 
log 2179 = 3.33826 log 178 = 2.25042 
log 8972 = 3.59901 5.58548 
10.85441 
5.58548 
5.26893 Ans. 
89. log 37.42 + log 61.73 + log 5.823 — log 1.46 — log 27.83. 
log 37.42 = 1.57310 log 1.46 = 0.16485 
log 61.78 = 1.79050 log 27.83 = 1.44451 
log 5.823 = 0.76515 1.60886 
4.12875 
1.60886 


2.51989 Ans. 
40. log 8.427 + log 38.46 + log 728.8 — log 2.73 — log 21.68. 


log 3.427 = 0.53491 log 2.73 = 0.43616 
log 38.46 = 1.58501 log 21.68 = 1.33606 
log 723.8 = 2.85962 1.77222 
4.97954 
1.77222 


3.20732 Ans. 
41, In a certain operation it is necessary to find three times log 41.78 
What is the resulting logarithm ? 
log 41.75 = 1.62066 
3 
4.86198 
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42, In a certain operation it is necessary to find one fifth of log 254.8. 
What is the resulting logarithm ? 


log 254.8 = 2.40620. 
| of 2.40620 = 0.48124. 


Perform the yuliowing operations : 


43, 2 x log 3. 45. 3 x log 25.6. 47. 4 x log 21.42. 
log 8 = 0.47712 log 25.6 = 1.40824 log 21.42 = 1.33082 
2 3 4 
0.95424 4.22472 5.52328 
44, 83 x log 2. 48. 5 x log 8.76. 48. 5 x log 346.8. 
log 2 = 0.30103 log 8.76 = 0.57519 log 846.8 = 2.54008 
3 5 5 
0.90309 2.87595 12. 70040 
49, 12 x log 42.86. 56. 3 log 763.8. 
log 42.86 = 1.63205 log 763.8 = 2.88298 
12 3 
19.58460 4) 8.64894 
du. } log 2. 2.16224 
log 2 = 0.30103. 57. 0.3 log 431. 
1 of 0.30103 = 0.15052. log 431 = 2.63448 
51. } log 2000. +b. 8 
: log 2000 = 3.30103. atte oa 
1 of 8.30208 = 1.65052. 58: OGdomdh 10s. ae 
52. 1 log 3460. log 43.19 = 1.63538 
log 3460 = 3.53908. eee 
1 of 3.53908 = 1.17969. eee 
58. | log 24.76. 59. 0.9 log 4.007. ae 
log 24.76 = 1.39375. log 4.007 = 0.60282 
1 of 1.39375 = 0.46458. 0.9 
54. 1 log 368.7. Veenees 
log 868.7 = 2.56667. A hen Miia hac 
4 of 2.56667 = 0.64167. pia 
was log 5.108 = 0.70825 
65 2 log 41.73. 14 
log 41.78 = 1.62045 283300 
Vee 10825 
3) 3.24090 0.991550 
1.08030 0.99155. Ans, 


. 61. 2.3 log 7.411. 
log 7.411 = 0.86988 
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62. 3 log 16.05. 
log 16.05 = 1.20548 


65. 


68. | log 23.43. 
log 23.43 = 1.36977 


7 


8 ) 9.58839 


1.19855 


2.3 5 

260964 8) 6.02740 

173976 0.75348 
2.000724 


2.00072. Ans. 


Exercise 21. Antilogarithms (Page 49) 


Sind the antilogarithms of the following : 


Tee O4 12) 5. 4.56844. 
3. 37,020. 

2. 3.47712. 6. 1.66276. 
3000. 46, 

3, 3.47712. 1, 2.66978. 
0.003. 467.5. 

4, 2.48359 8. 5.74819. 
304.5. 0.000056, 

17. 0.23305. 


log 1.711 = 0.23325 
log 1.710 = 0.23800 
0.00025 


antilog 0.23305 = 1.7102. 


18, 1.43144. 


log 27.01 = 1.43152 
log 27.00 = 1.48136 
0.00016 


antilog 1.43144 = 27.005. 


19. 2.56838. 


log 370.2 = 2.56844 
log 870.1 = 2.56832 
0.00012 


antilog 2.56838 = 370.16. 


9. 


10. 


11. 


12, 


3 74076. 13. 0.82575. 
5505 6.695. 
2.76805. 14, 0.88081. 
0.05795. 7.6. 
4,78497. 15. 9.89237. 
0.0006095. 7,805,000,000 
1.81954. 16. 7.90282. 
0.66, 79,950,000 
20. 1.58041. 
log 0.3806 = 1.58047 
log 0.3805 = 1.58035 
0.00012 
antilog 1.58041 = 0.38058. 
21. 3.63490. 
log 0.004315 = 3.63495 
log 0.004314 = 3.63488 
0.00010 
antilog 3.63490 = 0.0043142 
22. 4.63492. 


log 48,150 = 4.63498 
log 48,140 = 4.63488 
0.00010 


antilog 4.68492 = 438,144. 
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42, In a certain operation it is necessary to find one fifth of log 254.8. 
What is the resulting logarithm ? 


log 254.8 = 2.40620. 
k of 2.40620 = 0.48124. 


Perform the Juliowing operations : 


43, 2 x log 3. 
log 3 = 0.47712 


44. 3 x log 


45. 3 x log 25.6. 
log 25.6 == 1.40824 
3 
4.22472 

46. 5 x log 3.76. 
log 8.76 = 0.57519 


47, 4 x log 21.42. 
log 21.42 = 1.33082 
4 
5.52328 

48. 5 x log 346.8. 
log 346.8 = 2.54008 


3 5 5 
0.90309 2.87505 12. 70040 
49. 12 x log 42.86. 56. 3 log 763.8. 
log 42.86 = 1.63205 log 763.8 = 2.88298 
12 3 
19.58460 4) 8.64894 
du. } log 2. 2.16224 
log 2 = 0.30103. 57. 0.3 log 431. 
3 of 0.30103 = 0.15052. log 481 = 2.63448 
51, } log 2000. + SERS 
“Jog 2000 = 3.30108 iets ck 
, ee SRS ae 0.79084, Ans, 
p Of 3.30108 = 1.65052. 58. 0.7 log 43.19. 
52. 1 log 3460 log 48.19 = 1.63538 
log 3460 = 3.53908. Cee 
1 of 3.53008 = 1.17969. pero ht 
58. k log 24.76. 59. 0.9 log 4.007, ee dal 
log 24.76 = 1.89875. log 4.007 = 0.60282 
1 of 1.39375 = 0.46458. 0.9 
54. } log 368.7. as 
log 868.7 = 2.56667. ab heitinte aoe As ine 
4 of 2.56667 = 0.64167. (iia cs 
log 6.108 = 0.70825 
55 2 log 41.73. 1.4 
log 41.78 = 1.62045 283300 
te 70825 
3.) 3.24090 0.991550 
1.08030 0.99155, Ans. 
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. 61, 2.3 log 7.411. 
log 7.411 = 0.86988 


2.3 

260964 
173976 

2.000724 


2.00072. Ans. 


62. 8 log 16.05. 
log 16.05 = 1.20548 


63. % log 23.43, 
log 23.43 = 1.36977 


5 7 
8 ) 6.02740 8 ) 9.58839 
0.75343 1.19855 


Exercise 21. Antilogarithms (Page 49) 


Bind the antilogarithms of the following: 


1. 0.47712. 5. 4.56844. 
3. 37,020. 
2. 3.47712. 6. 1.66276. 
3000. 46, 

3, 3.47712. 7. 2.66978. 
0.003. 467.5. 

4, 2.48359 8, 5.74819. 
304.5. 0.000056. 


17. 0.23305. 


log 1.711 = 0.23825 
log 1.710 = 0.23300 
0.00025 


antilog 0.23305 = 1.7102. 


18. 1.43144. 


log 27.01 = 1.43152 
log 27.00 = 1.43136 
0.00016 


antilog 1.43144 = 27.005. 


19. 2.56838. 
log 870.2 = 2.56844 
log 870.1 = 2.56832 
0.00012 


antilog 2.56888 = 370.16. 


9. 


10. 


yy: 


12, 


3 74076. 13. 0.82575. 
5505. 6.695. 
2.76305. 14, 0.88081. 
0.05795. 1B 
4.78497. 15. 9.89237. 
0.0006095. 7,805,000,000 
1.81954. 16. 7.90282. 
0.66. 79,950,000 
20. 1.58041. 
log 0.8806 = 1.58047 
log 0.3805 = 1.58035 
0.00012 
antilog 1.58041 = 0.38058, 
21. 3.63490. 
log 0.004315 = 3.63498 
log 0.004314 = 3.63488 
0.00010 
antilog 3.63490 = 0.0043142 
22. 4.63492. 


log 43,150 = 4.63498 
log 48,140 = 4.63488 
0.00010 


antilog 4.68492 = 43,144. 


65: 
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23. 0.63994. 


log 4.365 = 0.63998 
log 4.864 = 0.63988 
0.00010 


antilog 0.68994 = 4.3646. 


24. 2.69085. 


log 0.04908 = 2.69090 
log 0.04907 = 2.69082 
0.00008 


antilog 2.69085 = 0.049074. 


25. 8.77425. 


log 594,700,000 = 8.77430 
log 594,600,000 = 8.74422 
0.00008 


antilog 8.77425 = 594,640,000. 


26, 4.82966. 
log 0.0006756 = 4.82969 
log 0.0006755 = 4.82963 
0.00006 
antilog 4.82966 = 0.00067555, 


27, 3.83547. 
log 6847 = 8.83550 
log 6846 = 3.83544 
0.00006 
antilog 3.83547 = 6846.5. 


28, 2.83604. 


log 685.6 = 2.83607 
log 685.5 = 2.83601 
0.00006 


antilog 2.83604 = 685.55. 
29. 4.88960. 
log 77,560 = 4.88964 


log 77,550 = 4.88958 
0.00006 


antilog 4.88960 = 77,553. 


30, 2.89523. 


log 785.7 = 2.89526 
iog 785.6 = 2.89520 
0.00006 


antilog 2.89523 = 785.65. 


31. 3.89858. 


log 7918 = 3.89862 
log 7917 = 3.89856 
0.00006 


antilog 3.89858 = 7917.8. 


32. 0.93223. 
log 8.556 = 0.93227 
log 8.555 = 0.93222 
0.00005 
antilog 0.93223 = 8.5552. 


33. If the logarithm of the prod- 
uct of two numbers is 2.94210, what 
is the product of the numbers ? 

log 875.2 = 2.94211 

log 875.1 = 2.94206 
0.00005 

antilog 2.94210 = 875.18. 


34. If the logarithm of the quo- 
tient of two numbers is 0.30108, 
what is the quotient of the num- 
bers ? 

antilog 0.80103 = 2. 


35. If we wish to multiply 2857 
by 2875, what logarithms do we 
need ? What are these logarithms ? 

log 2857 = 3.45591. 
log 2875 = 8.45864. 


36. If weknow that the logarithm 
of a result which we are seeking is 
3.47056, what is that result ? 


antilog 3.47056 = 2955. 
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37. If we know that log V0.000043641 is 3.81995, what is the value of 
V0.000043641 2 log 0.006607 = 3.82000 
log 0.006606 = 3.81994 


0.00006 
antilog 3.81995 = 0.0066062. 


38. If we know that log V0.076553 is 1.81400, what is the value of 
OTE 
V0.076558 ? log 0.6517 = 1.81405 


log 0.6516 = 1.81398 
0.00007 
antilog 1.81400 = 0.65163. 


39. The logarithm of V8322 is 1.96012. Find /8322 to three decimal 


places. log 91.23 = 1.96014 
log 91.22 = 1.96009 
0.00005 


antilog 1.96012 = 91.226. 


40. The logarithm of the cube of 376 is 7.72557. Find the cube of 376 
to five significant figures. 
log 58,160,000 = 7.72558 
log 53,150,000 = 7.72550 
0.00008 
antilog 7.72557 = 53,159,000. 


41, If we know that log 0.003278? is 5.03122, what is the value of 


0.003278? ? log 0.00001075 = 5.03141 
log 0.00001074 = 5.03100 
0.00041 


antilog 5.03122 = 0.000010745. 


42. Find twice log 731, and find the antilogarithm of the result. 


log 731 = 2.86392 log 534,400 = 5.72787 
2 log 534,300 = 5.72779 
5.72784 0.00008 


antilog 5.72784 = 534,360. 


43. Find the antilogarithm of the sum of log 27.8 + log 34.6 + log 367.8. 


log 27.8 = 1.44404 log 353,800 = 5.54876 
log 34.6 = 1.53908 log 358,700 = 5.54864 
log 367.8 = 2.56561 0.00012 


r 


5.54873 antilog 5.54878 = 353,780. 
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Find the antilogarithms of the following : 


44, log 7 + log 2 — log 1.954. 


log 7 = 0.84510 
log 2 = 0.80103 
1.14613 
log 1.934 = 0.28646 
0.85967 


log 7.239 = 0.85968 
log 7.238 = 0.85962 
0.00006 


antilog 0.85967 = 7.2888. 


47. 5 log 27.88. 
log 27.83 


= 1.44451 
5 
7.22255 


log 16,700,000 = 7.22272 
log 16,690,000 = 7.22246 


0.00026 


antilog 7.22255 = 16,693,000. 
48. 2.8 log 5.683. 
log 5.683 = 0.75458 


45. log 63 + log 5.8 — log 3.415. 


log 63 = 1.79934 
log 5.8 = 0.76348 

2.56277 
log 8.415 


antilog 2.02958 = 107. 


46. log 728 + log 96.8 — log 2.768. 


log 728 = 2.86213 
log 96.8 = 1.98588 
4.84801 
log 2.768 = 0.44217 
4.40584 


log 25,460 = 4.40586 

log 25,450 = 4.40569 

~ 0.00017 

antilog 4.40584 = 25,459. 


2.8 
603664 
150916 

2.112824 
= 2.11282. 


log 129.7 = 2.11294 
log 129.6 = 2.11261 


0.00033 


antilog 2.11282 = 129.66. 


lo 


49. 3 (log 2 + log 4.2). 
log 2 
log 4.2 


= 0.30103 
= (0.62325 
0.92428 

3 
4)2.77284 
0.69321 


¢ 4.935 = 0.69329 


log 4.934 — 0.69320 


0.00009 


antilog 0.69321 = 4.9341. 


Exercise 22. Multiplication by Logarithms (Page 50) 


Using logarithms, find the following products : 


1S ASS BY, 
log 2 = 0.30108 
log 5 = 0.69897 
log x = 1.00000 
anes IMD} 


20 46. 
log 4 = 0.60206 
log 6 = 0.77815 
log w= 1 1.38021 
t= 24, 


3. 6 X O. 
log 8 = 0.47712 
log 5 = 0.60807 


log x = 1.17609 
fice M5) 


OFX 
log 5 = 0.69897 
log 7 = 0.84510 


log @ = 1.54407 
= 85. 
5 ZES ee 

log 2 = 0.30108 

log 4 = 0.60206 

log z = 0.90809 
(soe 

BSS i 

log 3 = 0.47712 

log 7 = 0.84510 

log z = 1.82222 
(one is 

EO 

log 2 = 0.30103 

log 6 = 0.77815 

log x = 1.07918 
Cis 

SX 

log 3 = 0.47712 

log 6 = 0.77815 


10, 


log 7 = 0.84510 
log 8 = 0.90309 


log a = 1.74819 
Go 56. 
Zea 


log 2 = 0.30103 
log 9 = 0.95424 


log = 1.25527 
Grex Tite 
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1 


12, 


13, 


14. 


15. 


16. 


17. 


2 x 50. 


log 2 = 0.30108 
log 50 = 1.69897 
logz = 2.00000 


# = 100; 


40 x 60. 


log 40 = 1.60206 
log 60 = 1.77815 
logz = 3.38021 


Di 2400: 


3 x 500. 


log3 = 0.47712 
log 500 = 2.69897 
logx =3.17609 


50 x 70. 

log 50 = 1.69897 
log 70 = 1.84510 
log z 


2 x 4000. 

log2 = 0.380103 

log 4000 = 3.60206 

log & = 3.90809 
x = 8000. 


30 x 700. 
log 30 = 1.47712 
log 700 = 2.84510 


loge = 4.382222 
xz = 21,000 

200 x 60 

log 200 = 2.380108 

jog 60 = 1.77815 

logxw = 4.07918 
x = 12,000. 


18 


19. 


20. 


21. 


23. 


24, 


69 
. 80 x 600. 
log 80 = 1.47712 
log 600 = 2.77815 
loge = 4.25527 
x = 18,000. 
7 x 80,000. 
log 7 = 0.84510 
log 80,000 = 4.90309 
log & = 5.74819 
xz = 560,000 
200 x 900. 


log 200 = 2.30103 
log 900 = 2.95424 


loge = 5.26527 
x = 180,000. 
85.8 x 28.9. 


log 35.8 = 1.55388 
log 28.9 = 1.46090 


logz =8.01478 
x = 1084.6. 
. 62.7 x 41.6. 


log 52.7 = 1.72181 
log 41.6 = 1.61909 


loge = 3.384090 
r= 2192.8. 
2.75 x 4.84. 


log 2.75 = 0.438983 
log 4.84 = 0.68485 


loge =1.12418 
Ti—oloroule 
5.25 x 3.86. 


log 5.25 = 0.72016 
log 3.86 = 0.58659 
logx = 1.80678 


% = 20.264. 
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25, 14.26 x 42.35. 


log 14.26 = 1.15412 
log 42.35 = 1.62685 
log x = 2.78097 


x = 603.9. 


26. 43.28 x 29.64. 


log 43.28 = 1.63629 
log 29.64 = 1.47188 
log x = 3.10817 


C28 2E 


log x 


$1. Taking the circumference of 
a circle to be 3.14 times the diam- 
eter, find the circumference of a 
steel shaft of diameter 5.8 in. 


log 3.14 = 0.49693 
log 5.8 = 0.763438 
loge = 1.260386 

ys 1, 


The circumference is 18.212 in. 


27. 529.6 x 348.7. 


log 529.6 = 2.72395 
log 848.7 = 2.54245 
log z = 5.26640 


28. 240.8 x 46.09. 


log 240.8 = 2.38166 
log 46.09 = 1.66361 


29, 34.81 x 46.25. 


log 34.81 = 1.54170 
log 46.25 = 1.66511 
log x = 3.20681 


x = 1609.9. 


x = 184,670. 
30, 5028 x 3.472. 


log 5028 = 8.70140 
log 3.472 = 0.54058 
log x = 4.24198 


a = 17,458. 


= 4.04527 
% = 11,099. 
82. Taking the ratio of the cir- 
cumference to the diameter as given 


in Ex. 31, find the circumference 
of a water tank of diameter 36 ft. 


log 3.14 = 0.49693 


log 86 = 1.55630 
loga = 2.05323 
gi 11204" 


The circumference is 118.04 ft. 


Using logarithms, find the following products : 


BER PISS SISK DS We 


log 2 = 0.80103 
log 3 = 0.47712 
log 5 = 0.69897 
log 7 = 0.84510 
log @ = 2.82222 


fe = Fal), 


BY Se ase 7 Sx Oh 


log 8 = 0.47712 
log 5 = 0.69897 
log 7 = 0.84510 
log 9 = 0.95424 
log @ = 2.97643 


a = 946. 


6 ee yh eal Sse alsy. 


log 5 = 0.69897 
log 7 = 0.84510 
log 11 = 1.04189 
log 18 = 1.11894 
logz = 3.69940 


x = 5005. 


36. 43.8 x 26.9 x 32.8. 38, 


log 43.8 = 1.64147 
log 26.9 = 1.42975 
log 82.8 = 1.51587 
loge =4.58709 


x = 38,645. 


37. 527.6 x 283.4 x 4.196. 


log 527.6 = 2.72230 
log 283.4 = 2.45240 
log 4.196 = 0.62284 
log « = 5.79764 


a = 627,400. 


7.283 x 6.987 x 5.487, 


log 7.288 = 0.86231 
log 6.987 = 0.84429 
log 5.437 = 0.73536 
log £ = 2.44196 


hepa O.Ode 
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Hxercise 23. Negative Characteristics (Page 51) 


Add the following logarithms: 
1, 2.41283 + 5.27681. 


2.41283 
5.27681 
7.68964 


2. 2.41283 + 5.27681. 


2.41283 = 0.41283 — 2 
5.27681 = 5.27681 
5.68964 — 2 


= 3.68964. 


. 2.41283 + 5.27681. 


2.41283 = 0.41283 — 2 
5.27681 = 0.27681 — 5 
0.68964 — 7 


= 7.68964. 


. 0.38264 4+ 4.71233. 


0.38264 — 0.38264 
4.71233 = 0.71233 — 4 
1.09497 — 4 


= 3.09497. 


. 0.57121 4+ 1.42879. 


0.57121 = 0.57121 
1.42879 = 0.42879 — 1 
1.00000 — 1 


= 0.00000. 


11. 256 x 4875. 


log 256 = 2.40824 
log 4875 = 3.68797 
loge = 6.09621 


xz = 1,248,000. 


6. 


7. 


10. 


12 


2.63841 + 1.36158. 


2.63841 = 0.63841 — 2 
1.36158 = 1.36158 
1.99999 — 2 


= 1.99999. 


2.41238 + 3.62701. 


2.41238 = 0.41238 — 2 
3.62701 = 0.62701 — 3 
1.03939 — 5 

= 4.03939. 


. 5.586283 + 6.41387. 


5.58623 — 0.58623 — 5 
6.41387 = 6.41387 
7.00010 — 5 


= 2.00010. 


. 6.41882 + 7.58617. 


6.41382 = 0.41382 — 6 
7.58617 = 7.58617 
7.99999 — 6 


= 1.99999. 


4.22334 + 3.77666. 
4.22334 — 0.22334 — 4 

3.77666 = 3.77666 
4.00000 — 4 

= 0.00000. 


Using logarithms, find the following products : 
. 2.56 x 48.75. 


log 2.56 = 0.40824 
log 48.75 = 1.68797 


log x 2.09621 


@ = 124.8. 


72 


13. 


14. 


15. 


16, 


17. 


18. 
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0.256 x. 0.4875. 


log 0.256 = 0.40824 —1 
log 0.4875 = 0.68797 — 1 


log & = 1.09621 — 2 
= 1.09621. 
x = 0.1248. 
0.0256 x 0.004875. 
log 0.0256 = 0.40824 — 2 
log 0.004875 = 0.68797 — 3 
log « = 1.09621 — 5 
= 4.09621. 


x = 0.0001248. 


0.1275 x 0.03428. 
log 0.1275 = 0.10551 — 1 
log 0.03428 = 0.53504 — 2 
log @ = 0.64055 — 3 
= 3.64055. 
x = 0.0043707. 


0.2763 x 0.4134. 
log 0.2763 = 0.44138 — 1 
log 0.4134 = 0.61637 — 1 
log x = 


0.00025 x 0.00125. 
log 0.00025 = 0.89794 — 4 
log 0.00125 = 0.09691 — 8 
0.49485 — 7 
= 7.49485. 
x = 0.0000003125. 


0.725 x 0.8465. 


log 0.725 = 0.86034 — 1 
log 0.3465 = 0.53970 — 1 
log x = 1.40004 — 2 
= 1.40004. 
@ = 0.25121. 


19. 0.256 x 0.0875. 


log 0.256 = 0.40824 — 1 
log 0.0875 = 0.94201 — 2 


log x = 1.35025 — 3 

= 2.35025. 

x = 0.02240. 

20. 0.037 x 0.00425. 

log 0.037 = 0.56820 — 2 
log 0.00425 = 0.62839 — 3 
log x = 1.19659 — 5 

= 4.19659. 


x = 0.00015725. 
21. 47.26 x 0.02755. 


log 47.26 = 1.67449 
log 0.02755 = 0.44012 — 2 
log « = 2.11461 — 2 
= 0.11461. 
x = 1.3020. 


22. 296.8 x 0.1283. 
log 296.8 = 2.47246 
log 0.1283 = 0.10823 — 1 
log x = 2.58069 — 1 
= 1.58069. 
x = 38.079. 
23. 45,650 x 0.0725. 


log 45,650 = 4.65944 
log 0.0725 = 0.86084 — 2 


log = >. O19%8 —12 
= 8.51978. 
x = 3309.6. 


24, 127,400 x 0.00355. 
log 127,400 = 5.10517 
log 0.00355 = 0.55023 — 8 
log « = 6.65540 +8 
= 2.65540. 


x = 452.27. 
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25. Given sin 25,75° = 0.4344, find 
§2.8 sin 25.75°. 


log 52.8 = 1.72263 


log 0.4844 = 0.638789 — 1 
log z = 2.36052 — 1 


= 1-36052. 
= 22.9386. 


26. Given cos87,25°=0.7960, find, 
42.85 cos 37.25°. 


log 42.85 = 1.63195 


log 0.7960 = 0.90091 — 1 


log « = 2153286 — 1 
= 1.58286. 
x = 34.108. 


27. Given tan 30° 50’ 30”= 0.5971, find 27.65 tan 30° 50’ 30”. 
log 27.65 = 1.44170 
log 0.5971 = 0.77605 — 1 
log x = 2.21775 — 1 
== IP MilYiiay 
iron, 


Exercise 24. Division by Logarithms (Page 53) 
Add the following logarithms : 


1. 2.14755 + 3.82764. 5, 4.18755 + 2.81245. 


9.14755 = 0.14755 — 2 4.18755 = 0.18755 — 4 
3.82764 = 3.82764 2.81245 = 0.81245 — 2 
3.97519 — 2 1.00000 — 6 

= 1.97519. = 5.00000. 

2. 4.07256 + 1.58822. 6. 6.28742 + 3.41258 
4.07256 = 0.07256 — 4 6.28742 = 0.28742 —6 
1.58822 = 1.58822 3.41258 = 0.41258 — 3 

1.66078 — 4 0.70000 — 9 
= 3.66078. = 9.70000. 

3. 0.21783 + 1.46835. %, 4.21722 + 4.78278 
0.21783 = 0.21783 4.21722 = 0.21722 — 4 
1.46835 = 0.46835 —1 4.78278 = 0.78278 — 4 

0.68618 — 1 1.00000 — 8 
= 1.68618. = 7.00000. 

4, 0.41722 + 3.28682. 8. 5.28720 + 3.71280. 
0.41722 = 0.41722 5.28720 = 0.28720 — 5 
3.28682 = 0.28682 — 3 3.71280 = 0.71280 — 3 

0.70404 — 8 1.00000 — 8 
= 3.70404. = 7.00000 
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9. Find the sum of 2.41280, 4.17623, 5.26453, 6.21020 7.36428, 
2.63577, 6.41328, and 3.28740. 


2.41280 = 0.41280— 2 
4.17623 = 0.17623 — 4 
5.26453 = 0.26453— 5 
0.21020 = 0.21020 
7.36423 = 7.36423 
2.63577 = 2.63577 
6.41323 = 0.41323— 6 
8.28740 = 3.28740 
14.76439 — 17 
= 3.76439. 


From the first of these logarithms subtract the second : 
10. 0.21250, 2.21250. 14, 4.17325, 2.17825. 


iY, 


12. 


13. 


0.21250 = 0.21250 
2.21250 = 0.21250 — 2 
0.00000 + 2 
= 2.00000. 
0.17286, 3.27286. 
0.17286 = 10.17286 — 10 
3.27286 = 0.27286— 38 
9.90000 — 7 
= 2.90000. 
2.34222, 5.44292. 
2.34222 = 2.34222 
5.44222 — 0.44222 — 5 
1.90000 + 5 
= 6.90000. 
3.14725, 1.25625. 
3.14725 = 3.14725 


15. 


16, 


17. 


4.17325 = 0.17325 — 4 
2.17325 = 0.17325 — 2 
0.00000 — 2 
= 2.00000. 
5.82340, 3.71120. 
5.82340 = 0.82340 — 5 
3.71120 = 0.71120 — 3 
0.11220 — 2 
= 2.11220. 
3.14286, 1.14000. 
3.14286 = 0.14286 — 3 
1.14000 = 0.14000 — 1 
0.00286 — 2 
= 2.00286. 
3.27283, 5.56111. 
3.27283 = 10.27283 — 13 


1.25625 = 0.25625 — 1 5.56111 = 0.56111— 5 
2.89100 + 1 9.71172 — 8 
= 3.89100. = 1.71172. 
Tsing logarithms, divide as follows : 
I} 1) 2. 19, 15 = 8. 20. 15 + 5. 
log 10 = 1.00000 log 15 = 1.17609 log 15 = 1.17609 
log2 = 0.30108 log3 = 0.47712 log5 = 0.69897 
loge = 0.69897 loga = 0.69897 logz, == 0.47712 
©£= 5. L= 5. se), 
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21. 12 + 3. 25. 125 = 25. 29. 19,224 + 540. 
log 12 = 1.07918 log 125 = 2.09691 log 19,224 = 4.28384 
log 3 = 0.47712 log 26 = 1.39794 log 540 = 2.73239 
logz = 0.60206 logz = 0.69897 log x = 1.55145 
a= 4, Cis z= 35.6. 
22. 12 +4 26. 25,284 ~ 301. 30. 37,960 + 520. 
log 12 = 1.07918 log 25,284 = 4.40285 log 37,960 = 4.57933 
log 4 = 0.60206 log 801 = 2.47857 log 520 = 2.71600 
loga = 0.47712 log « = 1.92428 log & = 1.86333 
i} Sash x = 84. t= 73.002. 
23. 60 + 12 27. 51,742 + 681. 31. 84,640 = 920. 
log 60 = 1.77815 log 51,742 = 4.71385 log 84,640 = 4.92758 
log 12 = 1.07918 log 631 = 2.80003 log 920 = 2.96379 
logz = 0.69897 log @ = 1.91382 log & = 1.96379 
Lins ax = 82.002 == OM 
24. 75 + 25 28. 47,348 + 623. 32. 65,100 + 620. 
log 75 = 1.87506 log 47,348 = 4.67530 log 65,100 = 4.81358 
log 25 = 1.389794 log 623 = 2.79449 log 620 = 2.79239 
loge = 0.47712 log x = 1.88081 logx = 2.02119 
ioe C=O. Taps 
33. 45,990 + 730. 36, 851.4 = 0.66. 
log 45,990 = 4.66266 log 851.4 = 2.93013 
log 780 == 2.86332 log 0.66 = 0.81954 — 1 
log &. = 1.79934 log x = 2.110594 1 
eng = 3.11059. 
i= 1290; 
34, 59.29 + 0.77. 
log 59.29 = 1.77298 AOI ae 
log 0.77 = 0.88649 — 1 log 0.98902 = 9.99521 — 10 
log a — 0.88649 +1 log 99 = 1.99564 
log x = 7.99957 — 10 
= 1.88649. — 3.99957. 
een UR « = 0.00999. 
85. 2.451 = 190. 88. 0.41831 + 5.9. 
log 2.451 = 10,38934 — 10 log 0.41831 = 9.62150 — 10 
log 190 = _2.27875 log 5.9 = 0.77085 
log x = 8.11059 — 10 log « — 8.85065 — 16 
= 2.11059. = 2.85065. 
a“ = 0.0129, az = 0.0709, 
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89. 0.08772 ~ 4.3. 
log 0.08772 = 8.94310 — 10 


40. 0.02275 + 0.35. 
log 0.02275 = 8.35698 — 10 


log 4.8 = 0.63347 log 0.35 = 0.54407 — 1 
log x = 8.30963 — 10 log « = 7.81291— 9 
= 2.30963. = 2.81291. 
x = 0.0204. «© = 0.065: 
41. 0.02736 + 0.057. 
log 0.02736 = 8.43712 — 10 
log 0.057 =0.75587— 2 
log @ = 7.68125 — 8 
= 1.68125. 
x = 0.48001. 
Using logarithms, divide to four significant figures : 
42, 15 +7. 43. 7+ 15. 44, 0.7 + 150. 
log 15 = 1.17609 og 7 =10.84510—10 log 0.7 = 9.84510 — 13 
log7 = 0.84510  log15 = 1.17609 log 150 = 2.17609 
logxw = 0.33099 logz = 9.66901—10 logw = 7.66901 — 10 
© = 2.148. = 1.66901. = 3.66901. 
x = 0.4667. x = 0.004667. 
45, 26.4 + 13.8. 48, 17.625 + 3.4. 


log 26.4 = 1.42160 
log 13.8 = 1.13988 
= 0.28172 


log a 


P= OLS: 


46. 4.21 + 3.75. 


log 4.21 = 0.62428 
log 3.75 = 0.57403 
logz = 0.05025 


SR 


47, 63.25 + 4.92. 
log 63.25 = 1.80106 


log 4.92 = 0.69197 
log x = 1.10909 
Rp 12.86, 


log 17.625 = 1.24613 

log 3.4 = 0.53148 

log a = 0.71465 
Cia elas 


49. 43.826 + 0.72. 
log 43.826 = 1.64173 


log 0.72, “= 0.85733 —1 
log x = 0.78440 + 1 
= 1.78440. 
OO ESI 
50. 5.483 + 8.4. 
log 5.483 = 10.73902 — 16 
log 8.4 = 0.92428 
log x = 9.81474 — 10 
= 1°81474, 


& = 0.6527. 
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Taking log 3.1416 as 0.49715 and interpolating for six figures on the 
same principle as for five, find the diameters of circles with circumferences 
as follows: 


51, 62.832. 
62.832 + 3.1416 = 20. 


log 62.832 = 1.79818 
log 3.1416 = 0.49715 
log x = 1.301038 


if == OAD 


52, 157.08. 


157.08 + 3.1416 = 50. 


log 157.08 = 2.19612 
log 3.1416 = 0.49715 
log x = 1.69897 


Ap — 185 0) 


53. 2199.12. 
2199.12 + 3.1416 = 700. 


log 2199.12 = 3.84225 
log 8.1416 = 0.49715 
log « = 2.84510 


t= 700, 


54, 2513.28. 
2513.28 + 3.1416 = 800. 


log 2513.28 = 3.40024 
log 3.1416 = 0.49715 
log x = 2.90309 


x= 800. 


55. 28,274.2. 
28,274.2 + 3.1416 = 9000. 
log 28,274.2 = 4.45139 
log 8.1416 = 0.49715 


log a — 3.95424 
2 = 9000. 


56. 34,557.6. 
34,557.6 + 3.1416 = 11,000. 
log 34,557.6 = 4.53854 
log 8.1416 = 0.49715 
log x = 4.04139 


@ = 11,000. 


57. 876,992. 
376,992 + 3.1416 = 120,000 


log 376,992 = 5.57683 
log 3.1416 = 0.49715 
log x = 6.07918 


x = 120,000. 
58. 0.031416. 


0.031416 + 3.1416 = 0.01. 


log 0.031416 = 0.49715 — 2 
log 3.1416 = 0.49715 
log a = 0.00000 — 2 


= 2.00000. 
OMe 


59. By using logarithms find the 
product of 41.74 x 20.87, and the 
quotient of 41.74 + 20.87. 

41.74 x 20.87 = 871.1. 
log 20.87 = 1.81952 
log 41.74 = 1.62055 
log x = 2.94007 


Pile AN Sa 


41.74 + 20.87 = 2. 


log 41.74 = 1.62055 
log 20.87 = 1.31952 
log x = 0.30103 


Me 2s LARS: 
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Exercise 25. Cologarithms (Page 54) 


Write the cologarithms of the following numbers : 


1. 26. 
log 25 = 1.39794. 


colog 25 = 8.60206 — 10. 


2, 130. 
log 180 = 2.11394. 


colog 130 = 7.88606 — 10. 


3. 27.4. 
log 27.4 = 1.48775. 


colog 27.4 = 8.56225 — 10. 


4, 5.83. 
log 5.83 = 0.76567. 


colog 5.83 = 9.23433 — 10. 


5. 8751. 
log 3751 = 3.57415. 


colog 3751 = 6.42585 — 10. 


6. 427.3. 
log 427.3 = 2.63073. 


colog 427.3 = 7.36927 — 10. 


1 


+ Ol OL. 
log 51.61 = 1.71278. 


colog 51.61 = 8.28727 — 10. 


8. 7.218. 
log 7.213 = 0.85812. 


colog 7.213 = 9.14188 — 10. 


9. 0.5. 
log 0.5 = 9.69897 — 10 
colog 0.5 = 0.30103. 


10. 0.72. 
log 0.72 = 9.85733 — 10. 
colog 0.72 = 0.14267. 
11. 0.083. 


log 0.083 = 8.91908 — 10. 
colog 0.083 = 1.08092. 


12, 0.00726. 


log 0.00726 = 7.86094 — 10. 
colog 0.00726 = 2.13906. 


13, 3.007. 


log 3.007 = 0.47813. 
colog 3.007 = 9.52187 — 10. 


14. 62.09. 
log 62.09 = 1.79302 
colog 62.09 = 8.20698 — 10. 
15. 0.0006. 


log 0.0006 = 6. ney — 10. 
colog 0.0006 = 3.2218 


16. 0.00007. 
log 0.00007 = 5.84510 — 10. 
colog 0.00007 = 4.15490. 


17. What number has 0 for its cologarithm ? 


The number which has 0 for its cologarithm is 1. 
dD 


18. What number has 1 for its cologarithm ? 


The number which has 1 for its cologarithm is 0.1. 


19. What number has o for its cologarithm ? 


The number which has o for its cologarithm is 0. 


20. Find the number whose cologarithm equals its logarithm ? 


The number whose cologarithm equals its logarithm is the number 
whose reciprocal equals the number and hence is 1. 
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Exercise 26. Use of Cologarithms (Page 55) 


3x 2 
a5) 
log3 = 0.47712 
log2 = 0.30103 
colog4 = 9.89794 — 10 
colog 1.5 = 9.82391 — 10 
0.00000 


Soe = log 1. 


ay 
log 8 = 0.90309 
log 9 = 0.95424 
colog 3 = 9.52288 — 10 
colog 4 = 9.89794 — 10 
0.77815 
= log 6. 


6 x 12 
os 8. 
log 6 = 0.77815 
log 12 = 1.07918 
colog3 = 9.52288 — 10 
colog 8 = 9.09691 — 10 
0.47712 
Petia ea 
A216: 
log 4 = 0.60206 
log 24 = 1.38021 
colog 12 = 8.92082 — 10 
colog 16 = 8.79588 — 10 
9.69897 — 10 
= log 0.5, 


log 12 = 1.07918 
log 15 = 1.17609 
colog 9 = 9.04576 — 10 
colog 20 = 8.69897 — 10 
0.00000 


= logl. 


Using cologarithms, find the value of the following to five figures : 


6 12 x 28 
"8x 21 


log 12 = 1.07918 
log 28 = 1.44716 
colog 8 = 9.09691 — 10 
colog 21 = 8.67778 — 10 
0.30103 


3 x 22 = log 2. 


"18 x 33° 


log 3 = 0.47712 

log 22 = 1.384242 
colog 18 = 8.74473 — 10 
colog 33 = 8.48149 — 10 
9.04576 — 10 


Tone = log 0.11111. 


Siject0: 


log 11 = 1.04139 

log 13 = 1.11894 
colog 17 = 8.76955 — 10 
colog 19 = 8.72125 — 10 
9.64613 — 10 


ay se 


"1x 13° 


log 15 = 1.17609 
log 17 = 1.23045 
colog 11 = 8.95861 — 10 
colog 13 = 8.88606 — 10 
0.25121 
= log 1.7833. 


172.8 x 1.44 


" 0.288 x 0.864 


log 172.8 = 2.23754 
log 1.44 = 0.15836 
colog 0.288 = 0.54061 
colog 0.864 = 0.06349 
3.00000 

= log 1000. 
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Exercise 27. Raising to Powers (Page 56) 


By logarithms, find the value of each of the following to five significant 


figures : 
1 23: 4, 21°, te 42s 
log 2 = 0.30108 log2 = 0.80108 log 4 = 0.60206 
2 10 3 
log 2? = 0.60206 log 21° = 3.01030 log 48 = 1.80618 
= log 4. = log 1024. = log 64. 
2. 23, 5. 34. 8. 5° 
log 2 = 0.30102 log 3 = 0.47712 log 5 = 0.69897 
3 4 3 
log 23 = 0.90309 log 8 = 1.90848 log 58 = 2.09691 
= log 8. = log 80.998. = log 125. 
8. 25, Gaoce 9.5128: 
log 2 = 0.30103 log 3 = 0.47712 log1 = 0.00000 
cee) ae ee 
log 2° = 1.50515 log 86 = 2.86272 log 11° = 0.00000 
= log 82. = log 728.98. =—Oows 
10°79: 14, 158. 
log 7 = 0.84510 log 15 = 1.17609 
9 6 


11. 


12. 


13. 


log 79 = 7.60590 
= log 40,355,000. 
97. 
log 9 = 0.95424 
pete 
log 97 = 6.67968 
= log 4,782,800. 
Se 
log 8 = 0.90309 
ot OTs 
log 88 = 7.22472 
= log 16,777,000. 


117. 
log 11 = 1.04139 
ee 
log 117 = 7.28978 
= log 19,486,000. 


log 156 = 7.05654 


= log 11,391,000. 


ik, 1.20 
log 1.5 = 0.17609 
2 aes 
log 1.56 = 1.05654 


= log 11.391. 
16. 174. 
log 17 = 1.28045 
Pw ee 
log 174 = 4.92180 
= log 83,522. 
17. 253, 
log 25 = 1.89794 
3 


log 25 = 4.19382 


= log 15,625. 
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18, 257. 26. 2.17. 


log 25 = 1.89794 

eek 

log 257 = 9.78558 
= log 6,103,600,000. 


19. 125?. 27 
log 125 = 2.09691 
2 
log 125? = 4.19382 
= log 15,625. 
20. 6258, 
log 625 = 2.79588 28. 
3 
log 625° = 8.38764 
= log 244,140,000. 
21. 17505. 


log 1750 = 3.24304 


5 29, 


log 17505 = 16.21520 
= log 16,413,000,000,000,000. 


22. 27757. 
log 2775 = 3.44326 
nate es 
log 2775? = 6.88652 30. 
= log 7,700,500. 
23. 314638. 
log 3146 = 3.49776 


3 
log 8146 = 10.49328 


= log $1,137,000,000. 31. 


94, 41354. 
log 4185 = 3.61648 
4 
log 41354 = 14.46592 
= log 292,360,000,000,000. 


| 


25. 1.18. 32. 


log 1.1 = 0.04139 

Snoteesl 

log 1.18 = 0.33112 
= log 2.1436. 


log 2.1 = 0.82222 
eet 
log 2.17 = 2.25554 
= log 180.11. 
. 0.122, 
log 0.1 = 0.00000 — 1 
ieee EE 
log 0.132 = 0.00000 — 12 
= 12.00000 
= log 0.000000000001. 
0.211, 
log 0.2 =0.30103— 1 
11 
log 0.211 = 3.31133 — 11 
= 8.31133 
= log 0.00000002048 
0.78. 
log 0.7 = 0.84510 —1 
& 
log 0.78 = 6.76080 — 8 
= 2.76080 
= leg 0.05765. 
0.078. 


log 0.07 = 0.84510— 2 
ey ee: 
log 0.078 = 5.07060 — 12 
= 7.07060 
= log 0.00000011765 


0.374 
log 0.37 = 0.56820 — 1 
4 
log 0.374 = 2.27280 — 4 
= 2.27280 
= log 0.018741 
5.373, 
log 5.87 = 0.72997 
3 
log 5.378 = 2.18991 
= log 154.8» 
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33. 


34, : 


35, 


36. 


37. 


38. 


39. 


12.557. 
log 12.55 = 1.09864 
ote 
log 12.55? = 2.19728 
= log 157.5. 
34.75% 
log 34.75 = 1.54095 
3 
log 34.753 = 4.62285 
= log 41,961 
1.2753. 
log 1.275 = 0.10551 
eae: 
log 1.2753 = 0.31653 
= log 2.0727. 
0.1254°. 
log 0.1254 = 0.09830 — 1 
a oe 
log 0.12548 = 0.29490 — 8 
= 3.29490 
= log 0.0019720. 
0.47255. 


log 0.4725 = 0.67440 — 1 


no 


Or 


0.012342, 
log 0.01234 = 0.09132 — 2 
2 
log 0.012342 = 0.18264 — 4 
= 4.18264 
= log 0.00015228. 


0.002757. 
log 0.00275 = 0.48933 — 3 
2 
7866 — 6 


= log 0.0000075624, 


40. 0.000355?. 
log 0.000355 = 0.55023. — 4 


2 


log 0.000355? = 1,10046 — 8 


= 7.10046 
= 0.00000012603. 


41. If log r= 0.49715, what is 


the value of 7”? of 7°? 


log aw = 0.49715 

are 

log 7? = 0.99430 
= log 9.8696. 

log 7 = 0.49715 

peed 

log 73 = 1.49145 


= log 31.006. 


42. Using log 7 as in Ex. 41, what 
is the value of wr when r= 7? of 
mr? when r=7? of $273 when 


log r = 0.49715 
log 7 = 0.84510 
1.34225 

=o 21,995» 


log wr = 0.49715 
log 72 = 1.69020 
2.18735 


= log 153.94, 


log4 = 0.60206 

colog3 = 9.52288 — 10 
logaw = 0.49715 
log 98 = 2.86272 
8.48481 


= log 3058.6, 
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Exercise 28. Extracting Roots (Page 57) 


By logarithms, find the value of each of the following: 


1, V2. 2. V5. SR ae 
log 2 = 0.80103 log 5 = 0.69897 log 7 = 0.84510 
_ 2)0.30108 _ 3)0.69897 _ 7)0.84510 
log V2 = 0.15052 log V5 = 0.23299 log V7 = 0.120738 
= log 1.4142. = lop t1. = log 1.32 

4, \/25. 11, V22, 

log 25 = 1.89794 log 22 = 1.84242. 
__15)1.39794 3)1.34242 
log 25 = 0.09320 log ¥/22 = 0.44747 
= 1.2394. = log 2.802. 
1 ooo, 

5. 23, 12. 100. 
log 2 = 0.80108. log 100 = 2.00000. 
log 25 = 0.06021 = log 1.1487. 25)2.00000 

eat. log 6/100 = 0.08000 
log 3 = 0.47712. ee area 
log 34 = 0.85784 = 2.2795. 13, 0.32, 

7. gt, log 0.8 = 0.47712—1 
log 8 = 0.90309. oa ean 
log 8% = 0.75258 = log 5.6569. Log O32 0.18856 = 1 

n = 1.73856 

8. 77. = log 0.54773. 

log 7 = 0,84510. enh. 


9. 


10. 


log 7? = 0.48291 = log 3.0403. 


Vii. 
log 11 == 1.04139. 
__ 2)1.04189 
log V11 = 0.52070 
= log 8.3166. 
log 8 = 0.47712. 
_ 8)0.47712 


log V3 = 0.15904 
= log 1.4422, 


log 0.05 = 0.69897 — 2 
= 1.69897 — 3, 


log 0.053 = 0.56632 — 1 


15. 0.0175 

log 0.0175 = 0.24304 ~ 4 

= 1.24804 — 3. 

log 0.01753 = 0.82869 — & 
= 2.82869 


= log 0.067408. 


85 
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16. 0.03258. 19. 5.1358. 
log 0.0325 = 0.51188 — 2 log 5.185 = 0.71054. 
= 8.51188 — 5. log 5.1858 = 0.59212 
log 0.08253 = 2.80950 — 4 = log 3.9095. 
= Sone 20. 0.001258. 
Ce nae log 0.00125 = 0.09691 —3 
17. 127.8% = 5.09691 — 8. 
: log 0.001258 = 4.45980 — 7. 
log 127.8 = 2. , = 
og 127.8 = 2.10653 ae 


log 127.8% = 1.31658 — Joe 0.028827, 
= log 20.729. . 
21. If log w = 0.49715, what is 
the value of V2? of V2? 
logw = 0.49715. 
log w? = 0.24858 = log 1.7725. 
log 33 = 0.16572 = log 1.4645. 


18. 2.4753. 
log 2.475 = 0.39358. 


log 2.4754 = 0.29519 
= log 1.9738. 


22. Using the value of log 7 given in Ex. 21, what is the value of wt? 
of 73? of i? of m4? of w 3? of w-02? 
log @ = 0.49715. 
log 74 = 0.12429 = log 1.8313. 
log #3 = 0.33148 = log 2.1450. 
log 3? = 0.74573 = log 5.5684. 
log gots lope = log 1+ colog at 
rt = 0.00000 + 9.62714 — 10 
= log 0.42378. 
log n-$= Rade: = log 1+ colog mr) 
™> = 0.00000 + 9.60228 — 10 
= log 0.40020. 
log 3-9-2 = log ivee log 1+ colog 7°? 
= 0 .00000 + 9.90057 — 10 
= 0.79537. 


mo 


Exercise 29. Exponential Equations (Page 59) 


By logarithms, solve the following exponential equations : 


Ms BP es ah 
x log 2 = log 8. 


2 — 10g8 _ 9.90809 _ 
~~ log2 0.30103 — 


Py Gi? es tel 
x log 3 = log 81. 
= HORST _ 1.00849 _ 
log3 0.47712 
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3, 57 = 625. 9, 4 = 2560. 
x log 5 = log 625. x log 4 = log 2560. 
log 625 2.79 g é 
pee log 625 _ 2.79588 _ zp = 108 2560 _ 3.40824 _ - aio. 
log5 0.69897 log4 0.60206 
4, 4° = 256. 10. 11% = 1500. 
log 4 = log 256. zlog11=log 1500. 
_ log 256 _ 2.40824 _ 10g1500 _ 3.17609 _ 5 prog 
a ag SEL fe = ———_ = 39! 
log4 0.60206 log11 1.04139 
5. 117 = 1881. 
M1 
xlog11 = log 1381. 
_ log 1381 _ 3.12418 _ paver 
“logit 1.041800 a: 
2 =18e 
6, 27 = 19. 2? = 28. 
x log 2 = log 19. Le aa 
cto. 
se < - 2 ne = 4.2479, 
pe i 12, 2-7 =01. 
Yh G3" = 75) J 
a 0.1. 
x log 3 = log 75. 2° 
miris asi) 
Bilog 15 1:87506 ooo, a= 10 
log3 0.47712 x log 2 = log 10. 
Phe log 10 
8, 5° = 1000. ea log 2 
x log 5 = log 1000. __ 1.00000 
log 1000 — 3.00000 ~ 0.80103 
= = = 4.2920. 
*—“Tog6 0.69897 = 3.3219. 
18, 0.3-7 = 0.9. 
on = O10: 
: log 1— & log 0.3 = log 0.9. 
_, _ log 1— log 0.9 
log 0.3 
_ 0.00000 — (0.95424 — 1) 
ind 0.47712 —1 
_ 0.04576 
~ 0.47712 —1 


=— 0.087515. 
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e+l _ 9x—-1 
14, 2 =o : (c + 1) log 2 = (a — 1) log3. 


xz log 2 + log 2 = @ log 3 — log3. 
x (log 2 — log 3) =— log 2 — log 3. 
__ log 2 + log 3 
~ log 3 — log 2 
_ 0.80103 + 0.47712 
~ 0.47712 — 0.80103 
= en: 
0.17609 


15, 97 +° = 53,1438. 
x log 9 + 5 log 9 = log 53,143. 
5; le log 58,143 — 5 log 9 


log 9 
4.72544 — 4.77120 
0.95424 
=— 0.047954. 
Solve the following simultaneous equations : 
NOH hare) ea ob (1) Wis eT TO 
at—y = q2 (2) nex—y — nit 
e+y=4. (8) 22 yom Le 
e—Yy = 2. (4) 82—y=14. 
Adding (8) and (4), Adding (8) and (4), 
PA = (Oh 5x = 25. 
ey he (5 
Subtracting (4) from (8), Substituting value of z in (8), 
PHS) ih 10+ y=11. 
val ApS 
US Bye oy =P 


Bywia (f= Gis) 
x log 3 + y log 4 = log 12. 
«log 5+ y log 7 = log 35. 
log 12 — y log 4 


From (8), = ieee 
0g 

From (4), ee ee Soe ved ae 2 logd : 
0g 


Equating (5) and (6), 
log12—ylog4_ log35—ylog7 
log 3 A log 5 


log 5 - log 12 — log 5- y log 4 = log 8 - log 35 — log 3- y log 7. 


(1) 
(2) 
(3) 
(4) 


— Q) 


(2) 
(8) 
(4) 


(5) 


(8) 


log 5 (log 4 + log 8) — log 5. y log 4 = log 8 (log 7 + log 5) — log8 - y log 7 


y (log 8 log 7— log 5 log 4) = log 3 log 7— log 5 log 4. 
ites 
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Substituting in (1), Sd — 2s 
a? S18}, 
z log 3 = log 3. 
Tiel 
19, 2”. 3” = 36 
4". 5” = 400 


x log 2 + y log 3 = log 36. 
x log 4+ y log 5 = log 400. 
log 4 = log 2? = 2 log 2. 
2x log 2+ y log 5 = log 400. 
Multiplying (3) by 2 and subtracting (3) and (5), 
2y log 3 — y log 5 = 2 log 36 — log 400, 
y (2 log 8 — log 5) = 2 log 36 — log 400. 
__ 2 log 86 — log 400 
~ log 8— log & 
_ 2x 1.65630 — 2.60206 
~ 2x 0.47712 — 0.69897 


_ 0.51054 _ 
~ 0.25527 
27.9 = 36. 
ORF es HA 


aie log 4 0.60206 _ 2 
~ log2 0.30103 


20, 2”. 5Y = 200 


8%. 3Y = 243 
x log 2 + y log 5 = log 200. 
xz log3 + y log 8 = log 243 = 5 log 3. 
From (4), ety=d. 


e=5-y. 


Substituting the value of x in (3), 
5 log 2— y log 2 + y log 5 = log 200. 
y (log 5 — log 2) = log 200 — 5 log 2. 
_, _ log 200 — 5 log 2 
age log 5 — log 2 
__ log 28 + log 5? — 5 log 2 
_ log 5 — log 2 


__ 8 log 2 + 2 log 5 — 5 log 2 


log 5 — log 2 
_ 2log5—2log2_, 


log 6 — log 2 


8 
i 
Re) 
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21. 27. 8” = 256 (1) 
8” . 32” = 65,536 (2) 
x log 2 + y log 8 = log 256. (3) 
z log 8 + y log 82 = log 65,536. (4) 
From (8) and (4), 
z log2 + 3y log 2 = 8 log 2. r+3y=8. (5} 
82 log 2+ 5y log 2 = 16 log 2. 82+ 5y= 16. (6) 
Multiplying (5) by 3 and subtracting (6), 
AiO 
Micsarr 
C= 2. 
e 
Solve the following equations by logarithms : 
22. a=p(1+r)*. 24, 22? +22 — 8, 
log a = log p + zlog(1 + 7). 2@t 2) — 8. 
x log (1 + r)= log a — log p. x(« + 2)log 2 = 8 log 2. 
_ loga—logp Gi Dict eos 
ef log (1 + r) ; Gy) SEO BS ee (8 
(xe + 8)(e—1)=0. 
23, 1 = are-1, Clio 
log 1 = log a + (e — 1) logr. 
logl = loga+alogr—logr. 
zlogr = logr + logl—loga. 25. w= p(1 + rt). 
2 = oe” + log — log a loga=logp + xlog(1 +r. 
log r vlog (1+ rt) = log a -- log p. 
Ep 7 — 0S a— logp 
log r log (14 rt) 


26. s(r —1) = ar*— a. 


aré = s(r—1)+a. 
loga + @logr = log[s (r — 1) + a]. 


2 — sls — 1) + a] — loga. 


logr 
27, §°-2+1 = 27, 

(x* — x + 1)log 3 = 3 log 3. 
o—g¢g+1=8. 
g—xr—-2=0. 

(x — 2)(@ +1) =0. 
%=2,-—1, 
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Perform the following operations by logarithms: 


2.47 x 84.96 
" 84.8 x 96.55. 
log 2.47 
log 84.96 
colog 34.8 


colog 96.55 


4142.4 x 0.075 


29. eo. 
3.64 x 0.009 
log 42.4 = 1.62737 
log 0.075 = 8.87506 — 10 
colog 3.64 = 9.48890 — 10 


colog 0.009 = 2.04576 
21.98709 — 20 
4) 1.98709 
0.49677 


= leg 3.1889. 


go, (2:75 x 3.428 i 
: aes x 48.08/ 


log 5.75 = 0.75967 

log 3.428 = 0.53504 
colog 59.62 = 8.22461 — 10 
colog 48.08 = 8.31804 — 10 


17.83786 — 20 
0.83736 — 3 


2 
3)1.67472 — 6 
0.55824 — 2 


= 2.55824 
= log 0.036161. 


0.39270 
1.92921 
8.45842 — 10 
8.01525 — 10 


= 2.79558 
= log 0.062457. 


a ve x a 
; 3.426 x 0.875 / | 


18.79558 — 20 


log 0.07 


= 8.84510 — 10 


log 0.00964 = 7.98408 — 10 


colog 3.426 
colog 0.875 


$2. To 
raised. to 


33. To 
raised to 


= 9.46521 — 10 
= 0.05799 

6.85288 — 10 

2 

5 )12.70476 — 20 

2.64095 — 4 


= log 0.08475. 


what power must 7 be 
equal 117,649 ? 
7 = 117,649. 
x log 7 = log 117,649. 
a log 117,649 
log 7 
_ 5.07059 _ 
~ 0.84510 


what power must a be 


equal 6? 
ax = b. 
x log a = log b. 
log b 
log a 
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34. To what power must 6 be 
raised to equal n ? 


G9" a5 
x log 5 = log n. 
a log nr 
log 5 


35, Find the value of x when 
V9 = 38; when V2= 1.1; when 
V2 =1.414; when V3 =1.73. 


V9 =8 
1 
70g 9 = log 3 
2 
7 0s 8 = log 3 
ay 
iv 
ay = 
4/2 =1.1 


1 
7 108 2i— lords 
log 2 = vlog 1.1. 
eis log 2 
log 1.1 


_ 0.30103 
~ 0.04189 


= (eZ o0s 


2 = 1.414, 
Lee 2 = log 1.414, 
xz 

slog. 2 
~ log 1.414 
__ 0.30103 
~ 0.15045 
= 2.0009. 


V3 = 1.78. 
1 
7 os8 = log 1.73. 


a log 3 
log 1.78 


__ 0.47712 
~ 0.23805 


= 2.0048. 


36. Find the value of z when 
V3=8; whenVa=b; whenVa=a; 
when V 1331=11; when V20736 =12 

V3 =3. 


“log 8 = log 8. 


Cea le 
Va =». 
Loge = logb. 
x 
_ loga 
~ log b° 
VYa= a. 
i 
7 ose = loga 
Cals 
V 1381 = 11. 


1 
5 log 1831 = log 11. 


3 
= log 11 = log 11. 


Faced oy. 
20736 = 12. 


1 
= log 20,736 = log 12. 


4 
- log 12 = log 12. 


Aime 


TEACHERS’ EDITION 
37. Solve the equations 7 
Vi =a 
e+ 
y=b 


log y = loga. 


log y = logh. 
z4+1 sy £ 
From (3), logy = ¢loga. 
From (4), logy = (£ + 1) logb. 
£log a = (4 + 1) logb. 
zloga=«logb + logb. 
z (log a — log b) = logb. 
& logh 
~~ Joga — logb- 
Pees!) — 
38. What value of « satisfies the equation a@’+22+4= Va, 
1 
Oe pects 
OF FAa Es NO, 
pe Soe loga = 1 loga. 
ge+2n+4 4 
+e oe¢+4= 8. 
+2¢%+1=0. 
(2 +1)? =0. 
Hi le 
Exercise 30. Use of the Tables (Page 62) 
Find the value of each of the following : 
1, log sin 27° = 9.65705 — 10. 13, log sin 4.5°. 
o gin 69° — 9.97015 — q 
2. log sin ne = ah cia a 4.5° — 4° 30/. 
3, log cos 36° = sill 3 — 10. log sin 4° 30’ = 8.89464 — 10. 
4, log cos 48° = 9.82551 — 10. 
5. log tan 75° = 10.57195 — 10. 14. log cos 7.25°. 
6. log tan 12° = 9.32747 — 10. 
i ae ba OE: Weir ean ays 
7. log cot 15° = 10,57195 — 10. ae ae : 
8, log cot 78° = 9.32747 — 10. LO CORT T= -UNODE — 10 
9, log sin 9° 15’ = 9.20613 — 10. 


Cc te) 
10. log cog 8° 27’ = 9.99526 — 10. Ap a KogMian: See, 


11. log tan 7° 56’ = 9.14412 — 10. 9.75° = 9° 45’. 


12, log cot 82° 4’ = 9.14412 — 10. log tan 9° 45’ = 9.28510 — 10. 
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16. log cos 42° 45”. 
log cos 42° = 9.87107 — 10. 
Tabular difference is 0.00011. 
45 of 0.00011 = 0.000082. 
log cos 42° 45” = 9.87099 — 10. 


17. log tan 26° 15”. 
log tan 26° = 9.68818 — 10. 
Tabular difference is 0.00082. 
15 of 0.00032 = 0.00008, 
log tan 26° 15” = 9.68826 — 10. 


18. log cot 88° 30%. 


log cot 88° = 10.10719 — 10. 


Tabular difference is 0.00026. 
30 of 0.00026 = 0.00018. 


60 


log cot 88° 80” = 10.10706 — 10. 


19, log sin 21° 10° 4”, 

log sin 21° 10’ = 9.55761 — 10. 
Tabular difference is 0.00082. 
aly of 0.000382 = 0.00002. 


log sin 21° 10’ 4” = 9.55763 — 10. 


20, log sin 68° 49% 56”. 
log sin 68° 49’ = 9.96962 — 10. 
Tabular difference = 0.00004. 
&& of 0.00004 = 0.000087. 
log sin 68° 49° 66% = 9.96966 — 10. 


21. log cos 15° 17 8”. 
log cos 15° 17’ = 9.98436 — 10. 
Tabular difference is 0.00008. 


gy of 0.00008 = 0.000002. 


log cos 15° 1778” = 9.984858 — 10. 


= 9.98436 — 10. 


22. log cos 74° 42’ 57”. 
log cos 74° 42’ = 9.42140 — 10. 
Tabular difference is 0.00047, 
57 of 0.00047 = 0.00045. 


60 


log cos 74° 42’ 57” = 9.42005 — 10. 


23. log tan 17° 2’ 10”, 
log tan 17° 2’ = 9.48624 — 10 
Tabular difference is 0.00045. 
1° of 0.00045 = 0.00008. 
log tan 17° 2’ 10” = 9.48632 — 10. 
24. log tan 26° 3’ 4”, 
log tan 26° 3’ = 9.68914 — 10. 
Tabular difference is 0.00032. 
aig Of 0.00032 = 0.00002. 
log tan 26° 8’ 4” = 9.68916 — 10. 
25. log cot 48° 4’ 5”, 
log cot 48° 4’ = 9.95342 — 10. 
Tabular difference is 0.00025. 
gy Of 0.00025 = 0.00002. 
log cot 48° 4’ 5” = 9.95340 — 10. 
26. log cot 4° 10’ 7”. 
log cot 4° 10’ = 11.18757 — 10 
Tabular difference is 0.00174. 
gp of 0.00174 is 0.00020. 
log cot 4° 10’ 7” = 11.18737 — 10 


27. log sin 84° 380”, 
log sin 84° = 9.74756 — 10. 
Tabular difference is 0.00019. 
20 of 0.00019 = 0.00010. 
log sin 84° 80” = 9.74766 — 10. 
28, log sin 27.45°. 
27.45° = 27° 277. 
log sin 27° 27’ = 9.66368 — 10. 
29. log tan 56.35°. 
56.35° = 56° 21’, 
log tan 56° 21” = 10.17675 — 10 
30. log cos 48. 26°. 
48.26° = 48° 15’ 36”. 
log cos 48° 15’ = 9.82340 — 10, 
Tabular difference is 0.00014. 


88 of 0.00014 = 0.00008. 
log cos 48° 15’ 36” = 9.82332 — 10. 


TEACHERS’ EDITION 


$1. log sin 0° 1’ 7”. 
log sin 0° 1’ 7” = 6.51165 — 10. 


82. log sin 1° 2’ 5”. 
log sin 1° 2’ = 8.25609. 
Tabular difference is 0.00117. 
yo of 0.00117 = 0.00058. 
log sin 1° 2’ 5” = 8.25667 — 10. 


83, log tan 0° 2’ 8”. 
log tan 0° 2’ 8” = 6.79257 — 10. 


34, log tan 2° 7’ 7”. 


log tan 2° 7’ = 8.56773 — 10. 
Tabular difference is 0.00841. 
gy of 0.00341 = 0.00040. 
log tan 2° 7’ 7” = 8.56813 — 10. 


35. log cos 89° 50’ 10”. 
log cos 89° 50’ 10” = 7.45643 — 10. 


36. log cos 89° 10’ 45”. 


log cos 89° 10’ 40” = 8.15685 — 10. 
Tabular difference is 0.00147. 
yy Of 0.00147 = 0.00074. 
log cos 89° 10’ 45” = 8.15611 — 10. 


37. log cot 89° 15’ 12”. 
log cot 89° 15’ 10” = 8.11535 — 10. 
Tabular difference is 0.00162. 
yy of 0.00162 = 0.00082. 
log cot 89° 15’ 12” = 8.11503 — 10. 


38. log cot 89° 25’ 15”. 
log cot 89° 25’ 10” = 8.00574 — 10. 
Tabular difference is 0.00209. 
yy of 0.00209 = 0.00105. 
log cot 89° 25’ 15” = 8.00469 — 10. 
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39. log sin 1°11”. 
log sin 1° 1’ = 8.24903 ~ 10. 
Tabular difference is 0.00119. 
zg of 0.00119 = 0.00012. 
log sin 191’1” = 8.24915 — 10. 


40. log cos 88° 58’ 59”. 


log cos 88° 58’ 50” = 8.25022 
= 8.24903. 
Tabular difference is 0.00119. 
zy of 0.00119 = 0.00107. 
log cos 88° 58’ 59” = 8.24915 — 10. 


41. log tan 2° 27’ 25”. 
log tan 2° 27’ = 8.63131 — 10. 
Tabular difference is 0.00295. 
#2 of 0.00295 = 0.00128. 
log tan 2° 27’ 25” = 8.63254 — 10. 


42, log cot 87° 82’ 45”. 
log cot 87° 32’ = 8.63426 — 10. 
Tabular difference is 0.00295. 
é3 of 0.00295 = 0.00221. 


log cot 87° 32’ 45” = 8.63205 — 10. 
43, log sin 12°12’ 12”. 
log sin 12° 12’ = 9.82495 — 10. 
Tabular difference is 0.00058. 
12 of 0.00058 = 0.00012. 
fog sin 12°12’ 12” = 9.382507 — 10. 


44. log cos 77° 47’ 48”. 
log cos 77° 47’ = 9.82553 — 10. 
Tabular difference is 0.00058. 
£& of 0.00058 = 0.00046. 
log cos 77° 47’ 48” = 9.32507 — 10, 


45. log tan 68° 6’ 43”, 


log tan 68° 6’ = 10.39578 — 10 
Tabular difference is 0.00036. 
43 of 0.00036 = 0.00026. 
log tan 68° 6’ 43” = 10.39604 — 10. 
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Find the value of x, given the following logarithms, each of which is* 10 


coo large: 
46. log sin zw = 9.11570. 
log sin 7° 80’ = 9.11570 — 10. 
D1 80 
47. log sing = 9.72843. 
log sin 82° 21’ = 9.72848 — 10. 
Loo ake 
48. log sin z = 9.93053. 
log sin 58° 27’ = 9.93053 — 10. 
ORI lias 
49, log sina = 9.99866. 
log sin 85° 30’ = 9.99866 — 10. 
Gn = teh 
50. log cosa = 9.99866. 
log cos 4° 30 = 9.99866 — 10. 
ito Ve 
§1. log cosa = 9.93053. 
log cos 81° 38” = 9.98053 — 10. 


52. log cos x = 9.71705. 


log cos 68° 35’ = 9.71705 — 10. 


53. log cosv = 9.80320. 
log cos 50°82’ = 9.803820 — 10. 
iO Ooi 
54. log tan x = 9.90889. 
log tan 39° 2’ = 9.90889 — 10. 
Cet Opa 
55. log tan « = 10.50587. 
log tan 63° 41’ = 10.30575 — 10. 
Tabular difference is 32. 
42 of 607 = 221”, angular differ- 


ence. © =.68° 41! 237 


56. log tan c = 10.64011. 
log tan 77° 6’ = 10.64011 — 10. 
Fh TN he 
57. log cot z = 9.28865. 
log cot 79° = 9.28865 — 10. 
Ce ioe 
58. log cot © = 9.56107. 
log cot 70° = 9.56107 — 10. 
ean. 
59. log sina = 9.53871. 
log sin 20° 13’ = 9.53854 — 10. 
Tabular difference is 34. 
47 of 60” = 80”, angular differ- 
SUS t= 200182307, 
60. log sin z = 9.72868. 
log sin 32° 22’ = 9.72863 — 10. 
Tabular difference is 20. 
3 Of 60” = 15”, angular differ- 
CDCE- GH 82° 227 154 
61. log sin x = 9.88150. 
log sin 49° 34’ = 9.88148 — 10. 
Tabular difference is 10. 
jo of 607 = 
ence. 


2”, angular differ- 
Hee UR dye 
62, log sin x = 9.89580. 
log sin 51° 47’ = 9.89524 — 10. 
Tabular difference is 10, 
z°> of 60” = 36”, angular differ- 
ence. % =.51° 47’ 36”, 
63. log cos @ = 9.90151. 
log cos.87° 8’ = 9.90159 — 10. 
Tabular difference is 10. 
fy of 60% = 48”, angular differ 


ence, Hrm=t if dey 2 Sey 


TEACHERS’ EDITION a 


64. log cos z = 9.80070. 


log cos 50° 48’ = 9.80074 — 10. 
Tabular difference is 16. 
zig of 60” = 15”, angular differ- 


ae a= 50° 48’ 15”. 


65. log cos ¢ = 9.99483. 


log cos 8° 49 = 9.99484 — 10. 
Tabular difference is 2. 
+ of 60” = 30%, angular differ- 


2 
euee x = 8° 49 30”. 


66. log tan x = 9.18854. 


log 8° 46’ = 9.18812 — 10. 
Tabular difference is 84. 
42 of 60” = 30”, angular differ- 


8 
ces x = 8° 46 30”. 


67. log tan x = 10.18750. 


log tan 57° = 10.18748 — 10. 
Tabular difference is 28. 
of 60” = 42”, angular differ- 


aw = 57°42”, 


a 
28 
ence, 


Exercise 31. 


68. log tan x = 10.06725. 


log tan 49° 25’ = 10.06722 — 10 
Tabular difference is 26. 
oe of 60” = 612,” angular differ- 


ence. xX = 49° 25 7”. 


69. log cot « = 10.10134. 


log cot 38° 22’ = 10.10147 — 10, 
Tabular difference is 26. 
32 of 60” = 30%, angular differ, 


ence. xz — 38° 22’ 80”. 


70. log cot w = 11.44442, 

log cot 2° 3’ = 11.44618 — 10 
Tabular difference is 352. 
176 of 60” = 30”, angular differ- 


ence, 97 an 
iO 0 ae 


71. tog cot z = 7.49849. 


log cot 89° 49’ 10” = 7.49849 — 10. 
GSO A910 


The Right Triangle (Page 67) 


Using logarithms, solve the following right triangles, finding the sides and 
areas to four figures, and the angles to minutes : 


UC OG. 


— 


; a 
Sinta!—— == 
c 2 
« A = 30°. 
B = (90° — A) = 60°. 
0 
COSA ==. 
C 
b=ccosA. 
log cos A = 9.98753 — 10 


b 


| 


10.892 
10.39. 


II 


log S = colog 2 + log a + log b 


colog 2 = 9.69897 — 10 
log a = 0.77815 
log 6 = 1.01671 


log S = 1.49383 


Siero 
Soles. 


98 PLANE TRIGONOMETRY 


2.b=4, A = 60°. 


Bi 307 
cosA = oa 
Cc 
fe 
~ cos.A 


log b = 0.60206 
colog cos. A = 0.30108 
log c = 0.90309 


C= 8% 
g = tame 
) 


a = 4tan 60°. 
log a = logb + log tan 60°. 
logb = 0.60206 
log tan A = 10.23855 — 10 


loga = 0.84062 
a@ = 6.9282 
= 6.928 


log S = colog 2 + log a + logb. 


colog 2 = 9.69897 — 10 
log a = 0.84062 
log b = 0.60206 
log S = 1.14165 


Seale. 8o6 
= 13286. 
oh Ch oh, 2h = ake 
B= 60° 
sin A = s 
=, 
~ sin A 


log a = 0.47712 
cologsin A = 0.80103 
loge = 0.77815 


c= 6: 

bie cota, 
a 
b=acota. 


logb = loga + log cot 30°. 


loga = 0.47712 
log cot A = 10.23856 — 10 
logb = 0.71568 
b = 5.1961 
= 5.196. 
log S = colog 2 + log a + logb 


colog 2 = 9.69897 — 10 
log a = 0.47712 
log b = 0.71568 
log S = 0.89177 


Si OS ea OA 


4,.a=4,b=4. 


Since a and 0} each = 4, the A is 
isosceles and ZA = ZB. 


A = } of 90° = 45°, 


and 13 = 4 of 90° = 45°. 
a : 
Se Thies 
eC 
a 
= : . 
sin A 


loge = log a + colog sin 45° 


log a = 0.60206 
colog sin A= 0.15051 
log ¢ = 0.75257 


c = 5.6568 
= 5.657. 
S= lab 


II 
OO to nol 
x 
ee 
x 
ae 


TEACHERS’ 


sina = 
log sin A = log a + cologe. 


log a = 0.30103 
colog ¢ = 9.53910 — 10 
log sin. A = 9.84013 


Ag AS ce Auy ee 
B= AGM 3G 
b 
—I—COStA 
t 

= CcosAG 


log b = loge + log cos A. 


log ¢ = 0.46090 
log cos. A = 9.85859 — 10 
log b = 0.51920 
b = 2.0859 
= 2.086. 


log S = colog 2+ log a + log b. 


colog 2 = 9.69897 — 10 
log a = 0.80103 
log b = 0.31935 
log S = 0.81935 


S = 2.0861 
= 2.086. 


G CS OI, Al = 2B aC 
Bi 60.5 0g 
G=csin A. 
log a = loge + log sin A. 


log ¢ = 2.79727 
log sin-A = 9.60070 — 10 
log a = 2.89797 
a = 250.02 
== 250.0: 
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b=ccosA. 
log b = loge + log cos A. 
log ¢ = 2.79727 
log cos A = 9.96240 — 10 
log b = 2.75967 
b = 575.0. 
log S = colog 2 + log a+ log b 
colog 2 = 9.69897 — 10 
log @ = 2.89797 


log b = 2.75967 
log S = 4.85661 


S = 71,880. 


Cr 22.8) eae Sob 
Bi OOO; 
d= sinvAe 
log a = loge + log sin A. 
log ¢ = 3.35793 
log sin A = 9.67280 — 10 
log a = 3.03073 


a= 1073.3 
== IO 
b=ccosdA. 


log b = loge + log cos A. 
log ¢ = 3.35798 
log cos A = 9.94560 — 10 
log b = 8.80353 
b = 2011.5 
= 2012. 
log S = colog 2 + loga + logb 
colog 2 = 9.69897 — 10 
log a = 3.03073 
log b = 8.30858 
log S = 6.03823 
S = 1,079,500. 
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Ch G3 PRIS eb = BBY 
B= 50° 26’. 
a=csin A. 
log a = loge + log sin A. 
log ¢ = 1.85824 
log sin A = 9.80412 — 10 
log a = 1.66236 
a = 45,958 
= 45.96. 
b=ccosa. 
log b = loge + log cos A. 
log ¢ = 1.85824 
log cos A = 9.88699 — 10 
log b = 1.74523 
b = 55.620 
= 55.62 


log S=colog 2 + loga + logb. 


colog 2 = 9.69897 — 10 
log @ = 1.66236 
log b = 1.74523 
log S = 3.10656 
S = 1278. 


Be pace 
‘ at 
yb Nea = = 
e 


a=csinA. 
loga = loge + log sin A. 
loge = 0.00000 
log sin A = 9.76922 — 10 
log a = 9.76922 — 10 
a = 0.58779 
= 0.5878. 
b 
COstAn——— 
c 
b= Cc GOS A 3 


log b = loge + log cos A. 
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iog ¢ = 0.00000 
log cos A = 9.90796 — 10 
logb = 9.90796 — 10 
b = 0.80902 
= 0.8090. 
log S = colog 2 + log a + logb 
colog2 = 9.69897 — 10 
loga = 9.76922 — 10 
logb = 9.90796 — 10 
log S = 29.37615 — 30 
= 1.87615; 
S = 0.23776 
= 0.2378. 
10) c= 200 eee 
A= OS sast. 
SineAe— ‘a 
c 
@ = esinede 
log a = loge + log sin A. 
loge = 2.80108 
log sin A = 9.96783 — 10 
log @ = 2.26886 
a = 185.72 
ss Ishi, 
b 
cosa = -- 
c 
b=ccosa. 
log b = loge + log cos A. 
log ¢ = 2.30103 
log cos A = 9.56949 — 10 
log b = 1.87052 
b = 74.220 
= ey 
log S = colog 2 + loga + logb 
colog 2 = 9.69897 — 10 
log @ = 2.26886 
log b = 1.87052 
log S = 3.83835 
S = 6892, 
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ll. c = 98.4, B = 76° 25’, 


Av TSB DG 
G=Cesin-A. 
log a = loge + log sin A. 
log ¢ = 1.97035 
log sin A = 9.37081 — 10 
log a = 1.84116 


a = 21.936 
= 21.94. 
b=acotA. 


log b = loga + log cot A. 


loga = 1.84116 
log cot A = 10.61687 — 10 


logb = 1.95803 
b = 90.788 
= 90.79. 


log S = colog2 + log a + log b. 


colog 2 = 9.69897 — 10 
log a = 1.34116 
logb = 1.95808 
log S = 2.99816 


S = 995.77 
= 995.8. 


12 di = 637, A= 49.35" 


Biz iOOu2or 
Oe, COA 
log b = loga + log cot A. 


log a = 2.80414 
log cot A = 1.09601 
log b = 3.90015 


b = 7946. 


loge = log a + colog sin A. 
log a = 2.80414 

cologsin A = 1.09740 
log ec = 8.90154 


101 
¢ = 7971.5 
== (Pr 
log S = colog2 + log a + log®d. 


colog 2 = 9.69897 — 10 
log a = 2.80414 
log b = 8.90015 
log S = 6.40326 


S = 2,531,000. 


13, a = 48.58, A = 36° 44’. 


‘B= 58? 167, 
sin A= os 
a 
= . 
sin A 


loge = log a + colog sin A. 


log a = 1.68601 
colog sin A = 0.22323 
log ¢ = 1.90924 


c= 81.14. 
Corea 
c 
=ccosA. 


log b = loge + log cos A. 


log ¢ = 1.90924 
log cos A = 9.90386 — 10 
log 6 = 1.81310 


b = 65.028 
= 65.08. 


log S = colog 2 + log a-+ log 6. 


colog 2 = 9.69897 — 10 
loga = 1.68601 
log b = 1.81310 
log S = 3.19808 


S = 1577.8 
Saou. 
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14. a= 0.008, A = 86°. 
BAe. 
sin A= ef . 
c 
i en: 
~ sind” 
loge = log a + colog sin A. 
log a = 7.90309 — 10 
colog sin A = 0.00106 
log ¢ = 7.90415 — 10 


= 3.90415. 
c = 0.0080196 
= 0.008020. 
cos A = o 
¢c 
bc. cose 
log b = loge + log cosA. 
loge = 7.90415 — 10 


log cos A= 8.84358 — 10 
log b = 16.74773 — 20 
= 4.74778. 
b = 0.00055941 
= 0.0005594. 


log S = colog 2 + log a+logb. 


colog2 = 9.69897 — 10 
loga = 7.90309 — 10 
log b= 0.74773 — 4 
log S = 18.34979 — 24 
= 6.34979. 

S = 0.0000022376 

= 0.000002238. 

15. b = 50.94, B = 48° 48’. 


Al= 462: 1127. 
taieAe= oe 
b 
a=bdtanA. 


log b = 1.70706 
log tan A = 0.01820 
log a = 1.72526 


sinA=~. 
Cc 


PLANE TRIGONOMETRY 


a 
Cc = ——- 
sinA 

log a = 1.72526 
colog sin A = 0.14161 
log ¢ = 1.86687 

¢ = 73.598 

== ees 

log S = colog 2+ log a+logb 
colog 2 = 9.69897 — 10 

log @ = 1.72526 
log 6b = 1.70706 
log S = 8.13129 


S = 1352.9 
= 1353. 
16. }=2, B= 338% 
A = 86° 227. 
tan A = : S 
b 
Gib tanAe 


log b = 0.801038 
log tan A = 1.19723 
log a = 1.49826 


a = 31.496 
oleous 
sin A = a 
a 
c= ——_.- 
sin A 


log a = 1.49826 
colog sin-A = 0.00087 
log c = 1.49913 

c = 81.559 

= 5100s 

log S = colog 2+ log a+ logb 
colog 2 = 9.69897 — 10 

log a = 1.49826 
log b = 0.80103 
log S= 1.49826 

S = 31.496 

= 31.50. 
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17. a = 992, B = 76°19”. 


cAbe— a Cras 
sin A = ue 
c 


log ¢ = loga + colog sind. 

log a = 2.99651 : 
colog sin. A = 0.62607 

log ¢ = 8.62258 


c = 4193.5 
= 4194, 
sin B= ey . 
@ 
b=csin B. 


log b = loge + log sin B. 
log ¢ = 3.62258 
log sin B = 9.98750 
log b = 8.61008 
b = 4074.5 
= 4075. 


log S = colog 2 + log a+ log 6. 


colog 2 = 9.69897 — 10 
log a = 2.99651 
log b = 3.61008 
log S = 6.30556 
S = 2,021,000. 


18. a = 73, B = 68° 52’. 


Ara 210.8% 
SsineAee= Ee 
C 
a 
RR —oe 
sin A 


log c = loga + colog sin A. 
log a = 1.86332 

colog sin. A = 0.44305 
log ¢ = 2.380637 


c = 202.47 
= 202.5. 
Sin pi a 
c 
b=csin B. 


log b = loge + log sin B, 
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log ¢ = 2.30637 
log sin B = 9.96976 — 10 
log b = 2.27613 
6 = 188.86 
= 1eish (9) 
log S = colog 2 + log a+ log b. 
colog 2 = 9.69897 — 10 
log a = 1.86332 
log b = 2.27613 
log S = 3.83842 
S = 6893.1 
= 6893. 


19. a = 2.189, B = 45° 25’. 
A = 44° 35’. 


f a 
sin A==—. 
Cc 
a 


C= - . 
sin A 


loge = loga + colog sinA. 
log a = 0.84025 

colog sin A = 0.15370 
log ¢ = 0.493895 


c = 8.1185 
== Syilil: 
ee ae 
@ 
b=ccosA. 


logb = loge + log cos A. 
log ¢ = 0.49395 
log cos A = 9.85262 — 10 
log b = 0.34657 
b = 2.2211 
197A 
log S= colog 2+ loga+logb 
colog 2 = 9.69897 — 10 
log a = 0.84025 
log b = 0.84657 
log S = 0.38579 
S = 2.4310 
= 2.481, 
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20.) = 4, A= 87° 56’. 


Bi O22 Ags 
cosA = 2 
ee b 

~ cos A 


log c= logb + colog cosA. 
log b = 0.60206 

colog cos A = 0.10507 
log ¢ = 0.70513 


c= 6.0714 
== 5D rike 
tan A = gs 
b 
G@= tana, 


loga = logb + log tan A. 
log b = 0.60206 
log tan A = 9.89177 — 10 
log a = 0.49383 
a = 3.1176 
=loalles 
log S = colog 2 + log a+ log b. 
colog 2 = 9.69897 — 10 
log a = 0.49383 
log b = 0.60206 
log S = 0.79486 
S = 6.2352 
= 6.235. 


21, ¢ = 8590, a = 4476. 


SMeA= ae 
log sin A = log a + cologe, 
log a = 8.65089 
colog¢ = 6.06601 — 10 


A= Slope 
B= bSa5oe 
GOtA == vi 
a 
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6=acotA. 
logb = log a + log cot A. 
log a = 3.65089 
log cot A = 0.21438 
log b = 3.86527 
b = 7332.8 
7333. 


log S = colog 2+ loga+ toga 


colog 2 = 9.69897 — 10 
log a = 3.65089 
log b = 3.86527 
log S = 7.21513 
S = 16,410,000. 


22. c = 86.53, a = 71.78. 
nde 
c 
log sin A = loga + cologe. 
log a = 1.85600 
eolog ¢ = 8.06283 — 10 
log sin A = 9.91883 — 10 


PAD Oo 
‘Bi SOO 
b=acotA. 


log b = log a + log cot A. 
log a = 1.85600 
log cot A = 9.82817 — 10 
log b = 1.68417 
b = 48.324 
= 48.32. 
log S = colog 2 + log a+ log & 
colog 2 = 9.69897 — 10 
log a = 1.85600 
log b = 1.68417 
log S = 3.23914 
S = 1734.4 
= 1734. 
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23. ¢ = 9 35, @ = 8.49. 
ar eee 
c 
log sin A = loga + cologe. 


log a = 0.92891 
colog ¢ = 9.02919 — 10 
log sin A = 9.95810 


Fae OH? 1A 


1B} a WANG 

t 

cos A =- 
b= C¢ costae 


logb = loge + log cos A. 


loge = 0.97081 
log cos A = 9.62214 — 10 
log b = 0.59295 


) Ss rsMlyr 


log S = colog 2 + log a+ log db. 


colog 2 = 9.69897 — 10 
log a = 0.92891 
log b = 0.59295 
log S = 1.22083 
S = 16.627 
= 16.63. 


24. c = 2194, b = 1812.7. 


(COSA li Bs 
C 
log cos A = logb + cologe. 


log 6 = 3.11816 
colog ¢ = 6.65876 — 10 
log cos A = 9.77692 


(Ag DOS OG 
B = 36° 45’. 


: a 
sinA=-. 
C 


a=csinAd, 
log a = loge + log sin A. 


loge = 3.34124 
log sin A = 9.90377 — 10 
log a = 8.24501 


a = 1768. 
log S = colog 2 + log a 4 logd 


colog 2 = 9.69897 — 10 
log a = 3.24501 
logb = 3.11816 
log S = 6.06214 


S = 1,154,000, 


25. c = 30.69, b = 18.25. 


b 
cos A == 
é 
log cos A = logb + cologe. 


logb = 1.26126 
colog¢ = 8.51300 — 10 

log cos A = 9.77426 

A= 532310, 

B = 36° 29’. 


a 
tan - A ==. 
b 


a=btanA. 
log a = log tan A + log b. 


log tan A = 10.13106 — 10 
log b = 1.26126 
loga = 1.39232 
a = 24.678 
= 24.68. 
log S = colog 2 + log a+logb 
colog 2 = 9.69897 — 10 
log a = 1.39282 
log b = 1.26126 
log S = 2.35255 
S = 225.18 
= 225.2. 
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26. a = 38.31, b = 19.52. 
canes oe 
b 
log tan A = loga + colog b. 
loga = 1.58331 


colog b = 8.70952 — 10 
log tan A = 10.292838 


AR 632% 
135 es AE) 
sin A =* 
a 
om sin.A- 


log ¢ = loga + colog sin A. 
log a = 1.58331 
colog sin A = 0.05012 
log ¢ = 1.63343 
¢ = 42.998 
= 43.00. 


log S = colog 2 + log a + log b. 


colog 2 = 9.69897 — 10 
log a = 1.583831 
log b = 1.29048 ' 
log S = 2.57276 
Si oS.0s 
Oia le 220 04505, 
a 
tan A ==. 
b 


log tan A = loga + colog b. 
log a = 0.08955 


colog b = 8.82536 — 10 
log tan A = 8.91491 
A= AS ANG 
B= 85° 18’. 
sin A =<. 
c 
a 
Cia . 
sin A 


loge = loga + colog sin A. 
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log a = 0,08955 
cologsin A = 1.08651 
log ec = 1.17606 

c¢ = 14.998 

= 15.00. 

log S = colog 2 + log a+ logb 
colog 2 = 9.69897 — 10 

log a = 0.08955 
log b = 1.17464 
log S = 0.96316 

S = 9.1867 

=O Sie 


28. a = 415.3, b = 62.08. 


tan A = ©. 
b 
log tan A = log a + colog bd. 
loga= 2.61836 
cologb = 8.20705 — 10 
log tan A = 10.82541 
A ='81° 307, 
Bi— Sars 
sinA =<. 
c 
a 
¢C=— . 
sin A 


loge = loga + colog sin.A. 
log a = 2.61886 
cologsin A = 0.00480 
log ¢ = 2.62316 
c = 419.91 
= 41.959! 
log S = colog 2 + log a + log b 
colog 2 = 9.69897 — 10 
log a = 2.618386 
log b = 1.79295 
log S = 4.11028 


S = 12,890. 
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29. a = 13.69, 6 = 16.92. 
tan Al & 
b 
log tan A = log a + colog b. 


log a = 1.18640 
colog b = 8.77160 — 10 
log tan A = 9.90800 


A = 38° 59’. 
Deo iloalae 
sin. A = a 
@ 
a 
C= . 
sin A 


loge = log a + colog sin A. 
log a = 1.13640 
colog sin. A = 0.20128 
log ¢ = 1.383768 
C= 21761 
a NS (6), 


log S = colog 2 + log a + log b. 


colog 2 = 9.69897 — 10 
log a = 1.18640 
log 6 = 1.22840 
log S = 2.06377 


S=115.81 
= lye 


305 ¢ = 91-92, a = 2:19; 
sinA =~. 
c 
log sin. A = log a + colog ce. 


log a = 0.384044 
colog ¢ = 8.03659 — 10 
log sin. A = 8.37708 


Zs) Sa OO, 
B= S88238% 
cos A = D 
c 
b=ccosA. 


log b = loge + log cos A. 


log ¢ = 1.96341 
log cos A = 9.99988 — 10 
log b = 1.96329 


b = 91.894 
= 91.89. 


log S = colog 2 + log a +log b. 


colog 2 = 9.69897 — 10 
log a = 0.34044 
log b = 1.96329 
log S =2.00270 


S = 100.62 
= 100.6. 


Compute the unknown parts and also the area, having given: 


Sl ni OU 10. 
a 

tan.A = —. 

an b 


log a = 0.69897 
colog b = 9.22185 — 10 
log tan A = 9.92082 


A = 39° 48’. 
BS 012, 


: a 
sin: A ==. 
C 
a 
C= SSS 
sin A 


log a = 0.69897 


cologsin A = 0.193875 


log ¢ = 0.89272 


C=ieSll23 
= ue = 2 wD 
>, 2 
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32g — OG oer 10s 
sin A = aS 
Cc 


log a = 9.78888 — 10 
colog¢ = 8.15490 — 10 
log sin A = 7.94378 — 10 


Av== 30120, 
B= 89° 29’ 48”. 


b=ccosdA. 


log c = 9.99998 — 10 
log cos A = 1.84510 
log b = 1.84508 


b = 69.997 
=1105 


S= tab. 


log a = 9.78888 — 10 
log b = 1.84508 
colog 2 = 9.69897 — 10 


log S = 1.83293 


S = 21.625. 


33. b= V2,c= V3. 
cos A = 
log b = 0.10034 


cologe = 9.76144 — 10 
log cos A = 9.86178 


A = 48° 20’. 
B= 46° 40’. 
sin A = & 


C 
Gh ORNL. 
log ¢ = 0.23856 

log sin A = 9.83648 — 10 
log a = 0.07504 


TRIGONOMETRY 
a = 1.1886. 
S = 4 ab. 


log a = 0.07504 

log b = 0.10034 
colog 2 = 9.69897 — 10 

log S = 9.87435 — 10 


S = 0.74876 
= 0.7488. 


84, a=7, A =18° 14’. 


Bi rane 
: a 
Sim) Aeon 
c 
a 
C= = ° 
sin A 


log a = 0.84510 
colog sind = 0.50461 
loge = 1.84971 


C= ODO. 
tan A = << 
b 


ye 
tan A 


log a = 0.84510 
colog tan A = 0.48224 
log b = 1.82734 


6 = 21.249 
= ON Py. 
Se bab. 


log a = 0.84510 

log b = 1.82784 
colog 2 = 9.69897 -- 10 

log S = 1.87141 


S = 74.372. 
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35, b= 12, A = 29° 8’. 


PA 29° Br, 

500 aD Dite 
b 

Cosa = = 5 
¢C 
b 

C= cs 

cos A 


log b = 1.07918 
colog cos.A = 0.05874 
log ¢ = 1.13792 
C= MB i338: 

Sieae— on 

G 
Qi GsimvAl. 


loge = 1.138792 
log sin A = 9.68739 — 10 
log a = 0.82531 


log a@ = 0.8253 
log b = 1.07918 
colog 2 = 9.69897 — 10 
log S = 1.60346 
S = 40.129 
= 40.15. 


36. c = 68, A = 69° 54’. 


SDA 
a=csinAdA. 


loge = 1.83251 
log sin A = 9.97271 =alO 


log a = 1.80522 


ad = 63.859 
= 63.86. 
b 
COS Aa 
@ 
b=ccosa. 


log ¢ = 1.83251 
log cos A = 9.58613 — 16 
log b = 1.36864 


b = 23.369 
= 23.01 
S => 4 ab. 


log a = 1.80522 

logb = 1.86864 
colog 2 = 9.69897 — 10 

log S = 2.87283 


S = 746.15. 


Ss C= 2g Bi= 440-46 
A = 45° 56’. 
a= ¢csinA. 
log ¢ = 1.48136 
log sin A = 9.85645 — 10 


log a = 1.28781 
a = 19.40. 


b=Cccos A. 
loge = 1.43136 
log cos A = 9.84229 — 10 
log b = 1.27865 
b = 18.778 
Sais. 


S= dab. 


log a = 1.28781 

logb = 1.27865 
colog 2 = 9.69897 — 10 

log S = 2.26043 


S= 182.15. 
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88. a = 47, B= 48° 49’. 
Alea Ace 
b=acotA: 
loga = 1.67210 
log cot A = 10.05803 — 10 
logb = 1.78013 


b =-63.719 
Eoonics 
a 
(oe = 
sin A 


log a = 1.67210 
cologsin A = 0.18146 
logc = 1.85356 


Cees 
= Plt. 
S= hab. 


log a = 1.67210 
log b = 1.73013 

colog 2 = 9.69897 — 10 
log S = 3.10120 
S = 1262.4. 


39. b= 9, B= 34° 44’, 
P| ty 3 NG 
a=Oditan A. 
logb = 0.95424 
log tan A = 10.15908 — 10 
loga = 1.11832 


@= 12.981 
= 127985 
a 
C$ 5 
sin A 


log a = 1.11882 
eolog sin A = 0.08523 
loge = 1.19855 


c = 15.796 
== 15280. 
= : ab. 


log a = 1.11832 
log b = 0.95424 
colog 2 = 9.69897 — 19 
log S = 1.76653 
S = 58.416 
= 58.42. 


40. c = 8.462, B = 86° 4’. 
TA =="3°56% 
i= esm A. 
log ¢ = 0.92747 
log sin-.A = 8.83630 — 10 
log a = 9.76377 — 10 
a = 0.5805. 
b=ccos A. 
loge = 0.92747 
log cos A = 9.99898 — 10 
log b = 0.92646 
b = 8.442. 
S = dab. 


log a = 9.76377 — 10 

log b = 0.92645 
colog 2 = 9.69897 — 10 

log S = 0.38919 


S = 2.4501. 


41. Find the value of S in terms 


of c and A. 
C= sab. 
ain 4 eee 
Cc 
OC sineAs 
cos A = o 
& 
oO ==CICOSeAs 
i Zab 


= }c?sin A cos. 
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42, Find the value of S in terms log a = 1.00000 
of a and A. colog b = 8.93554 — 10 
S= pad. log tan A = 9.93554 — 10 
Cotte b A = 40° 45’ 48”. 
a 5 B= 49° 14’ 12”, 
5 OS OCH. pie, AOS 
S= tab sin A 
ei 2 
ares log a = 1.00000 
colog sin A = 0.18513 
43, Find the value of S in terms loge = 1.18518 
of band A. c — 15.315. 
= 3 ab. 
hamneate = 
46. Given S = 18 and b = 5, solve 
SOE the right triangle 
S= hab ae 
=} tanA. S= tab. 
28 
a=—. 
b 


44, Find the value of S in terms 
of a and c. log 2S = 1.55630 
colog b = 9.30103 — 10 


S= hab. 

c2 = a? + B?, log a = 0.85733 
OE aa a= 7.2. 
b= Ve? — a. a 


= [oi tan A = — 
S= have? — a’, i 


loga= 0.85733 


45. Given S=58 and a=10, cologh = 9.30103 — 10 
solve the right triangle. log tan A = 10.15836. 
S= 3a. A = 55° 13’ 20”. 
pac B = 34° 46’ 40”, 
a Hei 
log 2S = 2.06446 sin A 
colog a = 9.00000 — 10 log a = 0.85733 
log b = 1.06446 colog sin A = 0.08546 
Peale, log c = 0.94279 
a c = 8.7658 


tan. A = — 
b = tly (Kaley 
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47, Given S=12 and A = 29°, 


solve the right triangle. 


B= Gl" 
24 
Sa 
b 
tamA = . 
b 
tan 29°°= ae 
fi eee 
tan 29° 


logb = 3 (log 24 + colog tan 29°). 


log 24 = 1.38021 
colog tan 29° = 0.25625 


2) 1.63646 
log b = 0.818238 
b = 6.58. 


tan 29° = nn 
b 


a = b tan 29°, 
log b = 0.81823 
log tan 29° = 9.74375 — 10 
log a = 0.56198 


a = 8.6474. 
Siew = 
c 
a 


¢ = ———. 
sin 29° 

log a = 0.56198 

colog sin 29° = 0.31448 


loge = 0.87641 


C = 7.5238. 


48. Given S=98 and c= 22, 


solve the right triangle. 


ab = 196. 
_ 196 
mab 

ga Js 38416 


a? + 6? = c? = 484, 
Substitute, 
38416 
b2 
38416 + bt = 48407. 
bt — 4840? —— 38416. 
bt — () + (242)? = 20148. 
log V20148 = } (4.30424) 
= 2.45% .2. 
But 2.15212 = log 141.95. 
b? — 242 = 141.95. 
b? = 383.95. 
log b = } log 883.95 
= 1.29214. 
b = 19.595. 


+ b? = 484 


b 
COs.A ==. 
c 
log b = 1.29214 
colog ¢ = 8.65758 — 10- 
log cos A = 9.94972 
Fe Ws PPI. 
B= 1625 30re 
sin A = , 
fs 
a=csinaA. 


log ¢ = 1.34242 
log sin A = 9.65767 — 10 


log a = 1.00009 


a= 10.002. 
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49, Find the two acute angles of a right triangle if the hypotenuse is 
equal to three times one of the sides. 


Let c = hypotenuse, 
and ¢ = three times a, one of the sides. 
: (yal 
sin A =-=-. 
By 


log sin A = log a + cologe. 
log a = 0.00000 
colog ¢ = 9.52288 — 10 
log sin A = 9.52288 
A NOP IB ANT ae 
B= 70° 31’ 43”. 


| 


50. The latitude of Washington is 88° 55°15” N. Taking the radius of 
the earth as 4000 mi., what is the radius of the circle of latitude of 


W ashingtion ? What is the circumference of this circle? 
co \ 
\ 


cos 389 55’ 15” = —_. 
; 4000 
i x = 4000 cos 38° 55’ 15”. 


log « = log 4000 + log cos 88° 55’ 15”. 
log 4000 = 8.60206 
log cos 88° 55’ 15” = 9.89098 — 10 Ww 
log z = 3.49304 
SL" 
Circumference = 27r = 2 x 3.1416 x 3112. 
log 2 = 0.30103 
log 3.1416 = 0.49715 
log 3112 = 3.49804 
log 2 wr = 4.29122 
2 ar = 19,553.1 
= 19,553. 


The radius is 3112 mi. and the circumference 19,553 mi. 


51. What is the difference between the length of a degree of latitude 
and the length of a degree of longitude at Washington ? 
19.553 mi. + 360 = length of a degree of longitude. 
log 19,553 = 4.29122 
colog 860 = 7.44870 — 10 
= 1.73492 
= log 54.815. 


-, a degree of longitude = 54.315 mi, 
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27 4000 mi. + 360 = length of a degree of latitude. 


log 2 = 0.30103 
log 3.1416 = 0.49715 
log 4000 = 3.60206 
colog 360 = 7.44370 — 10 
1.84394 
= 1.84394 = log 69.818. 


-. a degree of latitude = 69.813 mi. 
The required difference is 69.813 mi. — 54.315 mi. = 15.498 mi. 


52. From the top of a mountain 1 mi. high, overlooking the sea, an 
observer looks toward the horizon. What is the angle of depression of 


the line of sight ? __ 4000 


COS SS Se 
4001 


log cos c = log 4000 + colog 4001. 


log 4000 = 3.60206 
colog 40,001 = 6.89783 —10 
log cos x = 9.99989 — 10 


The angle of depression lies between 1°15’ 80” and 1°19’ 10”. 


53. At a horizontal distance of 120 ft. from the foot of a steeple, the 
angle of elevation of the top is found to be 60°30’. Find the height of 
the steeple above the instrument. 


tan 60° 30’ = —~_. 
120 

© = 120 tan 60° 30’. 

log « = log 120 4 log tan 60° 30’. 

log 120 = 2.07918 
log tan 60° 80’ = 10.24736 — 10 

loga = 2.32654 

C2 2 
The height of the steeple is 212.1 ft. 


54, From the top of a rock wkich rises vertically 326 ft. out of the 
water, the angle of depression of a boat is found to be 24°, Find the 
distance of the boat from the base of the rock. 


Cousd. — are ‘ 
326 


x = 826 cot 24°, 
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log 326 = 2.51322 
log cot 24° = 0.35142 
log # = 2.86464 


SBI, 
The distance of the boat from the base of the rock is 782.2 ft. 


55. How far from the eye is a monument on a level plain if the height 
of the monument is 200 ft. and the angle of elevation of the top is 3° 30’? 


cot 8230" = ie . 
200 


H— 200COte7c0-. 


log 200 = 2.30103 
log cot 8° 30’ = 1.21351 
log @ = 8.51454 


x = 3270. 


The monument is 3270 ft. from the eye. 


56. A distance AB of 96 ft. is measured along the bank of a river from 
a point A opposite a tree C on the other bank. The angle ABC is 21°14’, 
Find the breadth of the river. 
x 


tan 21°14’ = —. 
96 
x = 96 tan 21°14’, 
log z = log 96 + log tan 21°14” 


log 96 = 1.98227 
log tan 21°14’ = 9.58944 — 10 
log = 1.57171 


The breadth of the river is 37.3 ft. 


57. What is the angle of elevation of an inclined plane if it rises 1 ft 


in a horizontal distance of 40 ft. ? 


COLL: = abe 
1 


log cot z = log 40. 
log 40 = 1.60206. 
log cota = 1.60206. 


Gia leeZO mC me 
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58. Find the angle of elevation of 
the sun when a tower 120 ft. high 
casts a horizontal shadow 70ft. long. 


log tan z = log 120 + colog 70. 
log 120 = 2.07918 
colog 70 = 8.15490 — 10. 


log tan = 10,.25408 
g= 59° 44’ 35”. 


59. How high is a tree which 
casts a horizontal shadow 80 ft. in 
length when the angle of elevation 
of the sun is 50° ? 


x 
tan 50° = —. 
80 


x = 80 tan 50°. 
log « = log 80 + log tan 50°. 
log 80 = 1.90309 
log tan 50° = 10.07619 — 10 
loga = 1.97928 
x = 95.34. 
The tree is 95.34 ft. high. 


60. A rectangle 7.5 in. long has 
a diagonal 8.2 What angle 
does the diagonal make with the 
base ? 75 

COS: 2 SS —. 
8.2 
log cos « = log 7.5 — log 8.2. 
log 7.5 = 10.87506 — 10 
log ao = (0.91381 
log cosx = 9.96125 
x = 23° 50’ 40”. 


in. lone, 


61. A rectangle 8} in. long hasan 
area of 49}. sq. in. Find the angle 
which the diagonal makes with the 


base, 
Width = 49} ier 8i. 
: 49.5 + 8.25 
tan. == = 
8.25 
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log 49.5 = 1.69461 
colog 8.25 = 9.08355 — 10 
colog 8.25 = 9.08355 — 10 

log tan c = 9.86171 
= 62 ADK, 


62. The length A B of a rectangu- 
lar field ABCD is 80rd. and the 
width AD is 60rd. The field is 
divided into two equal parts by a 
straight fence PQ starting from 
a point P on AD which is 15rd. 
from A. What angle does PQ 
make with AD? 

Ab == 80 nde 
AD= 60 rd., 
AP = CQ = 105 TOs; 
DP'=BQ=45 ra. 
tanz = $9. 
log 80 = 1.903809 
colog 30 = 8.52288 — 10 
log tan z = 10.42597 
L = 69° 26’ 387. 

The line PQ makes an angle of 

69° 26’ 38” with AD. 


63, A ship is sailing due north- 
east at the rate of 10 mi. an hour. 
Find the rate at which she is mov- 
ing due north, and also due east. 


Tk 
x = 10 cos 45°. 
log x = log 10 + log cos 45°, 
log 10 = 1.00000 
log cos 45° = 9.84949 — 10 
log = 0.84949 
10 Iie 
The ship moves 7.071 mi. an hour 


due north and 7.071 mi. an hour 
due east. 
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64. If the foot of a ladder 22 ft. 
long is 11 ft. from a house, how far 
up the side of the house does the 
ladder reach ? 


a) 


oy 


11 
a? + b? = c?, 
w= c? — b? = (c+ a)(c —a) = 368. 
log a? = log 368 
= 2.00991. 
loga = } log 863 
208 
a@ = 19.05. 
The ladder extends 19.05 ft. up 
the side of the house. 


65. In front of a window 20 ft. 
from the ground there is a flower 
bed 6 ft. wide and close to the house. 
How long is a ladder which will just 
reach from the edge of the bed to 
the window ? 

tang = 2. 
log tanz = log 20 + colog 6. 
log 20 = 1.80108 
colog6= 9.22185 — 10 
log tana = 10.52288 
Ja) Ss HSS Reh 
_ 20 
~ sing 
loge = log 20 + colog sing. 
log 20 = 1.80103 
colog sin « = 0.01871 


OS 20.88. 
Leneth of ladder is 20.88 ft. 


cy 


66. A ladder 40 ft. long can be so 
placed that it will reach a window 
33 ft. above the ground on one side 
of the street, and by tipping it back 
without moving its foot it will reach 
a window 21 ft, above the ground 
on the other side. Find the width 
of the street, 

cos B= #3, 

log 83 = 1.51851 
colog 40 = 8.39794 — 10 
log cos B= 9.91645 


B= 34° 24’ 45”, 


tan b 


¢ 


b = 33 tan B. 


log 83 = 1.51851 
log tan B = 9.83572 
log b = 1.85422 
= 22.61. 

cos B’ = 7h. 

log 21 = 1.82222 
colog 40 = 8.89794 — 10 

log cos B’ = 9.72016 


B’ = 58°19" 54”. 


tan 5? = u : 
21 
6 = 2 tan Be 
log 21 = 1.32222 
log tan B’ = 0.20982 
log b’ = 1.53204 


b’ = 34.04. 


Width of street 
= 29761 tt, 04.04 fh 


= 56.65 ft 
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67. From the top of a hill the 
angles of depression of two succes- 
sive milestones, on a straight, level 
road leading to the hill, are 5° and 
15°. Find the height of the hill. 


5280 


sin 5° = 


5280 
a = 5280 sin 5°. 
log 5280 = 3.72263 
log sin 5° = 8.94030 — 10 
log a = 2.662938 
sin 10° = o. 
c 
ag 
~ sin 10° 
log a = 2.66293 
colog sin 10° = 0.76033 
log ¢ = 8.423826 
€0S'()2 = A 
b= c cos 75°. 
log ¢ = 3.42326 
log cos 75° = 9.41800 — 10 
log b = 2.83626 
b = 685.9. 

Height of hill is 685.9 ft. 

68. A stick 8 ft. long makes an 
angle of 45° with the floor of a 
room, the other end resting against 
the wall. How far is the foot of the 
stick from the wall ? 


B 
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cos 45° = 


ole 


xz = 8cos 45°. 
log z = log 8 + log cos 45°. 


log 8 = 0.90309 
log cos 45° = 9.84949 — 10 
log @ = 0.75258 
gz = 5.657. 


The stick is 5.657 ft. from the 
wall. 


69. A building stands on a hori- 
zontal plain. The angle of eleva- 
tion at a certain point on the 
plain is 80°, and at a point 100 ft. 
nearer the building it is 45°, How 
high is the building ? 


B 


Ay LOO Tt eA” Cc 


Let BC represent the building, 
AC the horizontal plain. 


BAC = angle made by line from 
eye of observer = 30°. 

BA’C = 45° = angle of elevation 
100 ft. nearer. 

From A’ draw A’N 1 to AB. 

Inert AVA ANE 
ZNpAUA soe 
VL INfval sal ters (NE 

.. NA’ = 50 feet, 


and 
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AN = (100)? — (50)? 


=V7500 = 50V3 
= 86.602. 
In rt. ABN A’, 
a =/cobVib.A“— cobb, 


BN = NA’ cot 15°. 
log NA’ = 1.69897 
log cot 15° = 0.57195 
log BN = 2.27092 


and 


BN = 186.60 
AN = 86.60 
AB = 278.20 
In rt. AABC, 
ABA Ceo, 
and ZABC = 60°. 
.. BO=}AB 
= } x 273.20 ft. 
= 136.6 ft. 


The building is 136.6 ft. high. 

70. From a certain point on the 
ground the angles of elevation of 
the top of the belfry of a church and 
of the top of the steeple are found to 
be 40° and 51° respectively. Froma 
point 300 ft. further off, on a hori- 
zontal line, the angle of elevation 
of the top of the steeple is found to 
be 33°45’. Find the A 
height of the top of 
the steeple above the 
top of the belfry. 


B300ft.  D C 


Draw DE 1 to AB from D. 


=~ 


y 
In A BED, is = sin 38° 45’. 
BD 
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«. HD = 300 x sin 38° 45’. 
log 800 = 2.47712 
log sin 33° 45’ = 9.74474 — 10 
log HD = 2.22186 
ZEA D=180°— 33° 45’— (180°— 51°) 
ms eS RS 
In A ADE, 
1) = sineliodo- 
AD 
se eleed! 
sin 17° 15’ 
log HD = 2.22186 
colog sin 17° 15’ = 0.52791 
log AD = 2.74977 


In AADC, 


Zo EI COSiOlio. 


Se) CAD cos ole 
log AD = 2.74977 
log cos 51° = 9.79887 — 10 
log DC = 2.54864 
In AADC, 


ae = anrolo. 


APA Cre Citaniolos 
log DC = 2.54864 
log tan 51° = 10.091638 — 10 
log AC = 2.64027 


AC = 436.79. 
In AFDC, 

ae = tan 40°. 

DC 


.. FC = DC tan 40°. 

log DC = 2.54864 

log tan 40° = 9.92381 

log FC = 2.47245 

FC = 296.79. 
Distance from top of belfry to 
top of steeple is 436.79 ft. — 296.79 

sits Ee TAM G 
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71. The angle of elevation of the 
top C of an inaccessible fort ob- 
served from a point A is 12°. At 
a point B, 219 ft. from A and on 
a line AB perpendicular to AC, 


the angle ABC is 61°45’. Find 
the height of the fort. 
A. (a 
D 
B 
In rt. ACAB, 28 = cou Abe. 


AU 
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AB 
“ cot ABC 
log AC = log AB 4 colog cot ABC. 
log A B = 2.34044 
colog cot A BC = 0.26977 
log AC = 2.61021 
In rt. AADC, 


7 


ch = sin GAD. 
C 


ve 


. CD=ACsinCAD. 
log CD = log AC + log sinCAD. 
log AC = 2.61021 
log sin CAD = 9.31788 — 10 
log CD = 1.92809 

CD = 84.74. 
Height of fort is 84.74 ft. 


1 


Exercise 32. The Isosceles Triangle (Page 71) 


Solve the following isosceles triangles : 


1, Givenaand A, find C,c,and h. 
C =180°— 24 
= 2(90°— A). 

2° — cos A, 

a 
c¢=2acosd. 
ph = sind. 
a 


h=asina. 


2. Given wand C, find A,c,and h. 
C+2A=180°. 
A= 90°— 30. 


ee 
ie 
2= = cos A. 
a 


(i= VAG OWA 


h : 

= Samedi 
a 
R=asinaA. 


3. Givenc and 4, find C, a, and h, 


C=180°— 2A 
i —2(90° rh) 
~_=cosA. 
a fe 
ee 
cos A 3 


c 


c= . 
] 2 cos A 
1 . 

= = SimAs 

a 


h=asina, 
4, Givencand C, find A,a,and h 
A = 90°— 30. 


1 
xC 
2 = cos A. 
a 
Cc 
(0 a= —-. 
h 2 cos A 
—=sinA,. 
a 
h=\arsinede 
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5. Givenhand A, find C, a, andc. 


C = 2(90°— A). 
j 
~=sind 
h 
a= -— 
sin A 
1 
cond = eee ae 
a 2a 


CONTIGO, 


6. Given hand C, find A, a, ande. 


A= 90°— 10. 


h ‘ 
qi Sind 
h 
a=——. 
sin A 
1 A 
d¢ C 
cosA = 2- = —. 
a POG} 


€=2acosa. 


7, Givenaandh, find A, C,andc. 


ane 
al 
C = 2(90°— A). 
1 
cos.A = fate RE Sethe 
a 2a 


c=2acosA. 


8. Givencand h, find A, C,and a. 


tan A = me = ae 
ke é 
C = 2(90°— A). 
sinA = ee. 
a 
h 
(= : 
sin A 


9, Given @—=14'°3 (¢— 11 find _A’, 
C, and h. V3 
cosA = +—. 
a 
log cos A = log $e + colog a. 
log $c = 0.74036 
colog a = 8.84466 — 10 


log cos A = 9.58502 — 10 
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A= Ole 22a00 ee 
.C = 2(90°— A) 
= 45° 147207. 
sin.A = ws 
a 
h=asina, 
logh = loga + log sin A. 
log a = 1.15534 
log sin. A = 9.96524 — 10 
log h = 1.12058 
RE=13.2% 


10. Given a= 0.295, A= 68° 10’, 
find c, h, and S. 
Sida i 
a 
h=asina. 
logh = loga + log sina. 
log a = 9.46982 — 10 


log sin-.A = 9.96767 — 10 
log h = 9.48749 — 10 


h = 0.27884. 


cosA = 2— 
fe=acosA 
log $c = loga + log cosA. 
log a = 9.46982 — 10 


log cos A = 9.57044 — 10 
log Se = 9.04026 — 10 
Le = 0.109718. 

c = 0.219438. 
Se bch. 
PB AS) es ch. 
log 2S = loge + logh. 
log ¢ = 9.84180 — 10 
log h = 9.48749 — 10 
log 2S = 8.77879 — 10 
25 = 0.060089. 
S = 0.08004 
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11, Given c = 2.352, C = 69° 49’, 
find a, h, and S. 
1 C = 34° 54’ 80”. 


z 1 
: Le 
sing 0O=2. 
a 
Le 
= Se 
sin 3 C 


log a = log } c+ colog sin 3 C. 


log }¢ = 0.07041 
colog sin }c = 0.24240 
log a = 0.31281 

a = 2.055. 


h 
cos} C=-. 
a 


h=acos}C. 
logh = loga + log cos 3 C. 
log a = 0.81281 
log cos} C = 9.91885 — 10 
log h = 0.22666 


h = 1.6852. 
S= beh. 
2S = ch. 


log 2S = loge + logh. 
loge = 0.37144 


log h = 0.22666 
log 2S = 0.59810 
2S = 3.9637. 

S = 1.9819. 


12, Given h=7.4847, Ad =76° 14’, 


find a, c, and S. 
Sonal S ie 
a 
h 
6 ea aa 
sin A 
log a = logh + colog sin A. 
logh = 0.87417 
cologsin A = 0.01266 
log a = 0.88683 
@ = "006: 
eyo | ae 
aC 
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h 
tan A 
log }u=logh + colog tanA 
log h = 0.87417 
cologtanA = 9.38918 — 10 
log $c = 0.26335 
he a Bos So toe 
c = 3.6676. 
s= bch. 
log S = log }c + logh. 
log $c = 0.26335 
log h = 0.87417 


oes 


a4 
2 


13. Given ¢ = 147, S = 2572.5, 
find A, C, a, and h. 


c 
logh = log 28 + cologe. 
log 2.8 = 3.71139 
colog¢ = 7.838268 — 10 
log h = 1.54407 


I i= 355 
tanA=—, 
dc 


log tan.A = logh + colog $e. 
log h = 1.54407 
colog }¢ = 8.13371 — 10 
log tan A = 9.67778 — 10 
eles 2 ae Ta 


CU = 2(90° — A) 
= 129947 268 
h 
“=— : 
sin A 


log a = logh + colog sin A 
log h = 1.54407 
cologsin A = 0.36661 


log a = 1.91068 
= Snails 
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14. Given h = 16.8, S = 438.68, 


find A, C,a, andc. 


Se dch. 
S 
1 Se 
vaeae Ts 
log $e = logS + colog h. 
lox S = 1.64028 


colog h = 8.77469 — 10 
log }c = 0.41497 


3c = 2.60. 
C= S74 
tanAg— Z 3 
4¢C 


log tan A = ehh + colog $e. 
logh= 1.22531 
colog $}¢ = 9.58508 — 10 
log ‘ersh = 10.81034 
TA SO 
BGs PA il 
Cea ie be425 
cos A = ee 


log a = log 

log ¢ = 0.41497 
colog cosA = 0.81547 
log a = 1.23044 


Chl 
Given an isosceles triangle, ABC: 
16. Find the value of S in terms 
of a and C. 
S=tch. 


tc=asin }C. 

h=acos}C. 

S=asin }C x acos}C 
= a*sin } Ccos $C. 


$c + colog cos A. 


15. Given @ = 27.56, A = 75° 14, 


find c, h, and S. 


sin A = Ie 
a 
h= asinA, 


log h = loga + log sin.A. 
log a = 1.44028 


log sin.A = 9.98541 — 10 
log h = 1.42569 


h = 26.649. 
4 Be 
cos A = 
a 


$c=acosdA. 
log $c = loga + log cosA. 
log a = 1.44028 


log cos A = 9.40634 — 10 
log }c=0. 84662 


bo = 7.0246. 
¢ = 14.049. 
S= ch. 


log S = log dc + logh. 


log $c = 0.84662 
log h = 1.42569 
log S = 2.27231 


S = 187.2. 


17, Find the value of S in ¢erms 


of aandA. 
Ss Lech. 
¢c=acosd. 
h=asinA. 


S=acosA x asinA 
= a’sin A cos A. 


18, Find the value of S in terms of A and C. 


St ch. 
Le=htan}C. 


S=h(htan }C) 
=f? tan }C. 
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19. A barn is 40 ft. by 80 ft., the 
pitch of the roof is 45°; find the 
length of the rafters and the area 
of the whole roof. 

40 +2=20= he. 


ye OA) 
cos A= 2-2 = —. 
a a 
20 = acosA 
20 
é¢ => ——— 
cos A 


log a = log 20 + colog cos A. 

log 20 = 1.30108 
colog cos A = 0.15051 
log a = 1.45154 
a = 28.284. 

2 x 28.284 x 80 = 4525.44. 

Length of rafters is 28.284 ft. ; 
area of roof is 4525.44 sq. ft. 


20. In a unit circle what is the 
length of the chord subtending the 
angle 45° at the center ? 

4c 
sin} O = 2-. 
log }C = loga + logsin $C. 
log a = 0.00000 
log sin } C = 9.68284 — 10 
log }, > = 9.58284 — 10 
Lc = 0.88268. 


c = 0.76536. 


S 


21. The radius of a circle is 30 in., 
and the length of a chord is 44 in. ; 
find the angle subtended at the 
center, 


= 


sind C= 2S. 
24 a 
log sin } C= log $c + cologa. 
log-} c¢ = 1.84242 
colog a = 8.52288 — 10 
log sin 4 Gr 9.86530. 
C= ie I0n 
wa 94 207 
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22, Find the radius of a circle if 
wa chord whose length is 6 in. sub- 
tends at the center an angle of 183°, 


sin} C= ze 
2 a 
log a = log }e+cologsin }C. 
log §c = 0.89794 
colog sin } C = 0.03760 
log a = 0.4855 
a@ = 2.7261. 


Radius is 2.7261 in. 

23, What is the angle at the cen- 
ter of a circle if the subtending 
chord is equal to % of the radius ? 

Let the circle be a unit circle with 
radius = 1, 

; $e 
sin $C = = 


log sin } C = log 1+ colog 8. 
log 1 = 0.00000 
colog 38 = 9.52288 — 10 
log sin } C = 9.52288 
10 = 19° 28’ 164”. 
C = 88° 56’ 38”. 

24. Find the area of a circular 
sector if the radius of the circle is 
12in., and the angle of the sector 
is 80°. 

Area © = 7h?, 


30 rR? 
Area sector =~. 
360 


log area sector 
= log 80 + colog 360 
+ log w+ 2log R. 

log 80 = 1.47712 

colog 860 = 7.44870 — 10 
log r = 0.49715 
2 log R = 2.15886 

log area = ‘1.57633 
Area = 37.699 sq. in. 
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25. Find the tangent of the angle of the slope of an A-roof of a build- 
ing which is 24 ft. 6 in. wide at the eaves, the ridgepole being 10 ft. 
9 in. above the eaves. 

tan A = ava 
ke 
log tan A = logh + colog $e. 


log h = 1.03141 
colog }¢ = 8.91186 — 10 
log tan. A = 9.94327 — 10 


tan A = 0.8775. 


Exercise 33. The Regular Polygon (Page 72) 


Find the remaining parts of a regular polygon, given: 


\e) 
igs eee 18°. 
10 
$£c=0.5. 
Yale (M2 
= tctanA. 


logh = log $c + log tanA. 


log $c = 9.69897 — 10 
log tan A = 10.48822 — 10 
logh= 0.18719 


h = 1.5388. 


logr = log }¢ + colog cosA. 


log $c = 9.69897 — 10 
cologcosA = 0.51002 
log r = 0.20899 


i eOlse 
log h = 0.18719 


log p = 1,00000 
log 2S = 1.18719 


2S = 15.388. 
S = 7.694. 


ev =18 2 r= Is 


ACh 10% 
Al == S102 
h=rsin A. 


logr = 0.00000 
log sin A = 9.99335 — 10 


log h = 9.993385 — 10 


h = 0.9848. 
4c=rcosa. 


log r = 0.00000 
log cos A = 9.23967 — 10 
log $c = 9.23967 — 10 


Lc = 0.17865. 
p = 6.2514. 
Sic i hp. 
log h = 9.99835 — 10 


log p = 0.79598 
log 2.8 = 0.78933 


2S = 6.1564. 
S = 3.078%. 
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S07 = 20-220: 


Oe EPs 
Ate Sloe 
h=rsina. 


logr = 1.380103 

log sin A = 9.99462 — 10 
log h = 1.29565 
h = 19.754. 
te=rcosd. 
log r = 1.380108 


log cos A = 9.19433 — 10 
log } c = 0.49536 


3¢ = 38,1286. 
Ci=1O-2 Ose 
p = 125.14. 
S=thp. 


log h = 1.29565 
log p = 2.09740 
log 2S = 8.39805 


DS eae 
S = 1286. 
4.n=8,h=1. 
1 C = 22° 30’. 
i 
tanio=2-. 
S h 


log 4c = logh + log tan $C. 
log h = 0.00000 
logtan } C = 9.61722 — 10 
log £¢ = 9.61722 — 10 


4c = 0.41421, 
c = 0.82842. 
h 
cos} C=-. 
r 


logr = logh+ colog cos } C, 


log h = 0.00000 

volog cos } C= 0.03438 
logr = 0.03438 

r = 1.0824. 


ae 


2S — hp. 
= e . 
11 
ne 
Pp 
4 C = 16° 22’ 
LG 
iene WO) = Bee 
z h 
Substitute values of h and c, 
2 
ant Cee 
22 p 880 
log p = } (log 880 + log tan } C) 
log 880 = 2.94448 
logtan$} C= 9.46788 — 10 
2 )2.41236 
logp = 1.20618 
p = 16.076. 
C= AGI 
1 
sin + C= pie 
- r 
logr = log }¢ + colog sin $C 


log }c = 9.86392 — 10 


cologsin } C= 0.55008 


log r = 0.41400 
r = 2.5942, 


cos$ C= e 
log h = log r + log cos $C. 


log r = 0.41400 
log cos } C = 9.98204 — 10 
log h = 0.39604 


h = 2.4891. 
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Ch toh Stre 
14= hp. 
Tis ek 
Dp 
CG ie 
7 
LC = 25° 43’, 
tan k= 2° 
an z ==. 
Ss h 
PA Np Wop ag A decks Paes 
14 p 196 
log p = }(log 196 + log tan 3 C). 
log 196 = 2.29226 
logtan}C= 9.68271— 10 
2)1.97497 
logp= 0.98749 
Gp) = Del 
3c = 0.694. 
1G xe 
tan + = 5 
h 


logh = log }c + cologtan 3C. 


log £c = 9.84136 — 10 
colog tan } C = 0.81729 
log h = 0.15865 
h = 1.441. 
Le 
Ag eer Pe, 
sin} C= ; 
log r = log $e + colog sin} C. 
log }¢ = 9.84136 — 10 
colog sin } C = 0.36259 
log r = 9.20895 
r = 1.5994. 


7. The side of a regular inscribed 
hexagon is 1in.; find the side of a 
regular inscribed dodecagon. 


}O= 15°. 
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1 
sin }O0= 2 
log c = log 2 + log sin $C. 


log 2 = 0.30108 
log sin } O = 9.41300 — 10 
loge = 9.71403 — 10 


¢ = 0.51764 in. 


8. Given n and c, and represent 
by 6 the side of the regular in- 
scribed polygon having 2n sides, 
find 6 in terms of n and c. 


Let O be the center of the circle, 
BC the side of the polygon having 
n sides, BA the side of the polygon 
having 2n sides. Then OA is 1 to 
BC at its middle point D. 


oO to} 
BOA 
2n n 

oO 

ZoBce= 9° — =". 


The A BOA is isosceles. 
0" 
EV ZOBA =5 (180° #: | 
2 n 


ap aoa! 


’ 


ZABC=ZOBA— ZOBC 


re) te) re} 
= (90°— 7) (0°— at )= 90° 
n n n 
li te) 
2° = cos 
90° 
, iombcne 
n 
Le 
DG mhes Cee c 
a oe 90° 
cos— 2cos— 
n 
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9. Compute the difference be- 
tween the areas of a regular octa- 
gon and a regular nonagon if the 
perimeter of each is 16 in. 


1e= P en20 
Z In © 16 
re) 
A= lee — ope sy, 
n 
h=}ccota, 


logh = log $¢ + log cot A. 
log $e = 0.00000 
log cot A = 10.38278 — 10 
logh = 0.38278 
S=tch. 
log S = logh + log }p. 
log h = 0.38278 
log $p = 0.90309 
log S = 1.28587 


S = 19.3139. 
Nee Ce 
S 29 18: 
eee ee oe 

n 


log h’ = log $c’ + log cot A’. 
log 3c’ = 9.94885 — 10 
log cot_A’ = 10.43893 — 10 
log h’ = 0.38778 
log S’ = log h’ + log }p. 
log h’ = 0.88778 
log }p = 0.90309 
log S’ = 1.29087 
Sis OLDS Kile 
S’— S = 19.5377 — 19.3139 
= 0.2288 sq. in. 


10, Compute the difference be- 
tween the perimeters of a regular 
pentagon and a regular hexagon if 
the area of each is 12 sq. in. 


Sie anor 
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re) 
oe ae 
5 
S= ih. 
Aples 
Pp 
ry ee eee 
2 en 10 
By 
le 10 yp? 
tan}C=2°=—= 7. 
eat beeen tet YT 
Pp 


p? = 240 tan 3 C. 
jog 240 = 2.38021 
log tan } C= 9.86126 — 10 


2) 2.24147 
log p = 1.12074 
p = 18.205. 
10.04.00 — O02. 
a 
and Of See pa: 
24 288 
py 


p? = 288 tan }C’. 
log 288 = 2.45939 
logtan} O’= 9.76144 — 10 


2) 2.22083 


log p’ = 1.11042 
p = 12.895. 
p—p =9.810 in. 


11. Find the perimeter of a 
regular dodecagon circumscribed 
about a circle the circumference 
of vhich is lin. 

riven circumference of inscribed 
circle = 72 ind. 


2r = circumference. 


cire. 
a 
274 
4C= es Silt, 
24 
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}— 


ie 
Cannel ore 


~ |S 


ae tan 15° 
“~~ 8.1416 
Ce Xoml, 
log tan 15° = 9.42805 
colog 3.1416 = 9.50285 — 10 
loge = 8.93090 — 10 
log 12 = 1.07918 
log p = 9.01008 
p = 1.0235 in. 


12. What is the side of the regu- 
lar inscribed polygon of 100 sides, 
the radius of the circle being unity ? 
What is the perimeter ? 


10 =1° 48, 
2 i 
sing 0 ==—. 


log c = log 2 + log sin 3 C. 
log 2 = 0.80108 

log sin } C = 8.49708 — 10 
log ¢ = 8.79811 — 10 


= 2.79811. 
c = 0.062821. 
Perimeter = 100 x 0.062821 
~ = 6.2821, 


13. What is the perimeter of the 
regular inscribed polygon of 360 
sides, the radius of the circle being 
unity ? 

sini C= 2 
i= C500) 
loge = log 2 + log sin LC. 
log 2 = 0.301085 
log sin } C= 7.94084 — 10 
log ¢ = 8.24187 — 10 
log 360 = 2.55630 
log» = 0.79817 
p = 6.283. 
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14, The area of a regular poly- 
gon of twenty-five sides is 40 sq. in.; 
find the area of the ring included 
between the circumferences of the 
inscribed and circumscribed circles. 


icles —1e6 
10=9P 12 
le 
a tne: 
ch 
or m- = tan? 
on 
tan $C 


log 1.6 = 0.20412 
colog tan } C = 0.89850 
log h? = 1.10262 


logh = 0.55131. 


h 

acs LC. 

x h 

~ eos $C, 
log h = 0.55181 

colog cos $C = 0.00344 
logr = 0.55475 
log r? = 1.10950. 

ar? = area of circumscribed ©. 
log m = 0.49715 
log r? = 1.10950 

log wr? = 1.60665 


mr? = 40.425. 


7 


ah? = area of inscribed ©. 
log + = 0.49715 
log h? = 1.10262 
log wh? = 1.59977 
ah? = 39.790. 


Area of inscribed circle is 39.790 
sq. in.; area of ring is 40.425 sq. in. 
— 89.790 sq. in. = 0.655 sq. in. 
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Exercise 34. Review Problems (Page 73) 


1. Prove that the area of the parallelogram here shown is equal to 
absin A. 


D 
From D drop a perpendicular h upon 4B. 0 
Area = aa b 
sin A = a 
A a B 
i= Uisineas 


.. area — absin A. 


2. Two sides of a parallelogram are 5in. and 6 in. respectively, and 
their included angle is 82°45’. What is the area ? 


Area = ab sin A log 5 = 0.69897 
=5-6sinA. log 6 = 0.77815 

log sin A = 9.99651 — 10 
log area = 1.47363 


F . Area = 29.76. 
The area is 29.76 sq. in. 


3. Two sides of a parallelogram are 9ft. and 12 ft. respectively, and 
their included angle is 74.5°. What is the area ? 


Area = au sin A log 9 = 0.95424 
=9.12sin A. log 12 = 1.07918 


log sin A = 9.98391 — 10 © 
log area = 2.01733 


i Area = 104.07. 
The area is 104.07 sq. ft. 


4. Fach side of a rhombus is 7.35in., and one angle is 42°27’ 
What is the area? 


Area = ab sin A log 7.35? = 1.738258 
= 7.357 sin A. log sin A = 9.82927 — 10 
log area = 1.56185 


Area = 36.463. 
The area is 36.463 sq. in. 
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5. The area of a rhombus is 250 sq. in., and one of the angles is 37° 25’. 
What is the length of each side ? 


area = absin A. log 250 = 2.89794 
250 = a? sin A. colog sin _A = 0.21638 
poe 250 ‘ log a? = 2.61482 
sin A log a = 1.30716. 
The length of each side is 20.284 in. a = 20.284. 


6. A pole BD stands on the top of a mound BC, From a point A the 
angles of elevation of the top and foot of the pole are 60° and 30° respec- 
tively. Prove that the height of the pole is twice the height of the mound. 


tan Soe and tan 60° = we 
ING! IE 
BC = an 1V3, 
and DC = AC tani60— CG. V3. 
DC VAC. V8 a 
BC SAC 1 yi 4 
-. BC =} DC, or BD =2 BO. 


7, A ladder 38 ft. long is resting against a wall. The foot of the 
ladder is 7ft. 2in. from the wall. What is the height of the top of the 
ladder above the ground ? 

a=c?— b% =(¢ + b)(c— db). 
log (¢ + b) = 1.65482 
log (¢ — 6) = 1.48901 
log a? = 3.14383 
log a = 1.57192. 
a = 87.319. 


The top of the ladder is 37.319 ft. above the ground. 


8. From a boat 1325 ft. from the base of a vertical cliff the angle of 
elevation of the top of the cliff is observed to be 14°30’. Find the height 


of the cliff. 
tan A = 


ola 


a=btanA. 
log 6 = 3.12222 

log tan A = 9.41266 — 10 
log a = 2.53488 


a@= 342.67. 
The height of the cliff is 342.67 ft. 
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9. On the top of a building 50 ft. high there is a flagstaff BD. From 
a point A on the ground the angles of elevation of B and D are 30° 
and 45° respectively. Find the length of the flagstaff and the distance 
AC of the observer from the building, as shown in the annexed figure. 


50 
a= . 
tan 30° 


log 50 = 1.69897 
colog tan 80° = 0.25856 
log @ = 1.98753 


x = 86.602. 
Since AACD is a rt. A, ZD=90° — ZCAD 


= 90° — 45° = 45°, 


Hence Z DAC AD, 
and Edi I BXOP 
or DC = 86.602. 
Then y= DC — BC 
= 86.602 — 50 


= 36.602. 
The flagstatft is 86.602 ft. long ; the distance of the observer is 86.602 ft. 


from the building, 


10. A man whose eye is 5 ft. 8 in. above the ground stands midway 
between two telegraph poles which are 200 ft. apart. The elevation of 
the top of each pole is 48° 50’. What is the height of each ? 


tan Al= eee 
b 
a=bdtanA 
= 100 tan A. 


logb = 2.00000 
log tan A = 10.05829 — 10 
loga= 2.05829 


@= 114586. 
114.36 ft. + 5.663 ft. = 120.023 ft, 


The height of each vole is 120.03 ft, 
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11. The captain of a ship observed a lighthouse directly to the east. 
After sailing north 2 mi. he observed it to lie 55° 80’ east of south. How 
far was the ship from the lighthouse at. the time of each observation ? 


Ween oo cosB=<. 
5 c 
b=atanB. oe: = 
cos 
loga= 0.80103 f 9 
log tan B = 10.16287 — 10 eee 
ie Vio ee colog cos B= 0.24687 
log ¢ = 0.54790 
= OO Coole 


The distances from the lighthouse were 2.9101 mi. and 3.531 mi. 


12, A leveling instrument is placed at A on the slope MN, and the 
line M’N’ is sighted to two upright rods. By measurement MM’ is 
found to be 12.8ft., NN’ to be 3.4ft., and M’N’ to be a4! Nn’ 


48.3ft. Required the angle of the slope of MN and the 
distance MN. 


48.3 48.3 : 48.3 
tan M= Ewan es sin M= ALN’ 
log 48.3 = 1.68395 AEN 

colog 9.4 = 9.02687 — 10 sin M 
log tan M = 10.71082 log 48.3 = 1.68395 
M = 78° 59’ 13”. colog sin M = 0.00807 
90° -— M= 11°47”. log MN = 1.69202 


MN = 49.206. 
The angle of slope is 11°47” and the distance MN is 49.206 ft. 


13. A wire stay is fastened to a telegraph pole 6.8 ft. from the ground 
and is stretched tightly so as to reach the ground 5.2 ft. from the foot of 
the pole. What angle does the wire stay make with the ground ? 

(= 5) 5 bes, 
tan A = e . 
b 
loga= 0.83251 
cologb = 9.28400 — 10 
log tan A = 10.11651 


A = 16271357 42". 


The wire makes an angle of 52°35’ 42” with the ground. 
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14, The top of a conical tent is 8ft. 7in. above the ground, and the 
diameter of the base is 9ft. 8in. Find the inclination of the side of the 
tent to the horizontal. Check the result by drawing the figure to scale 
and measuring the angle with a protractor. 


h = 8 ft. 7 in. = 102 in. 


A= 
be A ore Sins = ian 


[ed 


logh = 2.01284 
colog $c = 8.23657 — 10 
log tan A = 10.24941 


A= 60236058 


The inclination of the side of the tent to the horizontal is 60° 36’ 58”. 


15. In this piece of iron construction work BC =11 in. and AB makes 
an angle of 30° with BC. What is the length of AC? 


AC 
BC. 
AC = BC tan B. 


tan B= 


log BC = 1.041389 
log tan B = 9.76144 — 10 
log AC = 0.80283 


AC = 6.38509. 
The length of AC is 6.3509 in. 


16. In Ex. 15 it is also known that BH and OD are each 9 in. long and 
make angles of 60° with BC produced. What is the length of ED? 


ED= 22+ BC. 


Ona Hae oe 
BE 
x= BE cos£. 
=9~x 3 
= 4.50. 
209: 
ED = 9in.+11in, 
== 20s 


The length of HD is 20 in. 
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18. The base of a rectangle is 
142 in., and the diagonal is 19} in. 


What angle does the diagonal make 


17, From tiie conditions given in 
Ex. 16, find tne length of CF. 


sin D= ae with the base ? Check the result by 
CD drawing the figure to scale and meas- 
CF= CDsin D. 


uring the angie with a protractor. 


log CD = 0.95424 
log sin D = 9.93753 — 10 
log CF = 0.89177 


CF = 7.7942. 


cosA = y 
G 

log b = 1.16510 

cologe = 8.71840 — 10 
log cos A = 9.88350 
Ag — 54). 
The diagonal makes an angle of 
40° 7’ 6” with the base. 


The length of CF is 7.7942 in. 


19, In constructing the spire represented in the figure below it is 
planned to have A B= 42 ft. and PM = 92 ft. What angle of slope must 


the builders give to dP? PM P 
tan A = ——. 
AM 
log PM = 1.96379 
colog AM = 8.67778 — 10 C 
log tan A = 10.64157 
oA = YO SY Sar A 


The angle of slope is 77° 8’ 31”. 


20, In Ex. 19 find the length of 
AP and find the angle P. 


= = sind. 
bps 
sin A 


log AP = logPM+ cologsin A. 
log PM = 1.96379 
colog sin A = 0.01103 
log AP = 1.97482 
AP = 94,368. 
LPa=(90°— A), 
P = 2(90°— A). 
P = 25° 49/ 58”. 


The jength of AP is 94.368 ft., 
and angle P is 25° 42’ 58”. 


M 


21. In the figure of Ex. 19 the 
brace CD is put in 38 ft. above Ab. 
What is its length ? 


PO = 92 ft.— 38 ft.=54 ft. 
PIP = WSIS 


CO=1CD. 
tala ee ee . 
=f PO 


CO = POtan $P. 
log PO = 1.73289 
log tan } P = 9.35843 — 10 
log CO = 1.09082 


CO = 12.326. 


The length of CD is 24.652 ft 


136 PLANE TRIGONOMETRY 


22. The spire of Ex. 19 rests on a tower. A man standing on the 
ground at a distance of 400 ft. from the base of the tower observes the 
angle of elevation of P to be 25° 38’, the instrument being 5 ft. above 
the ground. What is the height of P above the ground ? 


tamcA =o. 
b 
a= bdtanA. 


log b = 2.60206 
log tan_A = 9.68109 —10 
log a = 2.28315 
a = 191.98. 
191.93 ft. 5ft. = 196.95 ft. 
The height of P above the ground is 196.98 ft. 


23, When the angle of elevation of the sun is 38.4°, what is the length 
of the shadow of a tower 175 ft. high ? 


taneAw— tw! . 
b 
eek 
~ tanA 
log a = 2.24304 
colog tan A = 0.10095 
log b = 2.34899 


b = 220.8. 
The length of the shadow is 220.8 ft. 


24, Two men, M and N, 3200 ft. apart, observe an aeroplane A at the 
same instant, and at a time when the plane MA is vertical. The angle 
of elevation at M is 41°27’ and the angle at NV is 


A 
61° 42’. Required AB, the height of the aeroplane. 
cot M = aS cot N = = 
’ D 
hoot M= MB. heot N= BN. M 7 owe 
heotM+ hcotN= MB+ BN= MN. 
h MN 


~ cot M+ cot” 
log MN = 3.50515 
colog (cot M + cot V)= 9.77710 —10 
logh = 3.28225 
h =1915.38. 
The height of the aeroplane is 1915.3 ft. 
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25. A kite string 475 ft. long makes an angle of elevation of 49° 40’. 
Assuming tne string to be straight, what is the altitude of the kite ? 


ee ae 
c 
a=csinA. 
log ¢ = 2.67669 
log sin A = 9.88212 — 10 
log a = 2.55881 
a = 862.09. 
The altitude of the kite is 362.09 ft. 


26. A steel bridge has a truss A DHF in which it is given that AD = 
20ft., BF = 6 ft. 8in., and FH = 12 ft., asshown in the figure. Required 
the angle of slope which AF makes with AD. 


F E 
ee 
BF 
Me ag Fa ap 


log BF = 0.82891 
colog AB= 9.39794 — 10 
log tan A = 10.22185 
eAN— HO 26107, 
The angle of slope is 59° 2’ 10”. 


27. Two tangents are drawn from a point P to a circle and contain an 
angle of 37.4°. The radius of the circle is 5 in. Find the length of each 
tangent and the distance of P from the center. 


Lo Pat| Si Dan. Let PA =the length of the 
4 P = 18° 42’, tangent. 
Os lh Omer jon Bee = 
sin} P= aoe 2 PA 
ip 
ib ACT 
LO 0 tan 2 P 
eae ] = 0.69897 
log r = 0.69897 Paty tea Calan 
P colog tan } P = 0.47047 
colog sin 3 H PP 0.49402 re P Pes 1.16944 
log PO = 1.19299 gama at 
Rear ae PA = 14.772. 
Oe AAS PA = PB. 


The length of each tangent is 14.772 in. and the distance of P from the 
center is 15.596 in. 
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28, From the top of a cliff 95 ft. high, the angles of depression of two 
boats at sea are observed, by the aid of an instrument 5ft. above the 
ground, to be 45° and 30° respectively. The boats are in astraight line with 
a point at the foot of the cliff directly beneath the 
observer. What is the distance between the boats ? 


Canceo— ua 
100 
1G! = Os 
tan 60° = ae : 
100 


AC = 100 tan 60°. 
log AC = log 100 +4 log tan 60°. 
log 100 = 2.00000 
log tan 60° = 10.28856 —10 
log AC = 2.23856 


AG=Ni3 21. 

AB =173.21 — BC 
= 173.21 — 100 
sowie 


The distance between the boats is 73.21 ft. 


29. A carpenter’s square BCA is held against the vertical stick BD 
resting on a sloping roof AD, asin the figure. It is found that dC = 24 in. 
and CD=11.5in. Find the angle of slope of the 
roof with the horizontal. 

CD 
tan A = —_. 
AC 
log OD = 1.06070 
colog AC = 8.61979 — 10 
log tan.A = 9.68049 — 10 
A= 125° 36797% 
The angle of slope is 25° 36’ 9”. 


30. In Ex. 29 find the length of AD. 


Se ee 
AD 
AID = um ; 
sin A 


log CD = 1.06070 
colog sin A = 0.86439 
log AD = 1.42509 
AD = 26.618. 
The length of AD is 26.613 in, 
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31. A man 6 ft. tall stands 4 ft. 9in. from a street lamp. If the length 
of his shadow is 19 ft., how high is the light above the street ? 


tandA = ,°. a = 233 tanA. 
log 6 = 0.77815 log 23% = 1.37566 
colog 19 = 8.72125 — 10 log tan A = 9.49940 — 10 
log tan A = 9.49940 log a = 0.87506 
Ali WSS Ge = Tp 
(gt Me oh The lamp is 7.5 ft. above the 
i) yee 43 street. 


32, The shadow of a city building is observed to be 100 ft. long, and at 
the same time the shadow of a lamp-post 9 ft. high is observed to be 5.2 ft. 
long. Find the angle of elevation of the sun and the height of the building. 


/ 


‘teed emia tan A =<. 
6b 5.2 é 
loga= 0.95424 a =0b' tan A. 
cologb= 9.28400 — 10 log b’ = 2.00000 
log tan A = 10.23824 log tan A = 10.23824 — 10 
A = 59° 58’ 54”. loga = 2.23824 
w = 173.08. 


The angle of elevation is 59° 58’ 54” and the height of the building is 
173.08 ft. 

33. A man 5ft. 10 in. tall walks along a straight line that passes at a 
distance of 2 ft. 9 in. from a street light. If the light is 9 ft. 6 in. above 
the ground, find the length of the man’s shadow when his distance from 
the point on his path that is nearest to the lamp 
is 8 ft. 8 in. 

In the figure, DZ represents the man, C'B the 
height of the light, MN the line of walk. 


CD =V (23)? + (83)? = 4y%s. 
5 


52 
tan A = —&. 
an an 
A 99 
B ta Sa te 
ut an rem Ap 
a 1 
= 6 _ 2 and is 14 : 
AD 4,'5 + AD 6AD 65412AD 
pas 1925 
264 


log 1925 = 3.28448 
colog 264 = 7.57840 — 10 
log AD = 0.86283 
AD = 7.2917. 


The length of the man’s shadow is 7.2917 ft. 
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34, A man on a bridge 35 ft. above the stream, using an instrument 
5ft. high, sees a rowboat at an angle of depression of 27°30’. If the 
boat is approaching at the rate of 23 mi. an hour, in how many seconds 
will it reach the bridge ? 


‘ distance 
time = 


rate per second 


2.75 x 6280 
rate per second = ————_—.. 


3600 
4 
distance = jae oe : 
tan 27° 30’ 
: 40 3600 
time: = 


x * 
tan 27°30 2.75 x 5280 
log 40 = 1.60206 
log 8600 = 3.55630 
eolog tan 27° 80’ = 0.28352 
colog 2.75 = 9.56067 — 10 
volog 5280 = 6.27737 — 10 
log time = 1.27992 
time = 19.051 sec. 


The time required to reach the bridge is 19.051 sec. 


85. A shaft O, of diameter 4 in., makes 480 revolutions per minute 
If the point P starts on the horizontal line O.A, how far is it above O.A 
after 1. of a second ? i 

48 +80 = 8, number of revolutions per second. 
qis X 8 = }, number of revolutions in ,', second. 
4 x 360° = 60°, 


Sb x 
S100 0 cata 
2 


% = 2 sin 60°. 
log 2 = 0.30103 
log sin 60° = 9.938753 — 10 
log x = 0.23856 
leno 
The point P is 1.732 in. above OA. 


36. Assuming the earth to be a sphere with radius 3957 mi., find the 
radius of the circle of latitude which passes through a place in latitude 
lier gia Oe 

cos A = De 
c 
b=ccosA, 
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log ¢ = 8.59737 
log cos A = 9.83008 — 10 
log b = 8.42745 
b = 2675.8. 
The radius of the required circle is 2675.8 mi. 
37. When a hoisting crane AB, 28 ft. long, makes an angle of 23° 
with the horizontal AC, what is the length of AC? Suppose that the 
angle CAB is doubled, what is then the length of 40? 


AC AG) 280460, 
cos A =——. 
AB py Ave! B 
cos A’ =—_. 
ACG = AB cosa AB 
log AB = 1.44716 log AB = 1.44716 
log cos A = 9.96403—10 log cos A’= 9.84177—10 A C 
log AC = 1.41119 log AC = 1.28893 
AC = 25.775. AC =19.45. 


The length of AC is 25.775 ft. and 19.45 ft. 
88. In Ex. 37 find the length of BC in each of the two cases. 


ras OS: sin A’= BG 
AB AB 
BC = ABsin A. log AB = 1.44716 
log AB = 1.44716 log sin A’ = 9.85693 — 10 
log sin A = 9.59188 — 10 log BC = 1.30409 
log BO = 1.03904 BC = 20.141. 
BO = 10.941. 


The length of BC is 10.941 ft. and 20.141 ft. 


89. Wishing to measure the distance AB, a man swings a 100-foot 
tape line about B, describing an are on the ground, and then does the 
same about A. The arcs intersect at C, and the angle ACB is found 
to be 82°10’. What is the length of AB? 


1 
sin} C= 2. eo 7B 
WW 
te=asin3C. \\ 
log a = 2.00000 ‘4 


log sin } C = 9.44253 — 10 
log £c = 1.44253 


The length of AB is 55.406 ft. 
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40. From the top of a mountain 15,250 ft. high, overlooking the sea to 
the south, over how many minutes of latitude can a person see if he looks 
southward ? Use the assumption stated in Ex. 36. 

Let A be the top of the mountain, B the 
center of the earth. BO = 3957 mi. 
132° = height of mt. in mi. 

log 15250 = 4.18327 
colog 5280 = 6.27737 — 10 
0.46064 
h = 2.8883 miles, 
BA = 3957 + 2.9 = 3959.9 mi. 
BC 
BA 
log 8957 = 8.59737 
colog 3959.9 = 6.40231— 10 
log cos B = 9.99968 — 10 
Bilis tOnzonl 2a 
= 131’ to 182’. 

41. The length of each blade of a pair of shears, from the screw to the 
points, is 5Lin. When the points of the open shears are 3% in. apart, 
what angle do the blades make with each other ? 


\s 


or 


cos B = 


le 
7 
log be = 0.28724 
colog a = 9.27984 — 10 
log sin 3c = 9.56708 — 10 
dco= 21° 39 24”. 
c = 43° 18’ 48”. 
The blades make an angle of 43°18’ 48”. 


Sine 


42. In Ex. 41 how far apart are the points when the blades make an 
angle of 28° 45’ with each other ? 
4 C= 14° 22’ 30”. 
sin C= ao 
4 a 
dc=asin}C. 
log a = 0.72016 
log sin } C = 9.39492 — 10 
log $¢ = 0.11508. 
dc = 1.8034. 
c = 2.6068. 
The points are 2.6068 in. apart. 
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48. The wheel here represented has eight spokes, each being 19 in. 
long. How far is it from A to B? from B to D? 


360° 0 
= 45°. }AOB = 22°30. D 


ae 


sin} AOB 


3 AB= OAsin} AOB. 
log OA = 1.27875 
log sin } AOB = 9.58284 — 10 
log } AB= 0.86159 


LAB= 7.271. 
AB= 14.542. 
ZADOB= 90° 
1 
sin 45° = pane : 
OD 


3 DB = ODsin 45°. 
log } DB = log 19 + log sin 45°. 
log OD = 1.27875 
log sin 45° = 9.84949 
log 3 DB = 1.12824 
} DB = 13.435. 
DB = 26.870. 

The distance from A to B is 14.542 in. and from B to D 26.87 in. 

44, The angle of elevation of a balloon from a station directly south 
of it is 60°. From a second station lying 5280 ft. directly west of the 
first one the angle of elevation is 45°. The instrument being 5 ft. above 
the level of the ground, what is the height of the 
balloon ? 

Let AC + 5ft. be the height of the balloon, and 
Band B’ the positions of the observers. BB’ = 1 mile. 


= 2 
Dean Gue V3, eS b= one a: 
a V3 3 
b=1V6 
re b ) LV6, 
Se Teena b+ 5ft.= 4 V6 x 5280 ft. + 5 ft. 
ne Rb SF = (2640 x 2.4495) ft. + 5 ft. 
a Eee eee = 6466.7 ft. + 5 ft. 
Vet} = 6471.7 ft. 


The height of the balloon is 6471.7 ft. 
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Exercise 35. Distances from the Origin (Page 80) 


Using squared paper, or measuring with a ruler, plot the following points. 


1. (2, 3) A is the point. 15. (8, — 4) AH is the point. 
2. (3, 5) B is the point. 16. (4, —3) TI is the point. 
3. (4, 4) C is the point. 17. (5, -—1) J is the point. 
4, (24, 3) A’ is the point. 18. (0, 7) K is the point. 
5. (84,43) _B’ is the point. 19. (3, 0) L is the point. 
6. (41,41) OC’ is the point. 20. (0, —4) MM is the point. 
7. (53, 33) —-D’ is the point. 21. (— 2,0) WN is the point. 


8. (— 3, 2) JD is the point. 22. (0, 0) O is the point. 

9. (— 8,4) # is the point. 23. (0, 23) HH’ is the point. 
10. (— 5,1) _—‘*F is the point. 24. (0, — 3h) I’ is the point. 
11. (— 4,6)  @ is the point. 25. (43, 0) J’ is the point. 
12, (— 2, — 2) EH’ is the point. 26. (53,0) KK’ is the point. 
13, (— 3, — 5) F’ is the point. 27. (— 23,0) L’ is the point. 
14, (— 5, — 3) G’ is the point. 28, (— 31, 0) M’ is the point. 


Find the distance of each of the following points from the origin: 


29. (6, 8). 32. (14, 2). 
r= V6? + 82 =V100 = 10, r= V/ (1h)? + 22 = 9/25 = 2h. 
30. (9, 12). 38. (2, 1). 
r= V9? + 12? = V225 = 15. r=<V(3)?+ 2? =V38 =11. 
SUn(Gn 12): 34, (21, 3). 


r= /5? + 122 = V169 = 18. = MGA) She be V225 = 82. 
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35. (2, V5). 38. (0, 7). 
y= V2 4 (VBP =V9 =3. r=VG+4P?=V49 =7. 

36. (— 3, 4). 39. (5, 0). 
r=V(— 8)? + 2=V25 = 5. r=V5? + 02? = V25 =5. 

37. (0, 0). ANN (12 ="), 
r=V2+2=V0=0. r=V(— 12)? + (— 9)? = V225 = 15 


41. Find the distance from (3, 2) to (— 2, 3). 
r= V3? 4 22 =V18; r’ =V(— 2)2 +4 B=VIB. 
Distance = V (13)? + (V13)? = V26 = 5.10. 
42, Find the distance from (— 3, — 2) to (2, — 3). 
av (— 3)? + (— 2)? =V13; vf = V2? + (— 8)? = VIB. 
Distance = V (13)? + (13)? = V26 = 5.10. 


43, Find the distance from (4, 1) to (— 4, — 1). 
raV424 2 =V1I7TH= 4.12; Pr =V(— 4)? 4 (— DP HVT = 4.12. 
Distance = 2 x 4.12 = 8.24. 


44, Find the distance from (0, 3) to (— 38, 0). 
r=V024+ B2=V9=3; Wr =V(— 3)? + P=VI SB. 
Distance = V3? + 3? =V18 = 4.24, 


45, A point moves to the right 7in., up 4in., to the right 10in., and 
up 182 in. How far is it then from the starting point ? 


183 + 4 = 222-90 4 T= 17. 
p= V1? + (222)? = V 1225 — 85 = 281, 


The point is 284 in. from the starting point. 


46. A point moves to the right 9in., up 5in., to the left 4in., and up 
3in. How far is it then from the starting point ? 
9—4=5;543=8. 
y = V5? + 82 = V89 = 9.43. 


The point is 9.43 in. from the starting point. 
47, Find the distance from(— 4, } V3) to(4, — V3). 
r=V(— 174+ Gv3P=Vi=1; "= ND eee V1 tt 


Distance = 2*x 1=2 
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48, A triangle is formed by joining the points (1, 0), © I, 1 V3), 
and (— 4,-—3 V3). Find the perimeter of the triangle. Draw the figure 
to scale. 


Let 2 spaces = 1 unit. 
AB=2x 4V3= V3. 
BC=V3. 


The perimeter of the triangle is 3 v3. 


49, Find the area of the triangle in Ex. 48. 


S=}ch=}x V8 x (14 })= 3 V3. 


50. A hexagon is formed by joining in order the points (1, 0), y,3 v3), 
(— 3, 4 V3), (=1, 0), (— 3, — 3-V8), (4, — $: V3), and (1, 0). Is the 
figure a regular hexagon ? Prove it. 


Let 2 spaces = 1 unit. 


BC=}+ 2 ee ey ONE 


BA=V(4¥+ (V3)? =V1i=1=4F. 


pe=VO IFC lie 
=V1=1=CD. 


Draw OB. 
OB = VQ)?+ (v3)? =1. 
do KOVar es rsWon iy Oral aah, 
OR = OAs 
In the same way it may be proved that all the lines from O to the six 


angles are equal to each other. They are then the radii of a circumscribed 
circle and the hexagon must be regular. 


Each side of the hexagon is equal to 1, and each angle to 120°. There- 
fore the hexagon is regular. 


51, A polygon is formed by joining in order the points (1, 0), 
(,v2, 42), (0, 1), (— aV/2, i V2), (= 1, 0), (— LV2, re i V2), 
(0, —1), Gv2, — 12), and (1, 0) Draw the figure, state the kind of 
polygon, and find its area. 


Let 4 spaces = 1 unit. 
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The figure is a regular octagon. 


AB=V(i— 3 V2)? + (4-V2)? 


= V2—~V/2 = V0.586 = BC. 


Each angle is equal to 135°. 
ZOAB— 612302 


sin 67° 30’ = eb = ae 
Ova i 
h = 0.9239 
= 3 hp 


=} x 0.9289 x 80.586 


= 0.9239 x 40.586 
= 0.9239 x 3.062. 


log S = log 0.9239 + log 3.062. 
log 0.9289 = 9.96562 — 10 
log 3.062 = 0.48601 
log S = 0.45163 
S = 2.829. 


Exercise 36. Construction of Angles and Functions (Page 84) 


Using the protractor, construct the following angles: 


iL, SYP, 6. 200°. 
eae 
2. 60°. 
ie 
by die 
8, 80°. 
Pp 
O A 
4. 150° 
Je 
150° 
0 A 


9, 360°. 
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12. 720°. — 465°. 14, — 90°. 
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State the quadrants in which the terminal sides of the following angles lie: 


16, 45°. 21, 315°. 
Quadrant I. Quadrant IV. 
eon. 22. 390°. 
Quadrant I. Quadrant I. 
18. 120°. 23. 495°. 
Quadrant IT. Quadrant II. 
TO L502% 24, 570°. 
Quadrant II. Quadrant IIT. 
20, 210°. 25. 660°. 


Quadrant IIT. Quadrant IV. 


Construct two angles A, given the following : 
$1. sin A = 


Let 2 spaces = 1 unit. 

Draw a line parallel to X_Y’ and 1 unit above 
it, and then rotate a line OP, 2 units long, 
about O until P rests upon this parallel. Angles 
XOP and XOP’ are the required angles. 


32. cosA = f. 


Let 2 spaces = 1 unit. 

Draw_a line parallel to YY’ and 1 unit to 
the right of it, and then rotate a line OP, 
2 units long, about O until P rests upon this 
parallel. Angles XOP and XOP’ are the 
required angles, 


26. 765°. 


Quadrant I. 


27, 820°. 


Quadrant II. 


28. 930°. 
Quadrant ITI. 
29, 990°. 
OnvoOr: 
30. 1080°. 
On OX. 
a 
ei 
2 2 
ale dy} |X 
M" O M ~ 
8 DE 
24 (ils 
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83. tan dA = }. 


Let 2 spaces = 1 unit. 

Draw an abscissa 2 and an ordinate 1. Then 
ZX OP has } for its tangent. Similarly locate 
the point (— 2, — 1) in quadrant III, and we 
have Z YOP’ whose tangent is }. 


$4. cot A = }. 


Let 2 spaces = 1 unit. 

Draw an abscissa 1 and an ordinate 2, Then 
ZXOP has } for its cotangent. Similarly 
locate the point (— 1, — 2) in quadrant III, 
and we have Z XOP’ whose cotangent is }. 


35. sec A = 2. 


Let 2 spaces = 1 unit. 

Draw a line parallel to YY’ and 1 unit to 
the right of it, and then rotate a line OP, 2 
units long, about O until P rests upon this 
parallel. Angles XOP and XOP’ are the re- 
quired angles. 


86. sin d =— 3. 


Draw. a line parallel to XY’ and 3 units 
below it, and then rotate a line OP, 4 units 
long, about O until P rests upon this parallel. 
Angles YOP and XOP’ are the required 


angles, 
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37. cos A —— ¢F- 


Draw aline parallel to YY’ and 4 units to the 
left of it, and then rotate a line OP, 5 units [X/ Ko x 
long, about O until P rests upon this parallel. rid 
Angles XOP and XOP’ are the required 
angles. 


38. tan d =— 2. 


3 


Draw an abscissa — 8 and an ordinate 2. 
The ZXOP has — % for its tangent. Simi- 
larly locate the point (8, — 2) in quadrant IV, 


and we have Z XY OP’ whose tangent is — 2. 


39. cot A =— #. 


Draw an abscissa — 4 and an ordinate 5. 
The angle XOP has — # for its cotangent. 
Similarly locate the point (4, — 5) in quad- 
rant IV, and we have ZXOP’ whose tangent 


eee ©) 
is — %. 


40. sec A =— 1. 


Let 2: spaces = 1 unit. 

Draw a line parallel to YY’ and 1 unit to 
the left of it, and then rotate a line OP, 1 unit 
long, about O until P rests upon this parallel. 
Angle XOP is the required angle. 
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41. sin Ad =— 1. 

Let 2 spaces = 1 unit. 

Draw a line parallel to X_X’ and 1 unit below 
it, and then rotate a line OP, 1 unit long, about 
O until P rests upon this parallel. Angle XOP is 
the required angle. 


42, cos A =—1. 


Let 2 spaces = 1 unit. 

Draw a line parallel to YY’ and 1 unit to the 
left of it, and then rotate a line OP, 1 unit long, 
about O until P rests upon this parallel. Angle 
A OP is the required angle. 


43. tan A =— 1. 

Let 2 spaces = 1 unit. 

Draw an abscissa —1 and an ordinate 1. The 
angle XOP has —1 for its tangent. Similarly 
locate the point (1, — 1) in quadrant IV, and we 
have Z XOP’ whose tangent is — 1. 


44, cot A=—1. 


Draw an abscissa ~ 1 anc an ordinate 1. The angle XOP has — 1 for 
its cotangent. Similarly locate the point (1, — 1) in quadrant IV, and 


we have ZXOP’, whose cotangent is — I. 

(See diagram, Prob. 43). 

45. sec A =— 2. 

Let 2 spaces = 1 unit. 

Draw a line parallel to YY’ and 1 unit to the 
left of it, and then rotate a line OP, 2 units long, 
about O until P rests upon this parallel. Angles 
XOP and XOP’ are the required angles. 


Given the following functions of angle A, construct the 


46. sin A = 2. 


sin A = %. ese A = 3. 
cos A Emad “Hy te ee 
2 V5 
|r 
tan A=4+—. Cb A sy: 
V5 2 


other functions 
b4 
Ee | ale 
|_|o 3 
MOONS [Xx 
aie ae 
y 
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47. cos A= 3. 
OU ak ey te vi 
sin A = + —. 
al 
cos A = 2. 7 
tanned ue 
io 
48. tand = 4. 
SGM 7s] Sete boca 
V41 
j 5 
cos A = + ——. 
V41 
tan A = ?. 
49. cot A = 2, 
8 
spool) ee he 
V 73 
3 
COseAg= 
V73 
tan A = 8. 
50. csc A = 8, 


Let 2 spaces = 1 unit. 
Sieaue= 4. = 
COSPAl=-te 22, 
tand = + 1 V2. 


PTR ee: hele 
Vi 
sec A = $ 
OG eM) 
Vi 
ee 
4 
V4 
SCGra0— et =e 
o 
cot A= 8, 
csc A = Se 
= 8 
sec Te pea 
aa Ree 
cot A = 3 
OIG Alea By 


seq A == a2, 
COtrdi— ee 2V2. 


PLANE TRIGONOMETRY 


big 

ae 

ai 
Ome 5 
XT Ol TT Tox 
4 

FE 

Zlib ++} 


Y 
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51. sinéA =— 


sin A =— 


COS At === 
tan A = + 


CoM cata OA ue 


52. cosd =— 1. 

Let 2 spaces = 1 unit. 
sin A =+4 0. 
COS A= al, 
tana == 0. 


53. tan A =— 2. 


3 V3 
sin AS + aa ee A 
8 VB 


cos A =— }. 
fan Ase V3. 


55. csc.A =— 1. 


Let 2 spaces = 1 unit. 


sin A =— 1. 
cos ‘A == 0. 
tan A =-+ 0. 


esc A =— 2. 
sécA =F 3. 
cotA =+ 3. 
esc A =-+ o. 
secA =—1. 
cota =F om. 
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L Qx 


2 
csciA =e 
=k /3 
o. 
sec A =— 2, 
] 
COU AN eo 
v3 
escA =— 1, 


sec A == o. 


cot A =+ 0, 
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56. sin A =— 3. 
Let 2 spaces = 1 unit. 
sin A =— }. 


cosA => se 


it 
tan 4 =+ ae 


57. cos A =— 3. 
Let 2 spaces = 1 unit. 


sin A Ne 
2 

cos A =— }. 

tan A aN a 


58. tan A =— }. 


Let 2 spaces = 1 unit. 


1 
i 4 ede 

V5 
cos A == eam 

V5 
tan A = — 3. 


59. cot A=— }. 
Let 2 spaces = 1 unit 


sin ee 
v5 

rene: 
V5 

tan A =— 2 


60, sec A =— 2}. 


sin A=>+ v2. 
5 

cos A =— 3. 

tend =z. 


csc. A =— 2, 
2 
Be = tos 
cot A =+V3. 
1 2 
esc. 4 = + = 
+= V8 
secA =— 2. 
cotA =F V3. 
esc A =+V5. 
sec Pens 
ae ane 
cot A =— 2. 
ya 
2 
sec A=FV5. 
cot A=— }, 
5 
CSCpag = ere 
V 21 
sec A =— 23, 


2 


2 
ocala SAU nok 


Yi 
2 
3 7 i 
" LX 
(0) 
—Vv3 
yl 
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61. {f tan A =v2, show that cot A is half as large. What are the 
values of sin A, cos A, sec A, and esc A ? 


tan A =V2. ese A= V1 + cot?d = V1 + (4 V2)? 
ig EE = } V6. 

pe ne ee 1 Lymal ys 
g — DY ees sin 4 = =—-=-v6. 
cae Vee Riga ae 
cose 2 IVs ¢ 

secA 3 


62. The product 2 sin 45° cos 45° is equal to the sine of what angle ? 
2 sin 45° cos 45° = 2 x }V2 x V2=1. 
sin 90° = 1. 
63. The product 2 sin 30° cos 30° is equal to the sine of what angle ? 
2 sin 30° cos 30° = 2 x 4 x 3V3 = } V3. 
sin 60° = } V3. 
64. To the diagonal AC of a square ABCD a perpendicular AM i; 
drawn. Find the values of the six functions of angle BAM. 
AC=V1? +2 =V2. 
Cnn Mae ehcp BAM == —— 1. D e 
V2 1 


2 
cos BAM = ee LV2. sec BAM =—Vv2. 
2 


1 A B 


tan BAM = —— =—1. esc BAM =V2. 


65. In the figure of Ex. 64, suppose AM rotates further, until it is in 
line with BA. What are then the six functions of angle BAM? 
sin BAM = 0. tan BAM = 9. sec BAM =—1. 
cos BAM =— 1. cot BAM = a. csc BAM = ow. 


Exercise 37. Variations in the Functions (Page 88) 


Represent the following functions by lines in a unit circle: 
1. sin 135°. 2. cos 120°. 3. tan 150°. 
B B 


av, 


~ B’ B’ B’ 
sin 135° = MP. cos 120° = OM. tan 150° = AT. 
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4. cot 185°. 8. cos 225°. 
cot 185° = cos 225° = OM. 


5. sec 120°. 9. tan 240°. 


cat Ge. 


Pe 
B’ 
Sec 202 = O07" tan240° Aue 
6. csc 150°. 10. cot 210°. 


12. csc 240°, 


esc 240° = OS. 
13. sin 300°. 


sin 800° = MP. 


14, cos 315°. 


ese o02E= O'S, cot 210° = BS. 
The. Sibak AKO 11. sec 225°. 


EY 
koh A 
a 


BZ 
sin 210° = MP, sec 225° = OT. 


cos 815° = OM 
15. tan 330°. 


tan 380° = AT. 
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16. cot 300°. 19. sin 270°. 22. cot 270°. 


B 
Bi 
FP. 
cot 300° = BS. sin 270° = OP. cot 270° = 0. 
17. sec ees 20. cos 180°. 23. sec 180°. 
B 
Cs) : aes 
B’ 
sec el = OT. cos 180° = OP. 
18. csc 330°. 21, tan 180°. 


ae 
iy 


B’ 
csc 830’ = OS. tan 180° =-9. csc 270° = OR. 


25. Prepare a table showing the signs of all the functions in each of the 
four quadrants. 


Functions 


Sine 


Cosine 


Tangent 


Cotangent 


| Secant 


| ym eee Ete 


t+}+itl+i+ 
| 
+ 
| 


ae 
| 
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26, Prepare a table showing which functions always have the minus 
sign in each of the four quadrants. 


Quadrant 


il 


Represent the following functions by lines in a unit circle: 
27. sin 390°. 30. cos 390°. 33. sin 460°. 


sin 890° = MP. cos 390° = OM. sin 460° = MP. 
28. tan 405°. 31. cot 405°. 34. sin 570°. 


Ce) ee 


4 


4 


cot 405° = BS. sin 570° = MP. 
32. csc 420°. 35. sin 720°. 


tan 405° = AT. 
29, sec 420°. iP 


B 


F 


B 
sec 420° = OT. esc 420° = OS. sin 720° = 0. 
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86. tan 476°. 37. sec 705°. 


B 
/ 


B’ 
sec 705° = OT. 


tan 476°= AT, 


38. csc 810°. 


B’ 
OWS SOP Si. 


Show by lines in a unit circle that: 


40. cos 150° =— cos 80° 
OM=— OM’. 


89. sin 150° = sin 380°. 
MP — MP 


42. cos 210° =— cos 80°. 


— OM = OM. 
OM =— OM, 


41, sin 210° =— sin 80°. 


— M’P’ = MP. 
NAO I) We 
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43, sin 330° =— sin 380°. 


— MP’ = MP. 
MP’ =— MP. 


45, tan 120° =— tan 60°. 


AW vee Awl rs 
AM ated 


47. tan 240° = tan 60°. 
Aiea ADe 


49, tan 300° =— tan 60°. 


—=— eel Aas 
Pals OS HATE, 


Sees 
= 


A 


44. cos350° = cos 80°. 


OM = OM. 
46. cot 120° =— cot 60° 
— BS’ = BS. 
BS’ =— BS. 


48. cot 240° = cot 60°. 
BS = BS. 


50, cot 300° = — cot 60° 


— BS’ =BS. 
BS’ =— BS. 
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51. Write the signs of the functions of the following angles: 340°, 239°, 


145°, 400°, 700°, 1200°, 3800°. 


Functions 


Sine 


Cosine 


Tangent 


Cotangent 


Secant 


Cosecant 


52. How many values less than 360° big 


| 
can the angle a have if sin «=+ 3, and | ae 4 
in what quadrants do the angles lie? ie Nigiri Sap 


Draw a figure. (| 7 
to} 


The angle a can have two values 
less than 360°; in the first and second 7) 


quadrants. 
E zt 
58. How many values less than 720° 
can the angle x have if cose =+ 3, and in what Y 


quadrants do the angles lie? Draw a figure. 


The angle x can have four values less than 
720°; two in the first quadrant and two in the a 5 


fourth quadrant. 


54. If we take into account only angles less vt 
than 180°, how many values can @ have if 
sing = #? if cosm=}? if cosr=— #4? if tang = 2? if cota =— 
If sing = 2, x has two values, 
1 @ has one value. 


oO 


Tie COs 
If cosx =— #4, & has one value. 
Jf tanz = 2, « has one value. 

If cotw =-- 7, @ has one value, 
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55. Within what limits between O° and S60 must the angle & lie if 
cost =—3°? if cotz = 4? if seoe = 80? if oot =— 9? 

If cost =— 8, & must lie between OF and 2TH. 

If cota = 4.x must lie between O° and 90°, oF between 180° and ITO 

If see t = 80, e must lie between O° and 98°, or between BT and SG0°, 

If ese  =— 8, e must Lie between [80° and SEO, 

56. Why may cot 860° be considered as either + 2 or — we? 

The nearer an acute angle is to O°, the greater the positive value of 
its cotangent ; and the nearer an angle fs to SEO, the greater the nega- 
tive value of its cotangent. When the angle fs 0° or 860°, the cotangent is 
parallel to the horizontal diameter and cannot meet it, Bat the cotangent 
of 860° may be regarded as extending either in the positive or in the 
negative direction and hence as either + © or — x, 


57. Find the values of sin 450°, tan 440°, cos GO, cot TIO, sin S108, 
ese 900°, cas 1800, sin SEOOS, 
sin 450° = sin (860° + 90°) = sin OOF = 1, 
tan 540° = tan (860° 4+ 180°) = tan 180° = 0, 
eos GSO = cos (S6O° + BT) = cos VTOY = Q, 
Cot TZO° = cot (SGO° + 8GO°) = eot SVS = w, 
sin 810° = sin (2 x S6O° + 90°) = sin MOS s= 1, 
ese HONS = ese (2 X BES + 180%) = ese 180° == a, 
cos T8O0® = cos (5 X 860°) = cos SEO? = 1, 
sin 8600° = sin (10 X 860°) s= sin SOUS <= 0, 


58. What functions of an angle of a triangle may be negative > Ta what 
pases are they negative > . 

When an angle of a triangle is acute, its functions are all positive, 
When an angle is obtuse, its functions are those of an angle fn Quad- 
rant TT. Hence sines and cosecant are always positive, and cosine, 
tangent, cotangent, and secant may bo negative, 


59. In what quadrant does an angle lie if sine and easine are both 
negative ? if cosine and tangent are both negative » 

lt the sine and cosine are negative, the angle lies in the thind quadrant, 

If the cosine and tangent are negative, the angle lies in the second 
quadrant, 

60. Between 0° and 38600° how many angles are there whose sines have 
the absolute value 2? Of these sines how many are positive > 

Between 0° and $600° there are 10 revolutions, and in each there are 
4 angles whose sines have the absolute value R. 10 X 4se 40, angles 
whose sines have the absolute value 3, OF these sines 20 ave positive, 
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Compute the values of the following expressions : 
61. asin 0° + bcos 90°—c tan 180°. 62. a cos 90° —b tan 180° + ¢ cot 90°. 
sin 0° = 0; cos 90°= 0; tan180°=0. cos 90°= 0, tan 180° = 0, cot 90° = 0, 
Substituting, a-0+b-0—c-0=0. Substituting,a-0—b-0+c¢-0=0. 
63, asin 90°— 6 cos 360° + (a — b) cos 180°. 
sin'90°'= 1, cos 360° =1, cos 180° =—1. 
Substituting, @-1—b-1+ (a—b)(—1l)=a—b—a+b=0. 
64. (a? — b?) cos 360° — 4b sin 270° + sin 360°. 
cos 360° = 1, sin 270° =— 1, sin 360° = 0. 
Substituting, (a? — b?)1—4ab(—1)+ 0=a? —h? 4 4ab. 
65. (a? + 6?) cos 180° + (a? + b?) sin 180° + (a? + b?) tan 135°, 


cos 180° =— 1, sin 180° = 0, tan 135° =— 1. 
Substituting, (a? + 6?)(—1) + (@ + 0?)0 + (a? + b) (—1) 
=— @? — §?— @ — F =— 2(a? + B), 


66. (a? + 2. ab + b?) sin 90° + (a? — 2 ah + b?) cos 180° — 4ab tan 225°. 
sin 90° = 1, cos 180° =— 1, tan 225° = 1. 
Substituting, (a? + 2ab + b?)1+ (a?— 2ab + 1?) (—1)— 4ab-1 
= a?4 2ab+ b?— a? 4+ 2ab—l?— 4ab=0. 
67. (a —b + ¢ — d) sin 270° — (a — 5 + e — d) cos 18 + a tan 360°. 
sin 270° =— 1, cos 180° = — 1, tan 360° = 0. 
Substituting, («@—b+e¢—d)(—1)—(a—b4+¢e—d)(—1)+ 4-0. 


=—at+b—ctidt+a—lic—d=v. 


State the sign of each of the six functions of the following angles : 
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Find the four smallest angles that satisfy the following conditions : 


76, sin A=}. 
YN BN! 
= 180°— 30” = 150° 
= 860° + 80° = 390° 


= 860° + 150° = 510°. 


77. cos A= 3 V3. 
PAu 02 
= 360° — 30° = 330° 
= 360° + 30° = 390° 


= 2 x 860° — 30° = 690°. 


78. sin A= 1 V3. 
A= 60° 
= 180°==609 = 120° 
= 860° + 60° = 420° 


= 360° + 120° = 480°. 


79. cos A=. 
A= 60° 
= 360° — 60° = 300° 
= 360° + 60° = 420° 


= 2 x 360° — 60° = 660°. 


80. tan d= 1 V3. 
A= 302 
==1 1802-430? = 2ii02 
= 360° + 30° = 390° 
= 360° + 210° = 570°. 
81. tan A = V3. 
(A000 
= 180° + 60° = 240° 
= 860° + 60° = 420° 
= 860° + 240° = 600°. 


Find two angles less than 360° that satisfy the following conditions : 


82. sin A =— }. 


A = 180° + 30° = 210° 
= 360° — 30° = 330°. 
83. cos A =— }. 
A = 180° — 60° = 120° 
= 180° + 60° = 240°. 
84. sin A =— 1 V2. 


A = 180° + 45° = 225° 
860° — 45° = 315°. 


II 


85. cos A =— 1 V2. 


86. tan A =— 1. 
A= 180° — 45° = 135° 
= 270° + 45° = 318°. 

87. cot A=— 1. 


Al 1800 452132 
= 270° + 45° = 815°. 


If A, B, and C are the angles of any triangle A BC, prove that: 


88. cos} A=sin}(B+C). 


A+B+C = 180°. 
(A+ B+ C) = 90°. 
\.A = 90°— 3 (B40). 


=sin}(B+C). 


89, sin} C=cos} (A+B). 


A+B+C = 180°. 
1(A4+B+C) = 90°. 


C= 90°— }(A+B). 
cos } A =sin {90°—[90°— }(B+C)]} sin } C = cos {90°— [90°— 3(A + B)]} 


= cos }(A +B). 
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90. cos} B=sin}(A+0). 91. sin} A= cos} (B+0). 
A+B+C= 180°. A+B+4C= 180°. 
3(A+B+C) = 90°. 4(A+B+C) = 90°. 
4 B=90°— 1(A+0). 4 A= 90° — 3(B+ 0). 
cos } B= sin {90°— [90°— }(A + C)]} sin } A =cos{90°— [90 — }(B+ C)]} 
=sin}(4+(C). =cos}(B+C). 


As angle A increases from 0° to 860°, trace the changes in sign and 
magnitude of the following : 
92. sin AcosA. 
PAL ()2,memSiNeArCOS As Olu le!) 
A = 45°, sin AcosA = (}-V2)? =}. 
Av 902, ‘sintA'cos A= 1- 0= 0! 


A = 185°, sin A cos A = (4 V2) (— } V2) =— }. 
A = 180°, sinA cosa = 0(— 1) = 0. 

A = 225°, sin A cos.A = (— 3 V2)? =}. 

A = 270°, sinAcosA =—1-0=0. 2 

A = 815°, sin A cos A = (— 3-V2)44-V2) =— }. 


An G00 7 SINE COS Ae Ole ——10), 

In the first quadrant sin A cos A increases from 0 to } and decreases 
from } to 0 and is positive ; in the second it is negative and increases 
from 0 to } and decreases from } to 0 in absolute value ; in the third it 
is positive and increases from 0 to } and decreases from } to 0; in the 
fourth it is negative and increases from 0 to } and decreases from } to 0 
in absolute value. 


93. sin A + cosA. 


PAS 102 wee S10PA-}-COs-An— le A = 225°, sin A + cos A =— V2. 
A = 45°, sin A+ cosd =V2. A=270°, sinA + cosA =—1. 
PAn=— ON) ome SINEA Tt 1COSeAg==a lr, A-= 315°, sin A + cosA = 0. 


A = 135°, sin A + cos A = 0. A = 360°, sin A + cosA = 1. 
A = 180°, sin A + cosA =—1. 

If A is in Quadrant I, sin A + cos A must be positive, since both the 
sine and the cosine are positive. In Quadrant II the sine is positive and 
whe cosine negative ; hence, so long as the sine is greater than, or equal to, 
the cosine, the expression sin A + cos A is positive; but after passing the 
middle of Quadrant II, viz., 135°, the cosine of A is greater than the sine, 
and the expression is negative. In Quadrant III both sine and cosine 
are negative, and hence their sum must be negative. In Quadrant IV 
the sine is negative and the cosine positive. The sine and the cosine are 
equal at 315°, after which the cosine is greater than the sine, Hence 
the expression sin A + cos A is negative from 135° to 815°, and positive 
between 0° and 135°, and 315° and 360°. 
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94. sin A — cosA. 


A=0°, sinA—cosA=—1. A = 225°, sind —cosA=0. 
A= 45°, sind—cosdA=0. A = 270°, sin A — cosA =—1].~ 
A=90, sinA—cosA=1. A=815°,sinA—cosA =— V2. 
A = 135°, sin A —cosA=V2. A= 360°, sin A—cosA =—1. 


A = 180°, sin A — cos4 = 1. 

As A increases from 0° to 45°, the sine increases in value, and the cosine 
decreases, until at 45° sine = cosine. Hence, up to this point sin A —cos A 
is negative. For the remainder of Quadrant I the sine is greater than 
the cosine, and consequently the expression sin_A — cos A is positive. In 
Quadrant II the sine is positive and the cosine negative, so the expression 
sin A — cos A is uniformly positive. In Quadrant III the sine is negative 
and the cosine negative; hence, so long as the sine is less than the cosine, 
the expression is positive, viz., to 225°; after that point the sine is greater 
than the cosine, and sin.A — cos A is negative. In Quadrant IV the sine 
is negative and the cosine positive; therefore sin. 4—cos A is uniformly 
negative. The expression is, then, negative between 0° and 45°, and 226° 
and 360°; positive between 45° and 225°. 


95, sin A + cos A. 
Zilz,  Sinwsl oe@osvslc= (yp A = 225°, sind + cosA = 1. 
A = 45°. sintAl ¢os-A— 1, A = 270°, sin A + cosA=+ 0. 
A=90°, sind+cosdA=to. A=315°, sin dA +cosd4 =—1. 
A = 135°, sn A +cosaA=—1. A=360°, sinA + cosA= 0. 
A = 180°, sin A + cosdA = 0. 


In the first quadrant sin A + cos A increases from 0 to 1 to o and is 
positive ; in the second it decreases from oo to 1 to 0 in absolute value and 
is negative ; in the third it increases from 0 to 1 to « and is positive; in 
the fourth it decreases from o to 1 to 0 in absolute value and is negative. 


96. tan 4 4+ cot A. 
A=0°, tand+cotA=Fo. A= 225°, tan d + cot dA = 2. 
A = 45°, tanA+cotA=2. A = 270°, tanA + cotA =+ o. 
A=90°, tand+cotd=j40. A=815°, tan A+ cot A =— 2. 
A = 185°, tan d+ cotA=— 2. A=860°, tand + cot dA =+o. 
Al SMO WEN ALIS Al 3 we 
In the first quadrant tan. A + cot A decreases from o to 2 and increases 
from 2 to o and is positive; in the second it decreases from oo to 2 and 
increases from 2 to oo in absolute value and is negative; in the third it 
decreases from o to 2 and increases from 2 to « and is positive; in the 
fourth it decreases from o to 2 and increases from 2 to o in absolute 
value and is negative. 
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97. tan A — cot A. 
PAs =a) on 


tan A — cot A =+ oo. 
A = 45°, tandA—cotA=0. 
A= 902, tan-a—"cot_Al=— = co. 
A = 135°, tan d — cot A = 0. 


BR & 
lI 
© © 


A = 180°, tandA— cot A=+o. 

In Quadrant I, as A increases from 0° to 45° tan A increases from 0 to 1 
and cot A decreases from oto 1. Ascot A is greater than tan A and both 
are positive, tan A — cot A is negative. From 45° to 90° tan_A increases 
from 1 to 2 and cot A decreases from 1 to 0; therefore tan A — cot A 
increases in value and is positive. The same conditions are found in 


Quadrant III. From 90° to 


A = 225°, tandA — cotA = 0. 
A = 270°, tan A — cot dA =+ w. 
315°, tan.A — cot A = 0. 
60°, tan. dA — cotA =+ 0. 
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35° in Quadrant II tan A decreases in abso- 


lute value from oo to 1 and is negative, while cot A increases from 0 to 1, 
also negative. As tan A is greater than cot A, tan A — cot A is negative. 
From 135° to 180° cot A increases to o and is negative, while tan A 
decreases from 1 to 0, also negative. Therefore tan A — cot A is positive, 
The same conditions are found in Quadrant IV. 


Exercise 38. Reduction to the First Quadrant (Page 91) 


Express the following as functions of angles less than 90°: 


1, sin 170° 
2. cos 160° 
3. tan 148° 
4. cot 156° 
5. sin 180° 
6. tan 180° 
7. sin 200° 
8. cos 225° 
9, tan 258° 
10. cot 262° 
11, sim275? 
12, sin 345° 
13. tan 282° 
14. tan 325° 
15. cos 290° 
16. cos 350° 
17. cot 295° 
18. cot 347° 
19. sin 360° 
20. cos 860° 


= sin (180°—10°) = sin 10°. 


= cos (180° — 20°) =— cos 20°. 
= tan (180° — 32°) =— tan 32°, 
= cot (180° — 24°) = — cot 24°. 


= sin (180°— 0°) =sin 0°. 
= tan (180°— 0°) =— tan 0°. 
= sin (180° + 20°) = — sin 20°. 


= cos (180° + 45°) = — cos 45°. 


= tan (180° + 78°) = tan 78°. 
= cot (180° + 82°) = cot 82°. 


= sin (360° — 85°) =— sin 85°. 


= sin (360° — 15°) = — sin 15°. 


= tan (360° — 78°) = — tan 78°. 
= tan (360° — 35°) = — tan 35°. 


= cos (860° — 70°) = cos 70°. 
= cos (860° — 10°) = cos 10°. 


= cot (860° — 65°) = — cot 65°. 
= cot (860° — 13°) = — cot 18°. 


= sin (860°— 0°) =—sin 0°. 
= c0s (360° — 0°) = cos 0°. 
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21. 
22, 
23. 
24, 
25. 
26. 
27. 
28, 
29. 
30. 
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sin 148° 10’ = sin (180° — 31° 50’) = sin 31° 50’. 

cos 192° 20’ = cos (180° + 12° 20’) =— cos 12° 20’. 

tan 265° 30’ = tan (180° + 85° 30’) = tan 85° 30’. 

cot 287° 40’ = cot (860° — 72° 20’) =— cot 72° 20’. 

sin 187° 10’ 8” = sin (180° + 7°10’ 3”) =— sin 7° 10’ 8”. 

cos 274° 5’ 14” = cos (860° — 85° 54’ 46”) = cos 85° 54’ 46”. 
tan 322° 8’ 15” = tan (860° — 37° 51’ 45”) = — tan 37° 51’ 45”. 
cot 875° 10’ 8” = cot (360° + 15° 10’ 8”) = cot 15° 10’ 8”. 

sin 147.75° = sin (180° — 32.25°) = sin 82.25°. 

Cos 232.25° = cos (180° + 52.25°) = — cos 52.25°. 


Exercise 39. Reduction of Functions (Page 93) 


Hepress the following as functions of angles less than 45°: 


1, sin 100° = sin (90° + 10°) = cos 10°. 
2. sin 120° = sin (90° + 30°) = cos 380°. 
3. sin 110° = sin (90° + 20°) = cos 20°. 
4. sin 130° = sin (90° + 40°) = cos 40°. 
5. cos 95° = cos (90° + 5°) =— sin 5°. 
6. cos97° = cos(90° + 7°) =— sin 7°. 
7. cos 111° = cos (90° + 21°) =— sin 21°. 
8. cos 127° = cos (90° + 37°) =— sin 87°, 
9. tan 91° = tan (90° + 1°) =— cot 1°. 


i 
= 


tan 99° = tan (90° + 9°) =— cot 9°. 

. tan 119° = tan (90° + 29°) =— cot 29°. 

12. tan 129° = tan (90° + 89°) =— cot 89°. 

. cot 94° 1’ = cot (90° + 4° 1’) =— tan 4° 1’. 
. cot 97° 2’ = cot (90° + 7° 2’) =— tan 7° 2’. 
« cot 98° 3’ = cot (90° + 8° 3’) =— tan 8° 3’. 
. cot 99° 9’ = cot (90° + 9° 9’) =— tan 9° 9’, 


_ 
_ 


a a ae 
a ao SP & 


Hupress the following as functions of positive angles : 


17. sin(— 3°) =— sin 8°. 20. cos (— 75°) = cos 75°. 
18. sin(— 9°) =— sin 9°. 21. cos (— 87°) = cos 87°. 


19. sin (— 86°) =— sin 86°. 


23, 
24. 
25. 
26. 
27. 
28, 


tan (— 100°) =— tan 100° = tan (180° + 80°) = tan 80°. 
tan (— 150°) =— tan 150° = tan (180° + 30°) = tan 80°, 
tan (— 200°) =— tan 200° = tan (180° — 20°) =—tan 20°. 
cot (— 1.5°) = — cot 1.5°. 

cot (— 7.8°) =— cot 7.8°. 

cot (— 9.1°) =— cot 9.1°. 


22. cos (— 95°) = cos 95° = — sin 5° 
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Find the following by aid of the tables: 


29. sin 178° 30’ = sin (180° — 1° 80’) = sin 1° 30’ = 0.0262. 

30. cos 286° 45’ = cos (180° + 56° 45’) =— cos 56° 45’ =— 0.5483. 

31, tan 322° 18’ = tan (860° — 87° 42’) = — tan 37° 42’ =— 0.7729. 

32, cot 423° 15’ = cot (360° + 68° 15’) = cot 63° 15’ = 0.5040. 

33, sin (— 7° 29 30”) =— sin 7° 29’ 30” = — 0.1304, 

34. cos(— 29° 42’ 19”’) = cos 29° 42’ 19” = 0.8686. 

85, tan (— 172° 16’ 14”) =— tan 172° 16’ 14” = — tan (180° — 7° 43’ 46”) 
= tan 7° 43’ 46” = 0.1357. 


86. cot (— 262° 17’ 15”) =— cot 262° 17’ 15” = — cot (180° + 82°17’ 15 
=— cot 82°17 15” =— 0.1354. 


37. log sin 127.5° = log sin 127° 30’ = log sin (180° — 52° 30’) 


= log sin 52° 30’ = 9.89947 — 10. 


38. log cos 226.4° = log cos 226° 24 = log cos (180° + 46° 24’) 
=— log cos 46° 24’ = — (9.83861 — 10). 


39. log tan 327.8° = log tan 327° 48” = log tan (360° — 32° 12’) 


= — log tan 32° 12’ = — (9.79916 — 10). 


40. log cot 343.3° = log cot 348° 18” = log cot (860° — 16° 424 
=— log cot 16° 42’ = — (10.52286 — 10). 


41, log sin 236° 18’ 5” = log sin (180° + 56° 13’ 5”) 
=— log sin 56° 135” = — (9.91969 — 10). 


42, log cos 827° 5’ 11” = log cos (860° — 32° 54’ 49”) 
= log cos 32° 54’ 49” = 9.92401 — 10. 


43, log tan (— 125° 27’) = — log tan 125° 27’ = — log tan (180° — 54° 33’) 
= log tan 54° 33’ = 10.14753 — 10. 


44. log cot (— 286° 15’) = — log cot 286° 15’ = — log cot (180° + 56° 15’) 
= — log cot 56° 15’ = — (9.82489 — 10). 


45. Show that the angles 42°, 138°, — 318°, 402°, and — 222° all have 
the same sine. 
sin 42° = 0.6691 
sin 138° = sin (180° — 42°) = sin 42° = 0.6691. 
sin (— 318°) =— sin 818° =— sin (860° — 42°) = sin 42° = 0.6691. 
sin 402° = sin (860° + 42°) = sin 42° = 0.6691. 
sin (— 222°) =— sin 222° =— sin (180° + 42°) = sin 42° = 0 6691 
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46. Find four angles between 0° and 720° which satisfy the equation 


sina =— } V2. sin 45° = 3 V2. 
sin (180° + 45°) = sin 225°=— } v2. 
: ; Rt + o1R [9 
sin (860° — 45°) = sin 315°=— } v2. 
sin (360° + 225°) = sin 585° =— } V2. 
sin (360° + 315°) = sin 675° =— 3} V2. 


.. the angles are 225°, 315°, 585°, and 675°. 
47. Draw a circle with unit radius, and represent by lines the sine, 
cosine, tangent, and cotangent of — 325°. 
sin (— 825°) =— sin 825° = — sin (360° — 35°) 
Sn euy == WI 
COS (— 325°) = cos 825° = cos (860° — 35°) 
= cos 385° = OM. 


tan (— 325°) =— tan 825° = — tan (560° — 35°) 
= (aniso> = Ael. 
cot (— 825°) =— cot 825° =— cot (360° — 35°) 


= cot 85° = BS. 
48. Show by drawing a figure that sin 195° = cos (— 105°), and that 
cos 800° = sin (— 210°). 


sin 195° =— MP. cos 300° = OM. 
cos (— 105°) =— OM’. sin (— 210°) = MP’. 
WIP = ONE OMIMERS 
49, Show by drawing a figure that cos 820°=— cos(— 140°), and that 
sin 820° = — sin 40°. 
B 
PB: 
A A 
Mp! 
a 
c0s320°= OM. sin 820° =— MP’. 
— cos(— 140°) =OM’. — sin 40°=— MP, 


OM=O0OM’. JM ees J Det 
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50. Show by drawing a figure that sin 765°= $ v2, and that tan 
1395° = — 1. 


B 
A A 
Bi fl 
sin 765° = MP = } V2. CANS O5 lw ele 
sin 765° = sin (720° + 45°) MGS is Se DSS iliac 
= sin 45°, tan 815° = tan (860° — 45°) 
=— tan 45°. 


tan 1895° = tan (1080° + 315°) 
=— tan 45°. 


51. In the triangle ALC show that cos dA =—cos(B+ Vv), and tlat 
308s B=— cos(A + C). 
A = 180°-- (B+ C). B=180°— (A +4 C). 
cos A = cos[180°—(B + C)] cos B= cos[180°— (4 + ()] 
=— cos(B+ C). =— cos(A + C). 


Exercise 40. Relations of the Functions (Page 95) 


1, Prove each of the formulas given in § 89. 


és 1 . (oe ae 9 
sing = -——. sin @ =-+ Vv 1 — cos? x. 
ie oa ne 
gh a Ree = ae Cc ie C2 
a 1 kg 1 b2 
-=-: po Be 
Cesc @ ¢ 
2 a ¢c2— 6 
in as 2 
2 D 
a? = c? — 0. 
cos’ =+ V1 — sin?z 
cos” = —— [SEAT 
sec £ rae eg ee 
b C — NV a 
COR Sa diane Re b2 1 a? 
b 1 oe c 
hea U2 cea 
b 2 OB 
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tan 7 = : 
cote 
a b 
tana = —-, cotr = -- 
b a 
a_l 
Ou: 
a 
sin x 
fang = —- ———____.. 
V1 — sinta 
a 
oes Cc 
6 | a2 
Nee 
a a? c— a? 
Be ee @ 
tt. ae 
rere 
a ae 
ee 
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ce 
PAP 


sin x 
tan 7 = ——- 
cosx 
ie 
tanz = —,sIngzt=-; 
6 
cosxz = -- 
c 
ava ob 
i We « 
V1 — cos?a 
tan xz = + —— 
cos xr 
5 
a = 
Ccé 
—-=>+ 
b b 
¢ 
az c?—b? 0? 
Rime Ye oe 
ce? — b? 
a? = c2 — b2, 
tanz = sinz secz 
ge xe 
ie BAe 
COS & 
cour = — 
sin x 
} 
banc 
aaa 
OO 
a 


TEACHERS’ 


EE are. 
V1— cos?z 
b 
pe Wet ae 
pe 


Ge) Cab 


az = c? — 2, 


cota =+Vesce2a — 1. 


b c? 

—_-= ——1. 
a a? 

b2 2 ek. a? 
ae 


1 
sec x = 
COS x 
el 
ti) 
c 
il 
ese x = —— 
sine 
Oil 
Ge Gl 
C 


. tan © 
2, sing = + —— 


~ V1 + tan?x 


[oe pa 
+V1-4 tan?@ = sec. 
. tan © 
sing = ——- 
sec & 
sina secx2 = tang. 
tan x = tang. 


EDITION 


vV1— sin? 
Olt = 
sin x 
(oe 
Te i c? 
a a 
c 
Be a2 a? 
a? ck 


cote = cosx csc z. 


Wwe te 
a ke 
CeCe: 
eee 
Gama 


ahs i b? 
a are 


I] 


a a 
= a? + d?. 
cot x 
3. cosx = + —————_.- 
V1 + cot? 
+V1+ cot? = esea. 
cote 
cosz% = 
ese & 


cosx% csex = cota. 
cota = cote, 
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1 
4. tanz = + ——_—____.. 
Vesea —1 
+ Vese?z —1= cota. 
1 
tang = ——.- 
cotx 
tan ¢-= tan@. 
1 
5. cots = + ———___.. 
Vsec2a—1 
+ Vsec?2 —1= tang. 
cote = L : 
tan z 


cote = cotz. 


6. Find sinz in terms of cots. 
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7. Find cosz in terms of tan z. 
V1— cos?z 
cos x 
tan?z cos? = 1— cos?z. 

cos*g (tan?z + 1)=1. 


fang —— 


cos? = ————__. 
tan?z+4 1 
cos =+ Z 
Vv tan?z+1 


8. Find secz in terms of sinz. 


sing =+ V1— cos*z. 


sin?2 = 1— cos?g. 


ice 1 
V1— sin2a Fax) Ge 
cote =+ See sec? x 
+2, CYS = ab 
: : sin? sec*?z = sec?z— 1. 
cot?z sin?a = 1— sin?ax. a : “ 
: sec? x (sin?a —1)=—1. 
sin? x (cot?” + 1)=1. i ( ) 1 
sin2g— sec?z = ——___. 
cot?7% +1 1—sin?z 
, 1 1 
sine = + ——__.. sec rz = + ——__—-.. 
Veot22+1 V1—sin?z 
9, Find csc z in terms of cosz. 
cosa = + V1 — sin?z. 
cos?z% = 1— sin? 
1 
=]— at 
ese? x 
cos? x esc?” = ese?a — 1. 
esc? x (cos?x — 1)=— 1. 
: 1 
CSC dyer = 
1 — cos? 
1 
escx = + — —- 


Prove the following relations: 


10. tan z@ cosx = sin z. 


sin © 


“cose? = sin a. 
cos & 


sing = sing. 


V1 — cos*x 


11. cos?x = cot?% — cot?z cos? z. 
cos? = cot? (1— cos*z) 
costa. 
=——— - sin?Z. 
sin?a 
cos?z = cosa. 
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12. tan?a = sin?« + sin?a tan?w. 16. csc? — cot?” =1. 
tan?a = sin? (14 tan?2) 1+ cot?x — cot?@ =1. 
= sin?a - sec?z eee 
sin? x : 
as . 5 2 a 2 2 
BOnke 1%. sec2a@-- esc2” = sec2e-cse7 a. 


2 — 2 
tan*z = tan“. sec2a 


+ 1] = sec?g. 


Cse2a 
18, cos*a + 2sin?a = 1 +4 sin?z. sin2z ; aT 
cos?g¢ = 1— sin? a. COs? & costa 
costa = cos?a. sin? + cos*z =1. 
Thee Tle 
yp sak Fey} 2 2 
14. cot? = cos*a + cos*a cot*«. 18. Show that the sum of the 
cot?xz = cos*x (1+ cot?z) tangent and cotangent of an angle 
= cos?z - esc2a is equal to the product of the secant 
1 and cosecant of the angle. 
== COS areata 
6 sin*z tan x + cotx® = seca cse x. 
cot72 = cot?a. 1 
tan xv + = sec zx csen. 
15. cots sec2g = 1+ cot? eh 
+ COUT § = COUT ZL. 
5. cot? sec*x a tan2a +1 _ 1 
ae Sa ER 
cos?% i tan & sin z cos 2 
: -—— = 1+ cot®g. ' 
sin? cos?z PANG tet alent als ee 
sin z cosx 
1 3 5 1 
—— = esc? 2. sec?¢ = ——_. 
sin?x cos? x 
CSE2M— CSC. sec?a@ = sec? x. 
Recalling the values given on page 8, find the value of x when: 
19. 2 cosz = seca. 20. 4sing = csew. 21. sin?a2 = 3 cos? x 
1 : 1 sin?g 
2 cos’ = : 4sinz = ——_. == 
COS & sin x COs* x 
2Cos? ti— 1. 4sin?x =1. tan?z = 3. 
te sin?7% =. tanz =Vv3. 
1 x/9., sing =}. ce 1G088 
C= 452, = re 
22, 2sin?x + cos*a = 3. 28, 3 tan?x — sec?2 = 1. 
2sin?a +1—sin?2 = $3. 3 tan? —1— tan?x =1, 
sin?a = }. 2 tan2a— 2. 
sina = } V2. tamer alle 


x = 45°. x = 46° 
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24. tang + cota = 2. 


tan av + sn, I 


tan x 
tan*c — Ytang +1= 0. 
(tan x — 1)? =0. 


Can tile 
¢ = 45°. 
25. tang = 2 sina. 
tan x as 
sin x 
2 as 
cosa 
cosa = 3. 
© = 60°. 
26. seca = V2 tan. 
seca 
= V2: 
tan « 
sec ax ] 
= csc x = ——.- 
tan © sin a 
1 
—_ = V2. 
sin x 
i 1 
sing = — 
V5 
= 3 V5 
C= 45° 


30. sing + V3 cosa = 2. 


27. sin?a — cosz =}. ° 
1— cos?a — cose = i. 
4cos?*2 + 4cose—3=0. 
(2 cosz + 3)(2 cost — 1) = 0. 
cos¢ = }or—3. 
x = 60°. 


28. tan?« — secxz = 1. 


1— cos*x — cosx = cos?a. 
—= 2. C0842 — COs + ll —"0- 
2 cos*a + cosx — 1 = 0. 
(2 cosz —1) (cose + 1) = 0. 
cosx =}, —1. 


x =60° or 180°. 


29, tan?z + csc?z = 3. 


tanZeoet | -- cota = 3. 
tantz +tan? 2 +1= 8 tana. 

tanta — 2 tan?a +1=0. 

(tan? — 1) (tan?2— 1) = 0. 


tan?2 = 1. 
tangle 
ip ets Hayek 


V1—cos?a = 2—V3cosz. 
1—cos*a =4— 4-V3 cosa + 3 cos?a. 
4 costa — 4 V3 cos + 3 = 0. 
(2 cosa — V3)" =0. 


V3 


cosz = —. 
2 


T= 50%. 


31. Given (sinw + cosa)? —1= (sinw — cosz)? + 1, find «. 


(sin + cos x)? — 1 = (sina — cos)? + 1. 


sin?z + 2sin« cosx + cos?2 — 1=sin?a — 2sinxz cosx + cos?x + 1. 


4sinz cosa@ = 2. 
2sinx cosz =1. 

4 sin? 2 cos*« = 1. 

4 sin?x(1— sin?x) =1. 
4sin?a2 — 4sints =1. 


4sintxs —4sin?2+1=0. 
(2 sin?2 — 1)? = 0. 
2sin?e —1=0. 
sing = 1V2. 
iting tise) 
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82. Given 2 sing = cosa, find sinz and cosa. 


4sin?2 =— sin?’x +1. 2V1 — cos?x = cosa. 
5 sinty—1. 4— 4cos? x = cos?a. 
sin?g = }. — 5 cos*a =— 4. 
sing =<)\/5: cosz = 2 V5. 
33, Given 4sinz = tang, find sinw and tana. 
4sina sin x 
—— =]. tanxv = 
tan © COS & 
4cosx =1. =1V15+1}= v15 
cosa =}. 
“ ae ee Sle ae eee 
Si Ve ieee 15; 
34. Given 5sing = tana, find cosz and seca. 
5sin az 1 
—— =I]. sec xz = ——. 
tan @ COS & 
DiICOS a= Me : seca =1+}= 5. 
ee} 
cosa = }. 
85. Given 4cotz = tana, find the other functions. 
4 sin « 
== SeNolaes chia 
tan x COS & 
4 = tan’. sing = 2:cos@. 
tana 2, sin?a = 4 — 4sin?z. 
cote = 3. sin?7 = 4 


igor Fal ¥ 
sing’ = 2/5. esee =i V5. 


V5. seca = V5. 


cose = 


ol 


36, Given sing = 4 cosa, find sinz and cosa. 


1— cos?az = 16 cos? x. 16 — 16 sin?x = sin?z. 
WaCOSeh—ak 17 sin?x = 16. 
cost = -V17. Sine ae 


37. If sina: cosa = 9: 40, find sing and cosa. 


40 sina = 9 cosz. 1600 — 1600 cos? = 81 cos? a. 
40 sina = + 9V1—sin2e. 1681 cos? = 1600. 
1600 sin?.c = 81 — 81 sin? a. cos? = 4 eSt- 
sin?a = 78ty. cosx = $4. 


ing — 2. 
sin’ =. gy- 
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, sing ae 
38. From the formula tan z = + ——————_, find the condition under 
, ; a aD 
which tana = sina. V1-— sin?z 
P sin x 
sn. = 
V1—sin?a 
Rats sin? x 
Ai 
1— sin?z 
sin* 20) 
sina = 0; 
ier 


Solve the following equations ; that is, find the value of x when: 


89. cosz = seca. 


coszv = 


cosa 
cos?e = 1. 
COs Le 


= 02 or 180% 


40. cosx = tana. 


cos?z = sing. 
1— sine oe sine. 
sin?x + sing —1=0. 
sing = 0.6180; — 1.6180. 
x = 38° 10’. 


Al) COS (Sle. 


cos? = 1 — cos? a. 
2G0S2 ale 


|= 


cos*x = f. 
cost =+ 4 V2. 
x = 45°, or 225°. 


49° tang —' cote. 


tan ge? = . 
tan x 
tan?*g = 1. 
tang =+1, 
xX = 46°, 135°, 225°, or 
315°. 


43-SeC a = Csete 
1 1 


cosr sing 
sin xz = cosa. 
w— 45° or 22528 


From Ex. 41, 


44, 2cosx + secx = 3. 


2 cosa + lL = 3 
COS & 


2 c0s2 nl 3 COS. 
2 cos?a — 8cosx+1=0. 
(2 cosz — 1) (cose — 1)= 0. 
cosx = 1 or 3. 
© = 02 Oniode 
45. cos?x — sin?xv = sina. 
1 — sin? — sin?z = sing. 
2sin?x + sinz—1= 
(2 sing — 1) (sing + 1) = 
sing =—1, $. 
t= 27 0210r 802 


46. 2sinz+ cotx =1+4 2cosz. 


Ding ee eee cea 
tan tan x 
2sing tane +1= tang + 2sing. 
2sing(tane —1)= tanz—1. 
2 Sinici—slenOrat veer eet Oe 
sing = 4, or tang =1. 
% = 80°, 45°, 150°, or 225°, 
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47. sin?x + tan?z = 3 cos? z. 48. tanx + 2cotz = $escg. 
sintx  tan?z _ 3 sing 2cosz 5 
costz costa cose sing  2sing 
1—cos*g | 1— cos?x— 2 sin?a + 4 cos*x = 5 cosz. 
cos? x costg 2 — 2 cos? + 4 cos?a = 5 cosa. 
cos* z — cos*z + 1— cos?z = 3 costa. 2 cos? x — 5cosx + 2= 0. 
4 costg =1. (2 cosxz — 1) (cosx — 2) = 0 
costa = 1. Z cose = 3, 2. 
cosa = + }V2. x = 60°. 


a = 45°, 135°, 225°, or 315°. 


Prove the following relations : 
49. sin A + cosA = (1+ tan A)cosA. 
sin A 
cos A 
sin A = cosA tanA. 
cos A tan A + cos A = (1+ tan A) cos A. 


= aneas 


% cos A (1 + tan A) = (14+ tan dA) cosA, 
cot x ———_.— 
50. =V1 + cot? x. 
cos £ - 
V1+ cot?z = cscz. 
cota 
—— = CSCn. 
cos @ 
COs & 
cotx® = cos# csc x = — : 
sing 
Ss 1 
51. cosx:cotz =V1— cos?z. 62) tanz2) = ——_-—_1 
cos? a 


1 — cos*z7 = sing. 5 5 
tana SeCre — Ile 
cos x : 
=slnete 5 1 
cot x secqg———e 
cos? 


sec? — 1 = sec?x — 1. 


cos@ tan ® = sina. 
cost” = sina. 

sina = sina. 

Find the values of the other functions of A when: 


53. sin A = 3. 


— es 
cos A =V1—$¢ = 1 V5. cot A = 1 V5, 
2, Wye 3./E 
tan A = vie —— V5. sec 4 = 3 V5. 
/ 6 v ¢ 
Wap esc A = $. 


180 


54, 


55. 


56. 


57, 


58. 


59 


60, 


61, 


62. 


PLANE TRIGONOMETRY 


8 
cos A = j. ese A = 
sin A=V1— 9, = 1 V7. sec 4-= 
tan A = AN Te cot A = 
tan.d = 1.5. 

= a cos A 
sec A = 1408 = Ba 18. - = 
& sin A 
2 2 a ; 
COStAs— —= =—V13. SsincA => 
EN/ialres 18 esc A = 1 
cot A = 2. 
cot A = 0.75 
tan A = 4. 
sec A =V1 + Lo 3. sin A = 
cos A = 3, cs¢ A = 
sec 4 =1.5 
cos A = 3. ke 
sin d=V1—4=1 V6, esc A =: 
tan A = V6. cot A = ; 
sin A = 12. 
ese A= 13. 
2: ere 
~ = eee ee Se =. 
cosd = V1 19 = 13: sec A = 
tan A = 12. cot A = 
sin A = 0.8. 
ese A = 3. 
cosd = V1—}6 = 3, sec.d = 
tan A = +. cot A = 
nna 4A — 60 
cos A = 1: 
sec A= $1" 
0 
1 A= et D ClOLO =a en — 
sin dA = V1] $939 =}. ese A = 
tan. A = tt. cot Al 
cos A = 0.28, 
sec A = 25, 
sin A=V1— Ag = 24. cs¢-A = 
tanA = 24, cot A = 
tan 4 = 4. 
cot A= 3, 
sec A = V14 16 = 8, sin A = 
cos A = 3. esc A = 


MIO SEH aj 


ey 


Halon Cre 


HPIO9 colon 


63. 


64, 


65. 


66. 


67. 


68. 


69. 


70. 
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COtrAl=—, 

taneAl— 12 z 
secA=V14+1=Vv2, 
cos A= = V9. 


V2 
cot A = 0.5. 
tan A = 2. 


sec A=V14+4=V5. 
cos A = 15. 


sec A = 2. 

cos A = }. 

sin A =V1— 1 = 1 V3. 
tan A = V3. 

esc A=V2. 


sin A = VEY, 


cos A =V1— 2 = Lv2. 


taneAc—wle 

sin A =m. 
if 

CSC. 
m 


cos A =V1— m?. 


m 


sin d= V1— 2=1 V2. 
esc A = V2. 


sin A =V1— ws = 2 V5. 


esc A = 1 V5, 
esc A = 3 V3. 
cot A = 1 V8, 
sec A = V2. 
Cours 
sec’A = - oy 
V1 — m2 
ae 
ieee tgs 


m 


Given.sin A = 2m: (1+ m?), find the value of tan A. 


tan. A = = 
1 — m? 
; 2 
sin A= ne 
14+ m? 
sin A 
tan A = + 


2m 2m 


Vi— sintd V+ m2)2— dm: 1—m 


Given cos A = 2mn : (m? + n?), find the value of sec A. 


cos A = - 


sec A = 


Given sin 0° = 0, find the other functions of 0°. 


sin) Oc=70) 
GSC O2==1c07 
cos 0° = 1, 


sec Q° = 1. 


UNOS = NE 
COU OF===Kon. 


18] 
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71. Given sin 90° = 1, find the other functions of 90°. 


sin 90° = 1. 
CScrvOe ele tan 90° = o. 
cos 90° = 0. cot 90° = 0. 
sec 90° = o. 


72, Given tan 90° = o, find the other functions of 90°. 
tan 90° = o. 


cot 90° = 0. sin 90° = 1. 
sec 90° = o. cse 002 =A 
cos 90° = 0. 

73, Given cot 22°30 = V2 + 1, find the other functions of 22° 30’. 
cot 22°80 = V2 +1. sec 22°30 = V14+2—2V24i 
tan 22° 30’ = V2 —1. aN gions. 
esc 22°30 = V14242V241 a 1 

= cos 2% OS 
=V442V2. VE ows 
1 
See 2.3 0. 
V44 2V2 
74, Write tan2d + cot?A so as to contain only cos A. 
1 — cos?A cos2.A : V/1— cos?A 
- ——— since tale aaa 
cos A 1— cos?A cos A 
and cot A == pose 


V1— cos?A 
In the triangle ABC, prove the following relations : 
75. sin A=sin(B+ C). A= 180° —(B+ 0). 

sin [180° — (B+ C)] = sin(B+ C). 
76. cos.1 =— cos(B+ C). 

cos [180° — (B+ C)] =— cos(B+ C). 
77, tan A =— tan(B+ C). 

tan [180° — (B+ C)] =— tan(B+ C). 
78. cot A =— cot(B+ C). 

cot [180° — (B+ C)] =— cot (B+ C). 
79, sin A=—sin(24+B+4C). 


AGB C= 1802 oA Be Cr COO anal 
sin A =— sin (180° + A) =— sin(24 + B+ C). 


80. 


81. 


82. 


83. 


84. 


85. 


86 


87. 


88. 


89. 


90. 
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sin B=— sin(4 + 2B+(C). 
A+B+C=180°; 4+2B+4+ C=180°+ B. 
sin B =— sin (180° + B) =— sin(ad + 2B + C). 
cos C=— cos(4 + B+ 20). 
A+B+C=180°; A+ B+2C=180°+ C. 
cos C=— cos (180° + C) =— cos(A + B+ 20). 
cot B= cot(A + 2B+4 C). 
A= 2p = CO 1802 BB. 
cot B= cot (180° + B) = cot(A + 2B+4 C). 
sind =— cos(3} 4+ 3B+4 30). 
4A+3B+ EC=90°; 90°+A=3A+44B4 HC. 
sin A = — cos (90° + A) =— cos(Z3 44+ 3B+4 30). 
cosA =— cos(2A+ B+ C). 
Dal se Jb Se (OFS WO SE A. 
cos A =— cos (180° + A) =— cos(24 + B+ C). 
cosA =sin(g4+45B430C). 
JA4+3B43C=90°; 00°+A=3A4}B440C. 
cos A = sin (90° + A) =sin(g4+34B+430C). 
sin(}A + B) = cos(} B— 3 C). 
902 = Ar eek 
90° +3 B=1A4BH 
90° +3 B-—LCH=}A+B. 
sin(d.A + B) =sin (90° + }B—43C)=cos(t B—-40C). 
sin(} 0 — } A) =— cos(} B+ C). 
902°+ 30=4$A4+]E B40. 
90°°+34C0—-3}A=13B+ 0. 
— cos(} B + C) =— cos(90° + }C—JA)= sin(}C ~— 1A) 
cos B =— cos(A + 2B +4 0). 
A+2B+C=180° + B. 
cos B =— cos(180° + B) =— cos(A + 2B+4C). 
tan A = tan(2A+ B+ C). 
QA+ B+ C=180°4+ A. 
tan A = tan (180° + A) = tan2A+B+C. 
cot A = tan(3B+4+3C+4) 4). 
A+ 1B+3C0=90°. 
83B+3C0+134A=90°+ B+ C=270°—-A. 
cot A = tan (270° — A) = tan(g B+ $C + 3A). 
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In the quadrilateral A BCD, prove the following relations : 
91. —sinA =sin(B+ C+D). 
A = 360°— (B+ C4 D). 
— sin A =— sin [860°— (B+ 0+ D)]=sin(B+ C+D). 
92. cos A = cos(B+ C+D). 
A = 360°— (B+ C+D). 
cos A = cos [360° — (B + C + D)] = cos(B+ C+D). 
93. —tan d= tan(B+C +4 D). 
A= 360°— (B+ C+D). 
— tan A =— tan [360° — (B+ C+ D)] = tan(B+ C+D). 
94. —cotA = cot(b+ C+D). 
A = 360°—(B+0+D). 
— cot A =— cot [360° — (B + C + D)] = cot(B+ C + D). 


Exercise 41. Sines and Cosines (Page 98) 


Given he 30° =—C08 60) = i, cos 80° = sin 60° = 3V3. and sin 45° = 
08 45°=5 1/2, find the values of the following: 
le Ben 15° 
sin 15° = sin (45°— 30°) = sin 45° cos (— 30°) + cos 45° sin (— 30°) 
=1V2.4V84}4V2(-b= MO 2 oscar 
2, cos 15° ‘ 


cos 15° = cos (45°— 30°) = cos 45° cos (— 80°) — sin 45 sin (— 30°) 
EY ne Cyan paves 0.96575. 


3. sin 76°. 
sin 75° = sin (80° + 45°) = sin 30° cos 45° + cos 80° sin 45° 
p= a = 2 /6 
= }-4V2+4 4-3. pvp = ee 0.96575. 
4, cos 75°. 


cos 75° = cos (80° + 45°) = cos 80° cos 45° — sin 30° sin 45° 


6— V5 
1V3. yV3— 3. pv9= Y=? _ onsets, 


5, sin 9C°. 
sin 90° = sin (45° + 45°) = sin 45° cos 45° + cos 45° sin 45° 
=$V2-3V24+4V2.1V2=}h41=1 
6. cos 90°. 
cos 90° = cos (45° + 45° cos 45° cos 45° — sin 45° sin 45° 
V2.1V2=}-—}=0. 


| 
a) 
be 
wj— 
= 
w | 
| 
[wilted | | 
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. sin 105°. 


sin 105° = sin (60° + 45°) = sin 60° cos 45° + cos 60° sin 45° 
ike Ne ye a 5 2 
=5VB-5Vv2+ : 5v2 = Vb +V2 _ 9.96575, 


4 
8. cos 105°. 
cos 105° = cos (60° + 45°) = cos 60° cos 45° — sin 60° sin 45° 
ihe! 1 = 
Vv2- V3. Vis = ¥2— V6 oose75 
COS) Si 
9, sin 120°. 


10. 


11 


12, 


13, 


14, 


15. 


sin 120° = sin (90° + 30°) = sin 90° cos 30° + cos 90° sin 30° 
=1-1V38+0-1=1V3 = 0.866. 

cos 120°. 

cos 120° = cos (90° + 30°) = cos 90° cos 45° — sin 90° sin 30° 
=o 1V2—1-.3=—f=—0.5. 

sin 135°. 

sin 135° = sin (90° + 45°) = sin 90° cos 45° + cos 90° sin 45° 
=1-3V240-4V2=4-V2=0.707. 


cos 135°. 

cos 135° = cos (90° + 45°) = cos 90° cos 45° — sin 90° sin 45° 
=0-}V2—1.}V2 =— 1 V2 =— 0.707. 

sin 150°. 


sin 150° = sin (90° + 60°) = sin 90° cos 60° + cos 90° sin 60° 
=1-}340- 1V3 = 4= 0.5. 


cos 150°. 

cos 150° = cos ie + 60°) = cos 90° cos 60° — sin 90° sin 60° 
=0-}-1. ie =— 1V3== 0.866. 

sin 165°. 


sin 165° = sin [(90° + 45°) + 30°] 
= sin (90° + 45°) cos 80° + cos (90° + 45°) sin 380° 
= cos 45° cos 30° — sin 45° sin 80° 


=5V2-: 5 V8 5 v2.5 = v= V? _ 0.25876. 


cos 165°. 
cos 165° = cos[(90° + 45°) + 30°] 
= cos (90° + 45°) cos 80° — sin (90° + 45°) sin 80° 
=— sin 45° cos 80° — cos 45° sin 80° hb. 
a al Ps 
ea ee a (0.06578, 
2 2 4 
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Exercise 42. Tangents and Cotangents (Page 99) 
Given tan 30° = cot 60° =3V 8, cot 30° =tan 60° = V8, tan 45° = cot 45°= 1, 
find the values of the following : 
1, tan 165°. 


an 45° + tan(— 30° _1v3 
tan 15° = tan(45°— 80°) = “>> + tan(— 30°) __ 14+ (—} V3) 


— tan 45° - tan(— 80°) a2 ‘€ 1 v3) 
_8—VvV8_12—6V3 _ 
34V3 6 
2. cot 15°. 
cot 15° = cot (45° — 30°) = 


2—V3 = 0.268. 


cot 45° - cot(— 80°)—1_ 1-(— V3) —1 
- cot (— 30°) + cot 45° ~ (V3) 44 
= ey ee acy 
java a 2 


—2+4-~7/3 = 3.732. 


3, tan 75°, aes re 
an 45 an 30° 
tan 75° = tan (45° + 30°) = tan 45° + tan 30 = 1+ 3Vv3 


1— tan 45° tan 30° Neekin D baw ts 


ae = 3} 
8158 da On Caneuy. Ss 
= A =2+V 8 = 3.2 
3-3 6 
4. cot 75°. a 
cot 75° = cot (45° + 30°) = cot 45°- cot 80°— 1 1 W314 
a Sali cot 30° + cot 45° V3+1 
= = 3 9 VS = 01068 
5. tan 90°. 
ro ¢ [-<e) 
tan 90° = tan (46° + 45°) = tan 45 sia xz 1+1 See 
1— tan 45°. tan 45° 1-—1.1 0O 
6. cot 90°. 


cot 45° cot 45°— 1 1-1-1 0 


cot 90° = cot (45° + 45°) = aS ae = 
cot 45° + cot 45° 1+1 2 


7. tan 105°. Va = 
P Yate) A ° /2 
dam TOS? = tain (G08: 462) ee 
1— tan GO? Tamas je\/S eee 


44 2V3 TS sS 
a ee ee Ne ee ee 
= 
8. cot 105°. r 
ene EOP dae 
cot 105° = cot (60° + 45%) = LOt OO" § es US 


cot 45° + cot 60° ipes et V3 

Bes 6.8 2 . 

= noe "=~ 24 V3 =— 0.268. 
84 V3 =6 


9. tan 120°. 
tan 120°= tan (60° + 60°) = — 


tan 60° + tan 60° V34+V3 23 
Am 5 OE 1— tan 60°. tan 60° ie Se V3 1-38 
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10. cot 120°. 


cot 60° cot 60° — 1 ~ 
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47573-1383 =1 


cot 120° = cot (60° + 60°) = 
Lag ie 


2 V3 


1 


V3 
ATL. tan 135°. 


cot 60° + cot 60° 1V8+4+1ix8 


= — — =— 0.5774. 


tan (45° + 30°) + tan 60° 


tan 135° = tan [ (45° + 80°) + 60°] = ; 
[( ) ] 1— tan (45° + 80°) tan 60° 
an 45° + tan 30° 14/3 = 
tan (45° 430°) = tan 45° + tan 30 x 1+4 Wo 24 V3. 
1— tan 45° tan 80° yj _ iv3 
tan (45° + 30°) + tan 60° «2+ VB+V8 _1+-VB__ 
1— tan (45° + 30°) tan 60° y_ (2 4 V3) V3 Le 
12, cot 135°. 
ite) Qo ol 
cot 185° = cot [(45° + 30°) + 60°] — SOLKES” + 30°) cot 607 T (1) 
cot 60° + cot (45° + 80°) 
5° cot 30° ee Sq 94/5 = 
cot (45°-+ 80°) = cot 45° cot 30°— 1 _ v8 Led FYE ae 
cot 30° + cot 45° 4/344 2 
Substitute in (1), 
GHV3)iv8—1 5 523-2 | 
Tvs (a3) TES= 
13. tan 150°. 
P 6 oO 1 ‘ Ye) 
tan 150° = tan [(60°+ 60°) + Boe] — Sn tOO" + OO) + tan 30" 
1 — tan (60° + 60°) tan 30° 
60° + tan60° V3 +-V8 = 
Pr (COL CU \eee te ee ae 
1—tan 60° tan 60° | = WS oaV3 
tan (60° + 60°) + tan 30° = 3 kv 3 z /3 Se Sr 
1— tan (60° + 60°) tan 30° Ea A/8 43) . ite 
14. cot 150°. 
f te) € >) it oy 
aor 150° = cot | (G01 60°) 4. 30] = Cont. OO") cot BOT 
cot 30° + C8 (60° + 60°) 
oO Ob 1 BY IN Gy oe 1 
cot (80°-+ 60°) = cot 60° cot 60°—1_ 4} V3 ay V ene 
cot 60° + cot 60° 1 V3 4 1/3 V3 
Sag uci 
cot (60° + 60°) cot 30°—1_ V3 Se a 
° + cot (60° + 60°) alee ea. ae 
cot 80° + cot (60° + 60°) yee 


V3 
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15, tan 165°. 
tan 165° = tan[ (60° + 60°) + 45°] = 
Svea 42280 
ee i ae 


tan (60° + 60°) + tan 45° 
1 — tan (60° + 60°) tan 45° 
3 — 2 =— 0.268. 


16, cot 165°. 


0° + 60°) cot 45°— 1 
cot 1659s eontGue Gojoe anes oe ee 


cot 45° + cot (60° + 60°) 
cot 60° cot 60° —1__ 3V3-4-V3—1 
cot 60° + cot 60° 18 re 1V3 


cot (60° + 60°) = 


=e 1 
ie 23 V3 
Substitute in (1), 
il 
= 7 ea 
cot 165° = = =——2—V3 =— 8.782. 
toe 
VS 


Exercise 43. The Addition Formulas (Page 102) 


Given sina — 2, cosx = 4, siny = 4, cosy = ©, find the value of: 
5? 73 4 


5? 


5 
13? 
1. sin(w + y). 


sin(e + y) = sine cosy + cosasiny = 3-124 $-555;= BS. 
2. sin(@ — y/). 
sin(« — y) = sine cosy — cosasiny = 3.12—47. 55,=1§ 
3. cos(x + y). . 
wes aciage UTA a Le en ai 
cos(@ + y) = cosx cosy — sinazsiny = $- $2 — 3- 75 = 33. 
4, cos(@ — y/). 
eee iA Sia tinh hs ; eae leo a eens 
cos(x — y) = cosx cosy + sinwsiny=F- 14+ 3. 755 = $2 
5. tan (@ + y). 
tana + tan 3 4.5 56 
ante 4) = ee es 
1—tanztany 1—#-7 338 
6. tan(@— y). ; 18 
tan « — tan 3 — 5. j 
tan (x — y) = ee 


ie tanatany 1+ 3. Ps i.68: 
By letting x = 90° in the formulas, find the following: 
7. sin (90° — y). 


sin (90°— y) =sin(@@— y) = sina cosy — cose siny 
=1-cosy—0-siny = cosy. 


(1) 
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8. cos (90° — y). 
cos (90° — y) = cos(«@ — y) = cosa cosy + sing siny 
=0-cosy+1-siny=siny. 
9, tan (90° — y). 


: Sele 
tan (90° — y) = sin(90°—y) cosy _ z 


= = coty. 
cos(90°— y)  siny u 


Similarly, by substituting in the formulas, find the following : 


10. sin (90° + y). 
sin (90° + y) = sina cosy + cosa siny =1-cosy + 0-siny = cosy. 


11. sin (180°— y). 

sin (180° — y) = sing cosy — cosrsiny = 0- cosy — (—1)siny = siny. 
12. sin (180°+ y). 

sin (180° + 7) = sinz cosy + cosa siny = 0- cosy + (— 1)siny=— siny 


13. sin (270°— y). 
sin (270° — y) = sinw cosy — cosx siny =— 1- cosy — 0+ siny =— cosy. 


14, sin (270° + y). 
sin (270° + y) = sing cosy + cosa siny =— 1- cosy + 0-siny =— cosy. 


15. sin (3860°— y). 
sin (360° — y) = sina cosy — cosasiny = 0-cosy—1-siny=—siny. 


16. sin (860° + 7). 
sin (360° + y) = sina cosy + cosxsiny = 0- cosy + 1-siny =siny. 


17. cos(x — 90°). 
cos (« — 90°) = cosz cosy + sinasiny = cosx-0 + sine-1=sing. 


18. cos(x — 180°). 
cos (x — 180°) = cosx cosy + sinzsiny = cosz(— 1) + sinz- 0 =— cos¢ 


19, cos (a — 270°). 
cos (« — 270°) = cosx cosy + sina siny = cosx- 0 + sina (—1)=— sina, 


20, tan (@ — 90°). 


sin(@ — 90°) sina cos 90° — cosa sin 90° _ — cosa 
tan (7 — 90°) = = = : 


cos (x — 90°) cosa cos 90° + sin a sin 90° sing 


=— cote. 
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21. tan (e — 180°). 
tan (« — 180°) = 


22, 


23. cot (x — 180°). 
cot (@ — 180°) = 


24, 


25. 


26. 


27. 


28. 


29. 


30, 


31, 


cot (« — 90°). 


cot (« — 90°) = 


sin (— y). 


sin (-- y) = 


sin (45°— y). 


sin (45° — y) = 


cos (45° —y). 


cos (45° — y) 


tan (45° — y). 


tan (45° — y) = 


cot (80° + 4). 


cot (80° + 


N= 


cot (60° — y). 


cot (60° — y) = 
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tang—tany  tang—0O _ tang 
1+tanztany 1+ tanz-0 
cotzcoty+1  cotz-O0+1 _ 1 
coty—cote O—cote — cote 


cos (x — 180°) _ 


= tang. 


=— tang. 


cosa cos 180° + sin « sin 180° 


— cose 


= = cote. 


— sina 


sin (« — 180°) 


sin z cos 180° — cos sin 180° 


sinz cosy — cosxsiny =] 
L V2(cosy — siny). 


cosx cosy + sing siny = 
LV 2 (cosy + sin y). 


wh 
a 
w | 


- cosy — 


sin (360° — y) = sin 360° cos y — cos 860° sin y 
Ocosy —1-siny =—siny. 


i V2siny 


lV2¢ cosy + LV2siny 


cot (90° — y). 


cot (90° — y) = 


itera Oso 


tan (@ + y) = 


tan (7 — 


y= 


tang—tany 1il—tany _ 1—tany 
1l+tangtany 1+1-tany 1+ tany 
cotxcoty—1_ V3. coty—1 _ V3 cot y — 1. 
CObY 4 COU coty + V3 coty +-V3 
cota coty +1 _ 1V3 coty +1. 

soty — cote ; Q 

SOY) coty —1V3 

cotxcoty+1 0-coty4+1 

: = = = tany. 
cot y — cota coty —0 cot y 


and tany = 0.25, find tan (« + y)and tan (2 — y). 


tang +tany 0.5 +4 0.25 0.7 

1—tanetany 1—0.5-0.28 0.875 
tang—tany 0.5 — 0.25 0.25 
14 tanatany 14 0.5-0.25 1.125 


= 0.2222, 
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$2. If tang =land tany = } V3, find tan (x + y) and tan («x — y). 
tanz+tany 14 1V3 _ 124+ 6V3 


tan(« + y) = = -= =24V3 = 8.732. 
1—tanztany : 
y Pues 6 2 
tana — tan; 1—1Vv3 12—6Vv3 
tan (x — y) = es Sa oe VY! =2—V3 = 0.268 
1+4 tang tany 14+1-4V3 6 


83. If tana = 2 and tan y = ,4, find tan(# + y) and tan(# — y), and 
find the number of degrees ina + y. 


tang + tany b+ 5, 81 

tan (e + y) = = to 1; 7e+y = 48°. 
l—tanetany I—?-,;', ¢t 
tana — tan, a= tt a : 

IY (eee ee 6 Tas 4 8 


1+tanatany 142-44 &h 


34, If tan = 2 and tany = 4, what is the nature of the angle « + y? 


Consider the same question when tang =3 and tany= 4, and when 


1 
tang = a and tany =-- 


tana + tan 242 5 
tan (@ + y) = i Ure ee er 
1—tanuztany 1—2-} 0 
tan 90° and 270° = o. 
x+y = 90°, 270°. 
tana + ta 8+ 1 10. 
tan(@ + y) = 2 ON UE =-L =o. 
1—tangtany 1—8-} 0 
tan 90° and 270° = oa. 
“+ y = 90°, 270°. 
Hee 1 a+) 
tana + tan y a a 
tan (z+ y) = = = = Cas 
1— tana tan y 1 0 
1l—a- . 


tan 90° and 270° =o. 
x+y = 90°, 270°. 
35. Prove that the sum of tan (# — 45°) and cot (« + 45°) is zero, 
tanz — tan 465° tana—1_ 
1ftanatan 45°" 14 tana’ 
cotxzcoty—1  cotw—1 
‘coty+cotz 14 cota’ 


tan (« — 45°) = 


cot (v + 45°) = 
u 
tane—1 cote—1_ tanx—1l tana 
14 tana oe] +cota 1+tang ae 
tana 
_ tane—1+1-— tang 


1+ tanz 


aa), 
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36. Prove that the sum of cot (x — 45°) and tan (x + 45°) is zero, 
: 1 
a ic (ee COL Ae 1+ he ae 
cot y — cotzx 1— cote 1— cote 
tan («+ 45°) = tang + tany E tanz+1 SN esa 
l—tanztany l1—tanzg-1 l1—tanz 


1 
cote +1 tane+1_ tang tanz +1 
1— cota Pex tang 9 1 1— tang 

tan x 
: _ 1+ tanz—tanz—1 0 
tane —1 


37. If sina = 0.2 V5 and sin y = 0.1 V10, prove that « + y = 45°. May 
x + y have other values? If so, state two of these values. 
Simei 1V5. 
cosa = V1—(1 V5)? = V¢ = 2 V5. 


sin Y= ta V'10. 


sin («+ y)=sinw cosy + cosxsiny = } V5. 15 V10 + 2 
= gy V50 + gis V50 = yy V50 = V2. 
sin 45° = LV/2. x + y may have other values, as 225°, 405°. 


sin(x + y) = iv2. 
e+y = 45°. 
38. Prove that if an angle x is decreased by 45° the cotangent of the 
cotz+1 


resulting angle is equal to — : 
cota —1 
cotx cot 45° + 1 : 
cot (x — 45°) = —— ee a eee ch Ve cheesy 
cot 45° — cote 1— cota cota — 1 


39. Prove that if an angle x is increased by 45° the cotangent of the 
. , cotz —1 
resulting angle is equal to ————_. 
: ; cota +1 
cotxcot45°—1 cot~—1_ cotrx—I1 


cot (x + 45°) = - - = =. 
coty + cote 1+cote cota+1 


» prove that tan(@ + y)=1, 


40. If tang — —“— and tan i 
1l+a 14+ 2a 


a rT 
iene ay) ee 2 lee 1424 : 
1—tanetany — ; al Teac 


) a TaesG 
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41. If a right angle is divided into any three angles 2, y, z, prove that 
1— tany tanz 


tang = 
tany + tanz 
90° =az+y4+z. tany + tanz 
tan ()\ = 
x = 90° —(y + 2). we) 1— tany tanz 
iene an 0 Gee) = —— 
tany + tan z tan y + tan z 


1— tan y tan z 


Exercise 44. Functions of Twice an Angle (Page 103) 


As suggested above, deduce the formulas for the following : 


Ty sime2ia. 


sin2a% = sin(z + 2) = sing cosz + cosasing = 2 sine cosa. 


2. cos 2a. 
cos 2% = cos(« + x) = cosx cosx — sing sing = cos*x — sin? 


3. tan 2a. 
tany-+tang 2tang 


1—tanztanz 1—tan?x 


tan 2% = tan(# + z)= 


4, cot 2a. 
cotzcot2—1_ cot?a—1 


cote+ cote  2cote 


cot 2% = cot(x + 2) = 


Find sin 2x, given the following values of sinz and cosa: 


5. sing = 3 V2, cosa = V2. 
sin 22 =2sinz cosa = 2 LV? LV2=1, 


6. sing = }, cosz = £ V3. 


| 


sin2¢=2singcost=2.}.- LV3 = LV3. 


Find cos 2x, gwen the following values of sinx and cosx: 


7. sinc = }-V3, cosz = i. 8, sing = 3, cosz = §. 
cos 2% = cos?a — sin?x cos 24 = cos? — sin?% 
‘ /Q\2 = 2 3)2 
= (4)? -—-Gv3) = (¢)? — (2) 
7 


=—— Z 
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Find ian 2x, given the following values of tan x : 
10, tang = 0.2701, 


9, tang = 0.3673. 
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ieee FO i 
1— tan? 1 — tan22 
2. 0.3673 7772202701 
~ 1— (0.8673)? ~ 1— (0.2701)? 
_ 0.7346 _ 0.5402 
~ 0.8651 ~ 0.9270 
= 0.8492. = 0.5827. 


Find cot 2x, given the following values of cotx and tanz: 


11, cotx = 0.3673. 


12. tang = 0.2701. 


cot? —1 2 tana 
cot 24 = ——__—_. tan 22 = ———_.. 
2 cota 1 — tan? 
= (0.3673)? Sale cot2z2 = : 
2. 0.86738 tan 22 
— 0.8651 _ 1—tan?a 
~~ 0.73846 2 tana 


eae al sllirreos 


_ 1— (0.2701)? 
~ 2x 0.2701 


San lores le 
Find sin 2x, given the following values of sina: 
13, sine = 4°. 14, sing = 72. 
sin 2@ = 2 sin x cosa. sin 2¢@ = 2sin& cosa. 
cos’ = V1 — (755)? = 32. cosa =V1— (12)? = 
sin2@ = 2. s8,- 12 = 129 sin2@=2-.12.55,= 
= 0.71006. = 0.71006. 


15, As suggested in § 101, find sin 3@ in terms of sing. 


lio == 


sin (v + 22) 

sine cos 244 cosa sin2a 

sin a (cos?a — sin?x) + 2 sin x cos?e 

sin x (1 — sin?w) — sin’a + 2 sine (1— sin? 2) 
sina — sin'a — sina + 2 sina — 2sin?a 

3 sina — 4 sin? a. 


16. As suggested in § 101, find cos 3a in terms of cosz. 


cos 8% = 


cos (& + 22) 

cosa cos 2@ — sing sin2z 

cos x (cos? w — sin?) — sin x (2 sin x cos x) 
cos x (2 cos? — 1) — 2 sin? x cos 

2 cos? « — cosa — 2 cosa (1 — cos? 2) 

4 cos? x — 3 cose. 


TEACHERS’ EDITION 


195 


Exercise 45. Functions of Half an Angle (Page 104) 


Given sin 80° = Z, Jind the values of the following : 


Fasim Voce ot 
— cos 80° 


sin 15°= sin } -30°= \- 


2. cos 15° 


cos 15°= cos } 


1—}>/3— 1 = 
=\| z oe eV = 0.2588. 


2 


3. tan 15° 
i i cos 30° 


° 30° = Ae cos 80° 
= 2 


tan 15°= tan } . 30°= 


Ni 1+ cos 30° 


4. cot 152. 


Apt Vea /3 = 0.9659. 


eal Ge RO Sipe 
NS es Vi— 4V8 = 0.2679. 
iy 3V3 


cot 15° = cot } 


s0°=4/1+ cos 80° __ 
1— cos 30° _ 


nies z = V/744V3= 3.7321. 
eae ays 


5. cot 73°. 


Be ei Let -co8 18° 


7.5928. 


cot 74° = cot 3- — 
= 1 — cos 15° 


Given tan 45° = 


6. sin 22.5°, 


R V3 + 0.9659 _ 
~ V1— 0.9659 


1, find the values of the following : 


2 


ry 1—cos45° 
sin 22.5° =sin}. 45° =4/ = 


ie COS 220025 


1V2— V/2=0.8827. 


cos 22.5° = cos J - 45° 


Sratam 22eor. 
tan 22.5° = tan L- ——-— 
# 1+ cos 45° 
9, cot 22.5°. 
Got. 22.5" 


[A+ ec cos 45° 


= Cot By pA Ore 


=o = 
= 5 = 


if — cos 45° _ 


2 


i 
Ree 1V24 V2= 0.9289. 


2 — 0.4142. 


1— cos 45° 


10. cot 11}°. 


cot 11}°= cot }- 


2910 — 


jl + + cos 223° 
[= cos 2249 7 


anne A 
ali ive 3422 = 2.4142, 
1—1i v2 


ALO, 1+ 0.9239 _ 
1— 0.9289 


5.0280. 
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11. Given sinz = 0.2, find sin} a and cos}. 
cos*a = 1— sin?a = 1— 0.04. 
cosz = V0.96. 


inves cess ee 0-8 9 10051 


[1+ cosz ee 0.4-V6 
1 = = — 0.99493. 
cos }a \ ; 5 


12, Given cosa = 0.7, find sin} a, cos}a, tan}z, and cot}z 


sin be =! aoe =4/! —S-T — 0.3873. 


1+ cosa [1+ 0.7 
ly = = — 0.92196. 
oR EUSA Sp eg 


3 maaan 
tan bray [toe 0.7 _ 9 42009. 
Z 1+ cose 1+ 0.7 


PRR [1+ cose _ [1+ 0.7 
a" Niscose V1—0.7 


= 2.8805. 


Exercise 46. Formulas (Page 105) 


Prove the following formulas: 


2 tanec 
Se = = 
1+ tan? z 
2 sin x 
sin 22 =2 sing cos2 = -— cos? a = 2 tan a cos?a 
COS L 
2tanz  2tang 


sect2a 1+ tan2a 
1 — tan? vo 


2, cos2e% = 
ae aS tan2a 


cos 2x = cos?x — sin?x = cos?x — cos?z tan?x = cos? (1— tan?z) 


Ces tan?a  1— tan?a 


sectx 14 tan?z 
Shy Uayet a S= peat 
2 1+ cosx 
— — I ays 2 
Pale i COS & ja cosa) (1 + cosa) = cos? 
2 Nis cosz N (1+ cosa) (1+ cosz) (1 + cosa)? 
| sin? a = sing 


(1+ cose)? 1+ cose 
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sin x 
1— cosa 


By el bck cos a (1 + cos 2) (1— cos z) 1— cos?x 
cotta = = = caine ot 
1— cose (1 — cos zc)? (1 — cosa)? 
Pee sintss (sine 
(1— cosa)? 1—cosa 


If A, B, C are the angles of a triangle, prove that: 


4. cot 42 = 


5. sind + sinB+sinC =4cos}A cos} Beos}C. 


sin A + sin B + sind 
= sin A + sin B + sin[180°— (A + B)] 
= sin 4 + sinB + sin(A + B); 
by [42] and [80], 
= 2sin}(A + B)cos}(A —B)+ 2sin (4 + B) cos }(A + B) 
= 2sin 3(A + B)[cos}(A— B) + cos} (A+ B)]; 


by [44], = 2sin}(4+ B)2cos}Acos}B 
= 4sin}(4 + B)cos}A cos} B. 
But cos $C = cos[90°— (A+ B)] =sin} (4+ B). 


*, sind + sinB + sinC =4cos} A cos} Boos }C. 


6. cos A + cosB+ cosC=1+4 4sin} Asin } Bsin 4C. 


cos C = cos[180° — (A + B)] =— cos(A + B). 
.. cos A + cos B + cosC 
= cosA + cosB — cos(A + B); 


by [44], = 2cos}(A + B) cos }(A — B) — cos(A + B); 

by [82], = 2cos4(A + B) cos} (A — B)— 2cos*} (A + B) +1 
= [2cos}(4 + B)][cos }(A— B)— cos} (A+ B)] +1; 

by [45], =[2cos4(4 + B)] x [2sin} Asin} B] +1 


= (2sin}C)(2sin} Asin} B)+1 
=1+4sind Asin} Bsin}C. 


7. tan A-+ tanB-+ tanC = tanA tan B tan C. 
Since A+B+C=180°, C= 180°—(A + B). 
“. tan C = tan [180° — (4 + B)] =— tan(A + B); 
by [26], tan A + tanB = tan(A + B)(1— tan A tan B) 
= tan(A + B)— tan(A + B) tan A tan B. 
..tanA + tan B+ tanC = tan(4 + B)— tan(A + B) 
— tan(d4 + Bb) tan A tan B 
=— tan(A + B) tand tanB 
= tan A tan BtanC. 
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8. Given tan } 7 = 1, find cosa. 9. Given cot }z = V3, find sina. 


1— cosa A 1+ cosz 

tani Fae d COtp a (ere 
= COS & = — cose 
te ee Vit jl+ cosx 

1+ cosa 1—cosz 


_ 1—cosz 3 = Pt cose 
~ 14 cosz” ~ 1 cosa 
1+ cose =1— cosa. Se=sicos fl coss 
PCOS = Us — 4cosz =— 2. 
Costs 03 cosz% = $. 
sin?z = 1— cos? 
=)]~— Ui ey 


sin 83°°+ sin 3° : = 


10. Prove that tan 18° = : 
cos 33° + cos 8° 


Let pikes 
and (= NGS. 
Then 2singx cosy = sin(x + y) + sin(x — y). (1) 
2 cosx cosy = cos(w + y) + cos(w — y/). (2) 


sin (x + y) + sin (x — y) 
cos (& + y) + cos (« — Y) 
Substitute values of x and y, 

$im38° -- sin 8° 


cos 838° + cos 3° 


Divide (1) by (2), tanz = 


tan 18° = 


11. Prove that sin} 2 + cos}a= V1 be sing. 


; : is Se aay 
SI et COS 4 =v (sin 4 Ve + cos } 1 x)? 


=V sin? Ja + cos? La + 2 sin} Lxcosta 


=V1+2sinlecosle 
=V1+4 sing. 


12. Prove that 22% = tny _ 


Lu 


+ tana tany. 
cotx + coty 


sing siny 
tang + tan y cosz% ~~ COSY 


cote + coty COS & COSY 


sinz siny 
sing cosy +sin y cosx _ sina sin y 


COS L COSY cosz siny+sing cosy 
sin z sin y 
= + ———— =4 tangtany. 
COS £ COSY 
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18. Prove that tan (45° — r) =}, 
14 tanz 
¢ Ove e 
tan (45° — 2) = tan 45 tan z¢ - i tan & 
1+ tan 45° tanz 14 tang 


14, In the triangle ABC BrUve that 
cot }A + cot } B+ cot } C= cot tAcot }Bcot LC. 
Since LA se) LB+h Ge == WE, {Cts 90 — 
= eot }C= tan y(A + B), 
cot LB= tan }(A + (0), 
and cot $ A= tan } ne + C). 
* cot bA + cot i B+ cotiC 


= tan $(4 + B) + tan (4 + C) + tan 
= tan }(4 + B) x tan (4 + O) x tan $ 


by Prob. 7, 
=cot 4A x cot }Bx cot LC. 


L(A + B). 
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L(B+ 0); 
1 


(BHC) 


Change to a form involving products instead of sums, and hence more 


convenient for computation by logarithms : 


15. cotx + tan z. 


cotz + tane 
cos“ sing 


Sie COS 
cos?z + sin2z 
sin. COS & 


__ 2(cos*?x + sin?z) | 


2sinw cosx 


by [16] and [30], 
2 


sin 24 


16, cotz — tang. 


cota — tanz 
cose sina 


sing cosa 
cos*x — sin?x 


sin & COS x 


by [32], pgs Nemec 


sin @ cos a 
2 cos 2a 


aa y 
2 sin v2 cose 
ane 2 cos2x 

by [80], = = 


sin 2 2a 
Se COG cit 


17, cota + tan y. 
cotx + tany 
cosx  siny 


sing cosy 
_ cose cosy + sina sin y 
sinw cosy 
COS (& — ¥) 


sin zw cos y 


by [25], = 


18. cotw — tany. 
cota — tany 
_ cose siny 


sing cosy 
cos@ cosy — singzsiny | 
sin @ cosy j 
cos (x + y) 


by [24], = — 
sin £ cos y 
19. 1— cos 2x 2a 
14+ cos2a_ 1— cos 2a 
1— cos2e 2 
1+ cos2a ~ T+ cos 2a’ 
ey 
2 sin? x 
by [84] and [35], = —— 
COs? 
= tana, 
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? 


20. 1+ tanztany. 23. cotxcoty —1. 
1+4 tana tany cotz coty —1 
sing si 
1p oe ee = UR 
cosx% cosy sin z sin y 
_ cosa cosy + sina sin y , cosz cosy — sinz siny 
=> ? — ; 
COS & COSY sing siny 
cos (« — y) 
by [25], =—___. by (24), 
COS COSY sinz siny 


21. 1— tana tany. ey ae 


1— tang tany 24, : 
_7_ Sinwsiny COLE Een gy 
= COS & COs Y tang + tany 
__ cosx cosy — sing siny cote + coty 
Kt" COS & COSY sing | siny 
_ cos(x + y) _ cosz cosy 
~ Cosz cosy. C08 a cosy 
22. cotx coty + 1. sing siny 
cota coty +1 sinz cosy + cosz sin y 
— CO8® | cosy = COS Z COS y 
sing siny sinz cosy + cosxsiny 
_ cosx cosy + sina sin y | sing sin y 
i sin a sin y : _ sinesiny 
by [25], cone) ~ Cosz cosy 
sin w sin y = tang tany. 


sin (: 
25, Prove that tana + tan y = sin(@ + 9) | 


COS & COS Y 


tana + tany = 


sin x siny sinwcosy + cosx siny _ sin(x+ y) 


COR COSY COS & COSY 
: sin (x — 4 
26, Prove that cot y — cote = sine a) 
sin z sin y 


coty — cotr = 


COS Z COSY 


cosy cos®  sinxcosy—cosasiny _ sin(«— y) 


siny sing — sin z sin y 
27. Given tan(x + y) = 3, and tana = 2, find tan y. 


tan(e $y) = 


— tana tany 
3 ws 2k tan y 
"1 2tany 
3— 6tany =2 +4 tany. 


—Ttany =—1. 
tany =}. 


sing sin y 


TEACHERS’ EDITION 


28. Prove that (sinz + cosa)? =1 +4 sin 2a. 


sin?z + 2sinaz cosz + cos*2 =1 + 2sinz cose =1+4+ sin 2a. 


29, Prove that (sinz — cosz)? =1— sin 2a. 


sin?z — 2sinz cosz + cos?a@ =1— 2sinzcosz =1— sin2za. 


30. Prove that tanxz + cotz = 2 csc 2z. 


sing . cosa 
tan z + cot® = - 
COSL) == sine 


sin? + cos?a 
~ sina cosa _ 
ro 1 
~ sine cosa 


= —— = 2 csc 2a. 
sin 22% 
31. Prove that cotz — tanz = 2 cos2x%csc2za. 


cosx sing 
cota — tang = 


sing cosa 
cos? — sin?a 


sin z cos x 
cos 2% 


sin @ cosx 
2cos2a 

= —_—""~ = 2 cos 2% csc 2a. 
sin 2.2 


82, Prove that 2 sin? (45° — xz) =1—sin2z2. 


sin (45° — 7) = sin 45° cosa — cos (45° sin 2) 
4 V2 (cosa — sing). 


I 


sin? (45° — x) = 3 (cos?a — 2 sin @ cosa + sin? x) 


= $(1—2sinz cosz) 
= 4(1—sin 22). 
2 sin? (45° — x) = 1—sin 2a. 


33. Prove that cos 45° + cos 75° = cos 15°. 


cos 45° + cos 75° = 2cos } (45° + 75°) cos 4 (75° — 4 


= 2 cos 60° cos 15° 
2-4 cos 15° 
= COSMO 


ll 
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34, Prove that 14+ tanztan2z2=tan2zcotz —1. 


2 tan2ax 1+ tan?2 
By [31 1+ tana tan 2e@ = 1 + ————__ = ——_—_.. 1 
y (8h), 1—tan?2 1—tan?a (1) 
2 tan z 
tan 2% = ——_—_—_-. 
1 — tan?2 
2 tan @ 
(025 — 
tan 2a 
> 2tane 
: : 1+ tan? tan 2a 
Substitute in (1), py aes ee eee 
1— tan? 2 2 tame 
tan 2.2 
tan 22x 
5 L- tan® tan? = ; —i=tan2« cots —1. 
AN L 


Prove the following formulas : 


35. (cosx + cosy)? + (sing + sin y)? = 2 4+ 2 cos(xz— y). 


(cosa + cos y)? + (sina + sin y)? 
= cos?a + 2 cosa cosy + cos?y + sin?a + 2 sina sin y + sin? y 
=1+4+1+42cos2z cosy + 2sinzsiny 
= 2 -+ 2 cos(x — y/) 


86. (sine + cosy)? + (siny + cos)? = 2 + 2sin(@ + y). 
(sin aw + cos y)? + (siny + cosa)? 
= sin? + 2sinz cosy + cos?y + sin?y + 2siny cosa + cos?z 
=14+1+4 2sinz cosy + 2 cosa siny 
=2+4 2sin(@ + y). 


37. sin(x + y) + cos(x — y) = (sing + cos2) (sin y + cosy). 


sin (v + y) + cos (x — y/) 
=sina cosy + cosxsiny + cosxcosy + sing siny 
=sinaz(cosy + siny) + cosa (sin y + cosy) 
= (sin + cos 2) (Siny + Cosy). 


38. sin(z + y) cosy — cos(x + y)siny = sing. 


sin (x + y) cosy — cos(x + y)siny 
= cosy (sing cosy + cosa sin y) — sin y (cos @ cos y — sili sin y) 
= sin cos? y + cose cosy siny — cos cosy sin y + sin sin? y 
= sina (sin? y + cos? 7) 
= sinw (1) =ssinlee 
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Exercise 47. Law of Sines (Page 109) 


sin A 


1. Consider the formula S = when B = 90°; when A = 90°; when 


A=B; whena=b. SBE 
a _smA _ sind aus 90°51 a_ sind a sind 
D> SOG? — ae 6 snB snB 6 sinA a sinB 
a=bsinA. b=asinB, a=b. sinA=sinB. 
2. Prove by the Law of Sines that 3. Prove Ex. 2 for the bisector 


the bisector of an angle ofatriangle of an exterior angle of a triangle. 
divides the opposite side into parts 


proportional to the adjacent sides. Let CD bisect the external angle 


at C; 

Let CD bisect angle C; fen BD _ sin y C 

AD siniC CD=— sin 'B 
eben CD aaa AB + BD ~ sin} @ 
Syne and = 2, 

: DB _ sintC CD sin A 

end Gi). sine By division, 

By division, BD _ sina ; 
AD _ sinB AB+ BD sinB 
hes ca i But si = = : 

sin D sin B 
But =—. 
sinA a eB) ee 
LUD AD 0b 
Boa 


4. The triangle ABC has A =78°, B=72°, andc=4in. Find the 
diameter of the circumscribed circle. 


C = 180° — (78° + 72°) = 30°. 
G 4 
By § 106, Oe ee 
sinC $ 


The diameter of the circumscribed circle is 8 in. 


5. The triangle ABC has A = 76°37’, B= 81°46’, and c= 368.4 ft 
Find the diameter of the circumscribed circle. 
C = 180° — (76° 37’ + 81° 46’) = 21°37’. 
368.2 
jy Se ae Ee 
sin?’ 0.3684 


The diameter of the cireumseribed circle is 1000 ft. 
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6. What is the diameter of the circle circumscribed about an equi- 
lateral triangle of side 7.4in.? What is the diameter of the circle 
inscribed in the same triangle ? 

PA) Bi Op Oe 
py epi eer 
sind 0.8660 


2R=2-V (4.2725)? — (3.7)? = 2 (2.1364) = 4.2728. 
The diameter of the circumscribed circle is 8.5450 in., and of the 
inscribed circle 4.2728 in. 


7. What is the diameter of the circle circumscribed about an isosceles 


triangle of base 4.8 in. and vertical angle 10°? 
aes a”. Es 4.8 
sinC 0.1786 


The diameter of the circle is 27.6498 in. 


= 27.6498. 


8. What is the diameter of the circle circumscribed about an isos- 
celes triangle whose vertical angle is 18° and the sum of the two equal 


hee 
PES 1 of 18in. = 9 in. 


4 (180° — 18°) = 81°. 
i. ie ee 
sin A 0.9877 


The diameter of the circle is 9.1121 in. 


2R == O12 A. 


Exercise 48. Law of Sines (Page 110) 


Solve the triangle ABC, given the following parts: 
1d — 500) A aS 22 BAGS S6:. 


7 = 500 loga = 2.69897 loga= 2.69897 

= 10° 12’ colog sin A = 0.75182 colog sin. A = 0.75182 

B= 46° 36’ log sin B = 9.86128 log sin@ = 9.92260 

A+ B= 56° 48’ log b = 18.31207 log ¢ = 13.37339 
ACs USS 1s . 6 = 2051.5. .. € = 2862.6. 

2) GO = 1955 A= 179° 59% B= 440 41 

a= 795 loga = 2.90037 loga = 2.90087 

Aro OOd colog sin A = 0.00667 colog sin A = 0.00667 

B= 44° 41’ log sin B= 9.84707 logsin@ = 9.91512 

A+ B= 124° 40’ log b = 12.75411 log c = 12.82216 


DO) ean AU el DOGO0, -. 6 = 663.99. 
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Oh GSES ZNSE ays, 18) Ee 


a = 804 loga= 2.90526 
A= 99° 55’ colog sin A = 0.00654 
B= A5o logsinB= 9.84961 
A+ B= 144° 56’ log b = 12.76141 
a Greene, Oiled Le 
4, a4 = 820, d= 12°49, B= 141° 59’. 
a = 820 loga= 2.91381 
=) 129495 colog sin A = 0.65398 
= 141° 59’ log sin B= 9.78950 
A+ B= 154° 48’ log 6 = 13.35729 
ron = Dear. -b = 2276.6. 
San LOUD GEA Op Oe es —04c- 2 ne 
c = 1005 loge = 3.00217 
l= “hele 1 colog sinC = 0.13428 
B= 64°27 log sin A = 9.99091 
A+ B= 132° 46’ log a = 13.12731 
= 47°14’, *, @ = 1340.6. 


Goi 13.57, 


BES? bt) Gi ble 18% 


= 13.57 logb = 1.138258 

B= 1367 colog sin B= 0.61785 

C= bI2 13% log sina = 9.97610 

B= CO = 712107 log a = 11.72653 
perio OS SOU: . & = 538.276 


Menor 6412. Al 10°56, C = 522 9% 
a = 6412 loga = 3.80699 
PA 02.55% eolog sin A = 0.02455 
=e O2° 0 log sinB= 9.92326 
A + C=128° 4 log 6 = 13.75480 
SB 50206 b = 5685.9. 


b = 999 logb = 2.99957 

Sal eases fest ao colog sin B= 0.01128 
O= 65° 2’ log sin A = 9.78902 
A+ C= 103° log a = 12.79987 


~ = 630,77 
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loga= 2.90526 
colog sin A = 0.00654 
log sinC = 9.75931 
loge = 12.67111 

*. € = 468.93. 


loga= 2.91381 
colog sin A = 0.65398 
logsin@ = 9.62918 
loge = 18.19697 

Cis Tono. 


loge = 3.00217 

colog sinC = 0.13423 
logsinB= 9.91042 
log b = 13.04682 


Slay SS TIS Re 
logb = UAE IAS 
colog sin B= 0.61785 


logsinC = 9. 9246 a5) 


: 


loga= 8.80699 

colog sin A = 0.02455 
log sin? = 9.89742 
log c = 13.72896 

*. ¢ = 5357.5. 

logb = 2.99957 
cologsin B= 0.01128 
logsin@ = 9.95739 


loge = 12.96824 


*. ¢ = 929.48. 
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Solve Exs. 9-14 without using logarithms : 


9. Given b= 7.071, A= 30°, and 
C = 105°, find a and c. 


B= 180°— (A + C) = 45°, 


a sind 
bd. sinB 
ee en 
7.071 1/2 
= ails = 4.9991 = 5 
V2 


Let p and g denote the segments 
of c made by the L dropped from C. 
= cosd =} V3 = 0.86603. 
b 
p=b x 0.86603 

= 7.071 x 0.86603 

= 6.1237. 


V2 


a@ xX 0.7071 

= by < Wsiynl a Sia 
c=pt+q 

= 6.1237 + 3.5355 

= 9.659. 


cos B 0.7071. 


gq 
a 
q= 


10, Givenc = 9.562, A = 45°, and 
B= 60°, find a and b. 


C= 18% 
csin A 
—— . 
sin C 


sin C = sin (45° + 30°) 
= sin 45° cos 30° 
+ cos 45° sin 30° 
=4v2x iv384+4v2x4 
=1(V6+-v2). 


9.562 x } v2 
i (V6 +-V2) 
_ 19.124 x V2 


oe 


V6+4+V2 - 
(19.124 x V2)(V6 — V2) 
is 6—2 
= 9,562 (V3 — 1) 
= 6.99986 = 7. 


b= 2 
sin A Lv2 
avs oe 
vz 2 


= 3.5 V6 = 8.573. 


11. The base of a triangle is 600 ft. and the angles at the base are 30° 


and 120°. 


a Ch SE = OOM site, 
b  sinB 
@ sinc, 
bees SG 


= = V3 A 
600} 


b = 600- V3 = 1039.2 ft. 


SI 


Find the other sides and the altitude. 


C = 180° — (A + B) = 80°. 


h=asin B= 600 x } V3 
TOL Odbe 


12. Two angles of a triangle are 20° and 40°. Find the ratio of the 


opposite sides, 


a sind _ 0.3420 


b sinB 0.6428 


= 855 : 1607. 
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13. The angles of a triangle are 
as 5:10:21, and the side opposite 
the smallest angle is 3. Find the 
other sides, 

Since the angles A, B, C are as 
6:10:21, 


A = +P, of 180° = 25° 
B= 3° of 180°= 50°. 
C= 22 of 180° = 105° 
me asinB 3x 0.7660 
sind  _—- 0.4226 
= 5.438. 
_ asinC _ 38 x 0.9659 
sma © 904296 
= 6.857. 


14, Given one side of a triangle 
27 in., and the adjacent angles each 
equal to 30°, find the radius of the 
circumscribed circle. 


2k =——. 
sin A 
sin A = sin 120° 
= sin (180°—120°) = sin 60°. 
SsimG02 = V3. 


Sie eas as E18 4/8, 
eV eae 
» R=9V3 = 15.588 in. 


15. The angies Band OC of a tri- 
angle ABO are 50° 30’ and 122° 9’ 
respectively, and BC is9mi. Find 


ABand AC. 
(Ca WOR? We 


B= 502 30) 
BE C=172° 389° 
mr A=. | eens 


log BC = 0.95424 
colog sin A = 0.893803 
log sin B= 9.88741 


log b = 1.73468 
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= 54,285. 
*, AC = 54.285 mi. 


log BC = 0.95424 
colog sin_A = 0.89303 
log sin C = 9.92771 
log ¢ = 1.77498 


c = 59.564. 
* AB = 59.564 mi. 


16, In a parallelogram, given a 
diagonal d and the angles w and y 
which this diagonal makes with the 
sides, find the sides. Compute the 
results when d=11.2) 4 =19° 1’, 
and y = 42° 54’, 


Cae Sie, 
d sing’ 

_ dsing 

Sas 
CameSin y 
i sin z 

_ dsiny 

~ sing — 
C= 2% 
aces 1s al? 


YS BV EE 
heh (Yj Mol Gey 
OS 7 Se UR tay 


log d = 1.04922 
colog sing = 0.05440 
log sing = 9.51301 


loga = 0. 61663 


a = 4.1365. 

log d = 1.04922 
colog sin z = 0.05440 
log sin y = 9.83297 
loge = 0.986 59 


c = 8.6416. 
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17. A lighthouse was observed 
from a ship to bear N. 34° E.; after 
the ship sailed due south 3 mi. the 
lighthouse bore N. 23°. Find the 
distance from the lighthouse to 
the ship in each position. 

C23 
= BE 
B = (180° — 34°) = 146° 
A + B=169° 
iC. 
log ce = 0.47712 
colog sin C = 0.71940 
log sin A = 9.59188 
log a = 0.78840 
a = 6.1488. 


loge = 0.47712 
colog sin C = 0.71940 
log sin B = 9.74756 
log b = 0.94408 
= 8.7918. 
Therefore the required distances 
are 6.1483 mi. and 8.7918 mi. 


18. A headland was observed 
from a ship to bear directly east ; 
after the ship had sailed 5 mi. 
N.31°K. the headland bore §.42°E. 
Find the distance from the head- 
land to the ship in each position. 


Al =759> 
Br Ase 
(Che 78, 
Ube 
_ bsind 
‘sin Be 


log b = 0.69897 

log sin C = 9.98060 
colog sin B = 0.12893 
0.80850 

c = 6.4343. 
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bsin A 
E> 


sin B 


log b = 0.69897 

log sin A = 9.93307 
colog sin B = 0.12893 
0.76097 


a = 5.7678. 


19. In a trapezoid, given the 
parallel sides @ and 6, and the 
angles « and y at the ends of one 
of the parallel sides, find the non- 
parallel sides. Compute the results 
when d@=15, b=). 010%) i408 


Given parallel sides, 

AB =i andy DC = los 
also ADC=40° and BCD=70°, 
required AD and BC. 

Draw AE || BC; 
then AB= EC (\lscomp. bet. Ils), 
and DE=DC—AB 
Also AED =BCD 
= 70° (ext.int. 4). 
Now DA EF = 180° — (40° + 70°) 
=e 
But since 
ALE D = DAV == 702 
the A AED is isosceles and 

DAD ii—8 

Ale BG. 
and we are to find BC, 

AE sinADE 

DE snDAE 
log DE = 0.90309 
log sin ADE = 9.80807 
colog sin DAE = 0.02701 
log AE = 0.78817 


AE = BC = 5.4728, 
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20, {wo observers 5 mi. apart 
on a plain, and facing each other, 
find that the angles of elevation of 
a balloon in the same vertical plane 
with themselves are 55° and 58° 
respectively. Find the distance 
from the balloon to each observer, 
and also the height of the balloon 
above the plain. 


Bi 582 

PA abe 

A + B=118° 
Os Onion 


log ¢ = 0.69897 

colog sin C = 0.03597 
log sin A = 9.91336 
log a = 0.64830 

a = 4.4494, 


o. BC = 4.4494 mi. 


log ¢ = 0.69897 

colog sin C = 0.08597 
log sin B = 9.92842 
log b = 0.66336 


b = 4.6064. 
«. AC = 4.6064 mi. 
To find h. 
ae sin B. 
a 
Ly Hy =O hai 18%, 


log a = 0.64880 
log sin B = 9.92842 
log h = 0.57672 


h = 3.7783. 
.. height = 3.7733 mi. 


21. A balloon is directly above a 
straight road 7} mi. long, joining 
two towns. The balloonist observes 
that the first town makes an angle 
of 42° and the second town an angle 
of 38° with the perpendicular, Find 
the distance from the balloon to 
each town, and also the height of 
the balloon above the plain. 


C= 38022 

T3\ eA ee AE 
Jas CY — Bh? Sy. 
C= (25 mie 


a oe sin A 
c sinc” 

__ 7.25 sin 48° 
eg sin 80° 


log 7.25 = 0.86034 
log sin 48° = 9.87107 
colog sin 80° = 0.00665 
log a = 0.73806 

a = 5.4709 mi. 


ea 7.25 sin 52° 
sin 80° 
loge = 0.86034 
log sin 52° = 9.89653 
colog sin 80° = 0.00665 
log b = 0.76352 
b = 5.8013 mi, 


= 22 Rino Jey, 
h 
log a = 0.78806 


log sin 52° = 9.89653 
log h = 0.63459 


=" Gsinyo2>s 


=> Ralioa 


h = 4.3111 mi. 


210 


PLANE TRIGONOMETRY 


Exercise 49. The Ambiguous Case (Page 112) 


In the triangle ABC given a, b, and A, prove that: 
1. If a>b, then A>B, B is acute, and there is one, and only one, 
triangle which will satisfy the given conditions. 
sind a 


sinB ob’ 
if a>b, sinA>sinB and A>B, and B must be acute, whatever the 
value of A; a triangle can have only one obtuse angle. Hence there is 
only one triangle that will satisfy the given conditions. 


2. If a=b, both A and B are 
acute, and there is one and only 
one triangle which will satisfy the 
given conditions, and this triangle 
is isosceles. 

a=b, snA=sinB. 
oe, As dy, 

Both A and B must be acute, and 
the required triangle is isosceles. 


3. Ifa <b, then A must be acute 
to have the triangle possible, and 
there are in general two triangles 
which satisfy the given conditions. 

a<b,sinA<sinB. 

A<B,and A must be acute in or- 
der that the triangle may be possible. 
There are two triangles: (1) when 
B is acute; (2) when B is obtuse. 


4, If a=bsin A, the required triangle is a right triangle. 


a sina 


db sinB 
.. ABC is a right triangle. 


Sn re 


bsinA a 


== 1, B= 905. 


a 


5. If a<bsinA, the triangle is impossible. 


If a<bsinA, then sin B would be greater than 1, and the triangle is 


impossible. 


6. If A = B, there is one, and only one, triangle. 


sin A a 


sinB b 


1=-, a=b, and there is only one isosceles triangle. > 


Exercise 50. The Oblique Triangle (Page 115) 


Find the number of solutions, given the following: 


We toh es flO) 100, HA) = BU. 


ce OE 


vA <O0P. 
. two solutions. 


On = 0 b= 00 Avan 02 


and 


. a@<bsin A = 100 x }, 


*. no solution. 


<b, but a> bsinA=100 x 4, 


20 = DOO O00 meda—— 80cm 
ad =O SILA 
= 100 x 3. 
. one solution. 


and A< 90°. 


TEACHERS’ EDITION 


4, a=100, b= 100, A = 30°. 
a = 6, and A is an acute angle. 
*. one solution. 
One) 3.40 — AG Ae On 
a, GL SS lols 
.. one solution. 
6. 4 


70, b= 75, A = 60°. 
RAD 
but a>bsinA =75 x } V3, 
and TINE’ 


.. two solutions. 
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7, a = 134.16, b= 84.54, B= 52° 9. 


OS Oy 
B < 90°, 
sin B = 0.7896. 
84.54 < 134.16 x 0.7896. 
a Oa SIMPLES 2 


*. no solution. 


Siva — 20080 100 Ae—= 302. 
a0. 


. one solution. 


Solve the triangles, given the following: 


9. a= 840, b= 485, A= 21°31. 
colog 4 = 7.07572 — 10 
log b = 2.68574 
log sin A = 9.56440 
log sin B = 9.32586 
B = 12°13’ 34”. 

5 OFS TO GY LG 
log a = 2.92428 
log sin C = 9.74466 
colog sin.A = 0.48560 
loge = 3.10454 


C= N2T2i. 


10. a = 9.399, b= 9.197, 
A = 120° 35’. 
colog a = 9.02692 — 10 
log b = 0.96365 
log sin A = 9.93495 
log sin B = 9.92552 
Bi Oie23a4 0: 
(CPS? WA 
log a = 0.97308 
log sin C = 8.54761 
colog sin A = 0.06505 
loge = 9.58574 — 10 
¢ = 0.88525. 


colog a = 8.04067 — 10 

log b = 1.88672 
log sin A = 9.89142 
log sin B = 9.81881 

B= AIONOC 56, 

SNC) ate Bho a 

log a = 1.95933 
log sin C = 9.99963 
colog sin A = 0.10858 
log ¢ = 2.06754 
C—NNGISS: 


12. a = 55.55, b = 66.66, 
B=T77° 44. 
log a = 1.74468 
log sin B = 9.98997 
colog b = 8.17618 — 10 
log sin A = 9.91078 
A = 54° 31’. 
SO Ue elise 
log a = 1.74468 
log sin C = 9.86936 
colog sin-A = 0.08922 
log ¢ = 1.703826 


¢ = 50.496. 


ll 


and 
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13. a = 309, 6 = 360, 
A 21 AS 


There are two solutions, 


for a<b, 
but a>obdsind, 
FAL AOO es 


First solution. 
log b = 2.55630 
log sin A = 9.55891 
colog a = 7.51004 — 10 
log sin B = 9.62525 
B = 24° 57 26”. 
. C = 188° 48’ 34”. 
log a = 2.48996 
log sin C = 9.85832 
colog sin-A = 0.44109 
log C = 2.78937 
C= 01s 


Second solution. 
B’ = 180° — B= 155° 2’ 34”. 
C2 "B Al =32743°26°4 
log a = 2.48996 
log sin CO” = 8.81257 
colog sin A = 0.44109 
log c’ = 1.74362 
c’ = 55.414. 


14a = 34,0 = 22) 2 "302202 
Here b<a, but >asin B, and 


B< 90°. 


.. two solutions. 
loga = 1.53148 
log sin B = 9.70332 
colog b = 8.65758 — 10 
log sin. A = 9.89238 
Ts, Sa) GSMS PAT ie 
AGS 4135, 
as (Os Ue Ei 
as OF =. PADS She Al 
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log a = 1.58148 
log sin C = 9.99536 
colog sin.A = 0.10762 
log c = 1.63446 
c = 43.098. 
log a = 1.53148 
log sin C’ = 9.55382 
colog sin A = 0.10762 
log c’ = 1.19292 
ce’ = 15.598. 

15001956 =A 8 Gib 496 
There are two solutions, 


for C= 6) 
but c>bsind, 
and C < 90°. 


log b = 1.27875 
log sin C = 9.48546 
colog c = 8.74473 — 10 
log sin B = 9.45894 
B= 6243037 
see Osc Onan 
Po walk tes WEP ci 
pepe Od goa 
log b = 1.27875 
colog sin B = 0.54106 
log sin A = 9.73065 
loga = 1.55046 
a = 35.519. 
log 6 = 1.27875 
colog sin B’ = 0.54106 
log sin .A’ = 8.19784 
log a’ = 0.01765 
a’ = 1.0415. 


16. a = 8.716, b = 9.787, 
A = 88° 14’ 12”, 


There are two solutions, 


for Ore lay 
but a>bdsinA, 
and A< 90° 
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log b = 0.99065 
log sin A = 9.79168 
colog a = 9.05968 — 10 
log sin B = 9.84196 
B= 44° 1’ 28”. 
pe O97 27442202 


log a = 0.94032 

log sin C = 9.99602 
colog sin A = 0.20837 
loge = 1.14471 


ce = 13.954. 


B’ = 180° — B = 185° 58’ 82”. 
C’= B— A=5° 47’ 16”. 


log a = 0.94032 

log sin C’ = 9.00365 — 10 
colog sin A = 0.20837 
log c’ = 0.15234 
Cea A202) 


17. a = 4.4, b = 5.21, 
ema O hares inliias 


log b = 0.71684 
log sin A = 9.92661 
colog a = 9.35655 — 10 
log sin B = 0.00000 
B= 90°. 
C = 32° 22’ 43”. 


log b = 0.71684 
log cos A = 9.72877 
logc = 0.44561 


= 2.7901. 


18. Given a= 75, b= 29, B= 
16° 15’; find the difference between 
the areas of the two triangles which 
meet these conditions. 


The triangle which is the differ- 
ence of the two triangles has for its 
altitude a sin B, and two of its sides 
are of length 29. 


log a= 1.87506 
log sin B = 9.44689 
log (a sin B) = 1.382195 


asin B= 20.987 = 21. 


292 — 212 = (29 — 21) (29 4 21) 
=8 x 50 = 400. 
. V292 — 21? = 20, 


Hence the base of the triangle is 
2 x 20 = 40, and its altitude 21. Its 
area is therefore } x 40 x 21 = 420. 


19. Ina parallelogram, given the 
side a, a diagonal d, and the angle A 
made by the two diagonals, find the 
other diagonal. As a special case 
consider the parallelogram in which 
Gi 5040) —Oonande etal S67. 


1h ta), 
ld = 81.5. 
Agee oo Ges 


colog a = 8.45593 — 10 
log }d = 1.49831 
log sin-A = 9.56599 
log sin B = 9.52023 
Bios 20 goa 


CES ON seis 


log a = 1.54407 

log sin C = 9.81648 
colog sin A = 0.48401 
log Ld’ = 1.79456 


$d’ = 62.31. 
GQ 1 24r 62 
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20. Ina parallelogram ABCD, 
given AD = 3in., BD=2.5in., and 
Al 1472):20 endear: 

nA De AD sina 
BD 
3 x sin 47° 20’ 
a , 
log 3 = 0.47712 
log sin 47° 20’ = 9.86647 
colog 2.5 = 9.60206 


log sin ABD = ale 
iy Ae yD) — 55’ 43”, 
2, ALIKE = a 44/17”. 
Sipe BD sin D 
sin AL 
_ 2.5 x sin 70°44/177 
~ gin 47° 20’ 
log 2.5 = 0.39794 


log sin 70°44’ 17” = 9.97498 
colog sin 47° 20° = 0.13353 
log A B = 0.50645 

*, AB = 3.2096: 

21. In a quadrilateral ABCD, 
oiven AC = 4 in. AB AC = 30> 
ZB = 5020 eZ Di S82 SOR mranG 
ZBAD = 70° 407, find the length of 
each of the four sides, 

AC sin BAC 


sin B 


_ 4sin 35° 
~ sin 75° 20’ 
log 4 = 0.60206 
log sin 35° = 9.75859 
colog sin 75° 20’ = 0.01439 
log BC = 0.37504 
BC = 223716 in: 
ACsinDAC _ 4sin 35° 40’ 
snD 38°30 — 
log 4 = 0.60206 
log sin 35° 40’ = 9.76572 
colog sin 38° 30% = 0.20585 20585 
loarGD == 0.57363 
CD = 3.7465 in. 


BCS 


CD= 
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ACsinDCA _ 4sin 105° 50’ 
sinD  _ sin 88° 30’ 
log 4 = 0.60206 


AD 


log sin 105° 50’= 9.98320 
colog sin 38° 30’ = 0.20585 
log AD = 0.79111 

AD =6,181Tin. 


ACsinACB _ 4sin 69° 40° 


Ab - a =e 
sin B sin 75° 20 


log 4 = 0.60206 
log sin 69° 40’ = 9.97206 
colog sin 75° 20 = 0.01439 
log AB = 0.58851 

AB = 3.8771in. 


22. In a _ pentagon ABCDE, 
given ZA = 110° 50’, ZB = 106° 30’, 
ZE=104°10’, ZBAC=30°, Z DAE 
= 84° 56’, ZADC = 52°30’, and 
AC = 6in., find the sides and the 
remaining angles of the pentagon. 


LZD=ZADES ZGADG 
= 40° 54’ + 52° 30’ 
== 98°24". 

ACsinA 
sin B 


— 6 sin 30° 
~ sin 106° 30’ 
log AC = 0.77815 
log sin 30° = 9.69897 | 
colog sin 106° 30’ = 0.01826 
log BO = 0.49538 
BCs sa288 ine 


Be 


CD= ACsin DAC cae 6 sin 45° 54’ 
~ sn ADC sin 52°30’ 


log 6 = 0.77815 
log sin 45° 54’ = 9.85620 
colog sin 52° 80’ = 0.10053 


log CD = 0.73488 
CD 215,42 sine 
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_ ADsin ADE 

i Meine 

_ 7.4817 sin 40° 54’ 

~ sin 104°10 

log 7.4817 = 0.87400 

log sin 40° 54’ = 9.81607 

colog sin 104° 10’ = 0.01341 

log AE = 0.70348 
AH = 5.0522 in. 


AE 


ZC0=>=ZAC)D + ZACB 
= 81° 36’ + 48° 30’ 
= IPO 
_ACsin ACB _ 6sin 43° 30 
~  sinB sin 106° 30” 
log AC = 0.77815 
log sin 43° 30’ = 9.83781 
colog sin 106° 30’ = 0.01826 
log AB = 0.68422 
AB = 4,3075 in. 


AB 
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AD—ACSNACD _ 6 sin 81° 36’ 
~ gindADC sin 52°30’ 


log 6 = 0.77815 

log sin 81° 86’ = 9.99582 
colog sin 52° 30’ = 0.10053 
log A.D = 0.87400 


AD = 7.4817 in. 


_ ADsin DAE 

_ sin EB 

__ 7.4817 sin 84° 56” 
~~ sin 104910" 


DE 


log 7.4817 = 0.87400 

log sin 34° 56’ = 9.75787 
colog sin 104° 10’ = 0.01341 
log DE = 0.64528 


DE = 4.4186 in. 


Law of Cosines (Page 117) 


1. Using the figures on page 116, prove that, whether the angle B is 


acute or obtuse, ¢c = acosB + bcosa. 


C 
b a 
A c D B 
When angle B is acute, 

DB 

cos B = DE. 

a 
AD 
cos A = : 


t#) 
ee bd COS: 


and AD = bdecosa. 


«. DB+ AD =acosB+bcos A. 


But DB+ AD =c. 


c= acosB+bcosa. 


) 
= cos (180° — B) 


al 
== COS) as 


~. AD=bcosA, 
BD =— acosB. 
-, AD—BD = beosA+acosB 
But AD— BD=c. 
*- c= acosB+bcosA. 


and 
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2. What are the two symmetrical formulas obtained by changing the 
letters in Ex.1? What does the formula in Ex. 1 become when B= 90°? 


The symmetrical formulas are 
= acosC + ccos4, 


and a=bcosC + ccosB. 
When B = 90°, cosA = + 
. c= bcosda. 


8. Show that the sum of the squares on the sides of a triangle is equal 
to 2(ab cos C + be cos A + ca cos B). 
a? = b? + c2? — 2bccosA. 
b? = c? + a? — 2cacosB. 
c2 = a? + b? — 2abcosC. 
a? +b? + 2 = b? 4+ c2— 2be cos A+ c? 4+ a2?— 2cacosB+ a?+ b?—2 abcosC 
= 2(ab cos C + be cos A + cacos B). 


4, Consider the Law of Cosines in the case of the triangle a= 5, 
Oe LI SCe— 6: 


That is, cos A >1, which is impossible, since the cosine of an angle is 
never greater than 1. Hence the given triangle is impossible. 
5. Given a = 5, b = 5, and C = 60°, find c. 
c? = a? + W? — 2abcos CO = 25 + 25 — 50. }= 50 — 25 = 25, 
C=. 
6. Given a =10, b=10, and C = 45°, find c. 
c? = a? +0?—2 ab cos C= 1004 100 —200 - }- V2=200 — 100 V2 =58.6. 
Or ((Aalarsy 
%, Given a = 8, b= 5, andC = 60°, find c. 
c? = a? + b® — 2abcosC = 64 + 25 — 80. }= 89 — 40 = 49. 
C= 
8. From the formula a? = b? + c? —2becosA deduce a formula for 
cos A. From this result find the value of A when b? + c? = a?, 
a? = b? + c?—2be cos A When 6? + c? = q?, 
2be cos.A = b? + c? — a?. a2 — @? 
cos A = 
B+ ct —o? 2 be 
2 be A = 90°. 


cos A = 
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--cosd  cosB : ae) 
9. Prove that if tee the triangle is either isosceles or right. 


cosA _ cosB 
7 
a(b? + c?— a?) b(c? + a®— b) 
2 be - 2ca } 
ab? + ac? — at = b2c? + a2h? — bt, 
(ac? — bc?) — (a* — b#) = 0. 
Factoring, (a? — b?) [c? — (a? + b?)] = 0, 
or a?—b?=0, c?— (a? + 6?) =0. 
Whence, a = b, or c? = a? + b?, and hence the triangle is either isosceles 
cr right. 


» acosA=bdcosB. 


; : . Cae 
GON TOT A at cos A 4 Oe cos C _ a2 + b24 ¢ 
a b C 2 abe 


2 be cos A + 2ac cos B+ 2 abcosC = a? 4+ U?4 c? 


2be cos A = 6? + c? — a? 
2cacos B= c? + a*— b? 
2 ab cos C = a? + b?— c2 Pe 
2 bc cos A + 2accos B+ 2abcosC= a?+ 6? 4 ¢2 


at + bt + ct 


12 2 2 
11. Prove that x cos A + ee cos B+ Ze cos C = 
b Cc 2 abe 


a 
2 b8c cos A + 2 ac? cos B + 2 a’b cos C = at + bt + ct 
2 b8c cos A = b2(b? + ce? — a?) 
2c%a cos B= c?(c? + a? — b?) 


2 a®b cos C = a?(a? + b? — c*) 
2 b8c cos A + 2 ac? cos B+ 2.a3b cos C = at + bt + ct 


12. From the Law of Cosines prove that the square on the side oppo- 
site an acute angle of a triangle is equal to the sum of the squares on the 
other two sides minus twice the product of either side and the projection 
of the other side upon it. 

Let AD be the projection of 6 onc. 

To prove a? = b?+ c?— 2cAD. 

a? = b2? 4 c? — 2be cos A. (1) 


cos A ==, bcos A = AD. 


Substitute the value of b cos A in (1), a? = b? 4+ c? —2cAD. 
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18. As in Ex. 12, consider the geometric proposition relating to the 
square on the side opposite an obtuse angle. 


To prove 62 = a2 + ce? + 2cBD. 
b? = «2 + a? — 2cacosB. (1) 
COs Bb =— BD 
a 


Substitute the value of cos B in (1), 

b? = c2 4+ a2 + 2cBD. 

14. In the parallelogram ABCD, given AB=4in., AD =5in., and 
A = 38° 40’, find the two diagonals. 

BD* = # + 52 — 2.4.5 cos 38° 40’ = 16 + 25 — 31.232 = 9.768. 
BD = 8.1254 in. 

AG" = 42 + 5? — 2. 4.5.08 141° 20’ = 16 4 25 + 31.232 = 72.232. 
AC = 8,499 in. 

15, In the parallelogram ABCD, given AB=7in., AC =10in., and 

£ BAC = 86°7’, find the side BC and the diagonal BD. 
BO" = 7 + 10?—2.- 7. 10 cos 36° 7’ 
= 49 + 100 — 113.092 
= 35.908. 
BC = 5.9924 in. 
T? = 10? + (5.9924)- — 2-10. 5.9924 cos ACB. 
49 = 100 + 35.908 — 119.848 cos ACB. 
119 848 cos ACB = 86.908. 
cos A CB = 0.7252. 
ACB = 48° 31’. 
C = 43°31 + 36° 7 
— (i GYehn 
BD*= 7? + (5.9924)? — 2. 7 - 5.9924 cos 79° 38’ 
= 49 + 35.908 — 15.0915 
= 69.8165. 
BD = 8.3556 in. 

16. In the quadrilateral ABCD, given AC =3.6 in., AD = 4in., 
BC =2.4in., ZACB = 29° 40’, and ZCAD = 71° 20’, find the other two 
sides and all four angles of the quadrilateral. 

AB® = 2.4? 4 3.62 — 2. 2.4. 3.6 cos 29° 40’ 
= 5.76 + 12.96 — 15.0146 
= 8.7054. 
AB = 1.9249 in. 
CD* = 42 + 3.62 — 2.4.3.6 cos 71° 20° 
= 16 + 12.96 — 9.2189 
= Web ab. 
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CD = 4.4431 in. 
3.6% = (1.9249)? + 2.44 — 2. 2.4.1.9249 cos B. 
12.96 = 3.7054 + 5.76 — 9.2395 cos B. 
9.2395 cos B = — 3.4946. 
cos B = — 0.3782. 
BWA 13 467 
42 = (4.4431)? + 3.6?— 2.3.6. 4.4431 cos ACD. 
16 = 19.7411 + 12.96 — 31.9903 cos ACD. 
31.9903 cos ACD = 16.7011. 
cos ACD = 0.5221. 
ACD = 58° 31’ 40”. 
C = 58° 31’ 40” + 29° 40’ 
= 88°11’ 40”. 
2.42 = (1.9249)? + 3.67 2.-3.6-1.9249 cosBAC. 
5.76 = 3.7054 + 12.96 — 13.8593 cos BAC. 
13.8593 cos BAC = 10.9054. 
cos BAC = 0.7869. 
BAC = 38° @. 
A = 28° & + 71° 20’ = 109° 26’. 
D = 360° — (109° 26’ + 88°11’ 40” + 112° 13’ 40”) 
= 50° 8 40”. 

17. In the pentagon ABCDE, given AB=3.4in., AC =4.1 in., 
AD=3.9 im, AM—22 im 2BAC—38°7, ZCAD= 41°22) ana 
ZDAE = 32° 5, find the perimeter of the pentagon. 

BC? = 4.1? + 3.42—2-4.1- 3.4 cos 38° Y 
= 16.81 + 11.56 — 27.88 - 0.7868 
= 28.37 — 21.9360 


— 6.4340 
BC = 2.5365 in 
CD? = 4.12 + 3.9? — 2.4.1 - 3.9 cos 41° 22’ 


2 
es 
= sah Le 16. 21 — 31.98 - 0.7505 
a2. 
g 


CD = 2. 8318 in. 
DE’ — 3.92 + 2.22 — 2.3.9. 2.2 cos 82°8’ 
Gai-p4e4— a7 16 - 0.8473. 


= 5108 
DE = 2.3474 in. 
Perimeter =(AB+ BC +CD+4+ DE+ EA)in. 


=( 
= (3.4 + 2. po ela oe Pama 
13.3 
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Exercise 52. Law of Tangents (Page 119) 


a—b_ tan}(A—B) 


Find th to which = 
‘ind the form to whic ap a ae) 


reduces when: 


15 C= 902, 
A+ B=90°. 
B=90°— A. 
a 1 ie orm at fo) 
a b_ tan 3[4 (90 A)} _ tan(A mien Ee pany te 
atb tan 45° 1 
PS Gb 4, A— B= 90°, and B=C. 
a—a=0. a—b_ tan3}(A—B) 
a+a=2a. a+b tan}(4+B) 
0 _ tan 3(A—B) A+B+C=180°; 
2a tan 3(4 + B) or A+ 2B=180° 
op — fang(A—B) ane B= 90° 
tan $(4 + B) 3 B= 90> 
tan 3(A _ B) a ()y B= 30° 
So A= Or C= 30°. 
A = 180° + 3 = 60° = B=C. rae 
a—b_ tan }(0°) a—6_ tan45 
= ————__- fe) 
a+b tan 60° eae eet vk 
a—b  tan0o° — tan 46° 
SS {ay 
a+b _ tan 60° ee 
a—b=0. 2s © 
a=b. a4 b=(a—b)(24+V38). 
Prove the following formulas : 
b—c 
5. = tan}(B—C)cot1(B+C). 
Fg = tan }(B— 0) cot }(B +0) 
b—ec_ tan}(B—C) __ tan}(B—C) 
= = Se SS Ba 
b+e tan}(B+C) 1 aoEN Cheek (B+! 


cot } (B + 0) 


6. tan} (B— =7— © cot } A. 
- 3 


b—c_ tan}(B—C) 
b+e tan}(B+0C) 


b—c b—c bes ‘ 
tan 1(B—C)= tani (B+C)= tan } (180°— A) = ws i A. 
J (B—0) = Stan §(B+ 0) = tan § (180°— A) =>" cot § 4 
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7 a+b _ cot}(A—B) 
“a—b cots(A+B) il 
a+b _tan$(A+B)_ coth}(A+B)_ cot}(A—B) 
a—6 tan}(A—B) 1 ~ cot k(A +B) 
cot }(A — B) 
8 sind+sinB_ tan}(A + B) 
“sind—sinB~ tan}(A—B) 
a@_ sina 
6 sinB 
a+b _ sindA+sinB 
a—b sindA—sinB 
a+6_ tan}(A+B) 
@=o. tang(4— Bs). 
_sind+sinB_ tan}(A + B) 
“"sinA—sinB tan }(4—B) 
9 snB-+sin0  2sin}(B+ C)cos}(B—C) 
‘sinB—sinC@  2cos 4 (B+ C) sin }(B—C) 
sinB + sinC = 2sin }(B + C) cos} (B— 0). (1) 
sin B— sinC = 2cos}(B+ C)sin}(B— 0). (2) 
Divide (1) by (2), 
sinB+sinC  2sin}(B+ C)cos}(B—C) 
sinB—sinC  2cos}(B+ C)sin}(B— 0) 
sin A + sin B 
OS = tie EA Se BN ora, (CAL 13), 
sin A — sin B un aa ) 
sin A + sin B= 2sin}(4 + B)cos}(A— B). (1) 
sin A — sinB=2cos}(4+ B)sin}(A—B). (2) 


Divide (1) by (2), 


sin 4 + sin B 


= tanecA- B) cot. (A —_B). 
sin A — sin B BO) Ore | ) 


1. To what does the formula in Ex. 8 reduce when A = B? 


sind +sinB_ tan}(A + B) 
sinA—sinB tan 4(A— B) 
sind + sind _ tan 4(2A) 
sind—sinA tan }(0°) ; 
2sind  tanA 
Ci 0 


co = ce 
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12. To what does the formula in Ex. 9 reduce when B = C = 60° ? 
sinB+sinC@  2sin}(B+ C) cos }(B—C) 
sinB—sinC” 2cos}(B + C)sin}(B— CG) 

sin 60° + sin 60° _ 2 sin } (120°) cos 3 (0°) 
sin 60° — sin 60° 2 cos 3 (120°) sin 3 (0°) | 
2sin 60° _ 2 sin 60° cos 0° 


0 _ 2 cos 60° sin 0°" 
v3 _ v3 
OnnO 


13. To what does the formula in Ex. 10 reduce when the triangle is 


equilateral ? sin A + sinB 


sin A — sin B 
sin 60° + sin 60° 
sin 60° — sin 60° 


/2 
EES 
0 


= tan (A + B) cot }(A— B). 


== fanio0rcouOrs 


14. To what does the Law of Tangents, page 119, reduce in the case 
of an isosceles triangle in which a=0b? What does this prove with 
respect to the angles opposite the equal sides ? 

a—b_ tan}(A—B) 
a+b tan}(4+ B) 
a—a_tan}(A—B) 
at+a_ tan}(A +B) 
0 tan }(4— B) 
2a. tan 4(A + B) ; 
0=tan $(A— B). 
ee =r Orevanl 250s 


15. By the help of the Law of Tangents prove that an equilateral tri- 
angle is also equiangular. 


C= b= ec: 
a—a_tan}(d—B) 
2a ~ tan} (4 +B) 
0  tan}(A—B) 
za tan}(A4 +B) 
tan}(A— B)=0, A=B. 
b—b_ tan}(B—C) 
9b © tam(BqNO), 
tan }(B—C)=0, B=C. 
Ce Alea = Oe 
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16. By the help of the Law of Tangents prove that an equiangular tri- 
angle is also equilateral. 
PAG nO 
a—b_tan}(A—A)_ tan0° __ 
a+b tan}(4+ A) Seen 
a—b=0. 
W305 
b—c_tan}(B—B)_ tan0°_ 
b+c tani(B+B) tanB 


b—c=0. 
— Ce 
Ol 


17. Given any three sides and any three angles of a quadrilateral, show 
how the fourth side and the fourth angle can be found. Show also that 
it is not necessary to have so many parts given, and find the smallest 
number of parts that will solve the quadrilateral. 


Let AB, BC, CD be the given sides, 
and A, B, D the given angles. 


With these three angles given, C can be found by subtracting A+ B+ D 
from 360°. 

AB—BeO and AB + BC can be found. ZBAC + ZACB=180°— B. 
From the Law of Tangents, Z BAC — ZACB can be found, and the 
angles BAC and ACB. 


ZDAC=ZDAB—ZBAC, known. 
ZACD =180°— (D + DAC), known. 
AD sinACD 


SSS ee cane pe 1OuUnG. 
DC sinDAC 


The side CD is not necessary, for the diagonal AC can be found in 
triangle ABC by the law of sines; and with the angles of ADC known, 
the sides AD and CD can be found. Therefore the smallest number of 
parts that will solve the quadrilateral is five. 


18. What sides, what diagonals, and what angles of a pentagon is it 
necessary to know in order, by the aid of the Law of Tangents alone, to 
solve the pentagon ? 

To solve the pentagon we need sides AB, BC, AL, angles B, CAD, 
DAE, and diagonal AD, 
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Exercise 53. Solving Triangles (Page 121) 


Solve these triangles, given the following parts: 


1, @=77.99, 6= 88.89, C= 72° 1b". 


b+ a= 161.388. 
b—a=56.4. 
B+ A= 107° 45’. 
3 (B+ A) = 58° 52’ 80”. 
log (0 — a) = 0.78289 
colog (b+ a) = 7.79215 — 10 
log tan }(B 4+ A) = 0.18675 
log tan } (B— A) = 8.66129 
$(B— A) = 2°87’ 80”. 
loll oe 
B= 56° 80’. 
log 6 = 1.92111 
log sin C = 9.97882 
colog sin B = 0.07889 
loge = 1.97882 


c= 95.24. 


2, b = 872.5, c = 682.7, A = 80°. 
b—c = 239.8. 
b+¢= 1505.2. 
B+ C= 100°. 
4 (B+ C) = 50° 
log (b — c) = 2.87985 
colog (b + c) = 6.82240 — 10 
log tan } (B+ C) = 0.07619 


log tan }(B— 0) = 9.27844 
4(B— C)= 10° 45’ 2”. 
B= 60° 45° 2’; 
Ge S0e lar os 


log b = 2.94077 
log sin. A = 9.99885 
colog sin B= 0.05924 


log a = 2.998386 


a = 984.88. 


Suche (ROL aul oe Ca DOS iaee 
a+b= 29. 
a—b=5, 

A + B= 120° 43’. 
3(A + B) = 60° 21’ 30”. 
log (a — b) = 0.69897 
colog (a + 6) = 8.58760 — 10 
log tan } (A + B) = 10.24486 
log tan }(A— B)= 9.48143 
4 (A — B) = 16° 51’ 23”. 
A =0 (PAZ BS: 
B= 48° 30’ 7”. 
log b = 1.07918 
log sin C = 9.93435 
colog sin B = 0.16217 
loge = 1.17570 


c = 14.987. 
4. b=V5,c=V3, A = 35° 59’. 
V5 = 2.2361. 


V8'= 1.7821. 
b+c= 3.9681. 
b—c= 0.5040. 
B+C=1447. 
3 (B+ C) = 72° 3’ 80”. 
log(b—c)= 9.70243 —1¥ 
colog(b + c)= 9.40142 — 10 
log tan }(B + C) = 10.48973 
log tan }(B—C)= 9.59358 
4(B— C) = 21° 28’ 6”. 
B = 938° 28 36”. 
C = 50° 88’ 24”, 
log ¢ = 0.28856 
log sin. A = 9.76800 
colog sin C = 0.11172 
loga= 0.11828 
= ANSTOT 
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6. a=0.917, 6=0.312, C=38°7 9”, 


a+6= 1.229. 
a—b=0.605. 
A + B= 146° 52’ 51”. 
3 (A + B) = 78° 26 25”. 


log(a — b) = 9.78176 — 10. 


colog (a+ 6) = 9.91045 — 10 
log tan }(A + B) = 10.52674 
log tan } (A — B) = 10.21895 
4(A— B) = 58° 52’ 2”. 
AS N32 802i. 
B= 14°34 24”, 


log b = 9.49415 — 10 

log sin C = 9.78750 
colog sin B = 0.59926 : 
log ¢ = 9.83091 — 10 


c= 0.6775. 


6. a = 18.715, ¢c = 11.214, 
B= 15° 227 367, 
a—c= 2.6501. 
a+c= 24.929. 
A+ C= 164° 87 24”. 
4 (A + C) = 82° 18’ 42”. 


log(a—c)= 0.89811 

colog (a + ¢) = 8.60330 — 10 
log tan $(A + C) = 10.86968 
log tan }(A— C)= 9.87109 


(A — C) = 86° 877”. 
A = 118° 55’ 49”. 
C = 45° 41’ 85”. 


log a = 1.18720 
log sin B = 9.42352 
colog sin A = 0.05789 


logb = 0.61861 
b = 4.1554. 


7. b = 8000.9, c = 1587.2, 


Ar SG0404 Ge 


b +c = 4588.1. 
b—c= 1413.7. 
B+ C= 93° 55’ 56”. 
3 (B+ C) = 46° 57 58”. 
log(b—c)= 3.15036 
colog(b + c)= 6.33837 — 10 
log tan $(B + C) = 10.02983 
log tan }(B—C)= 9.51856 
4 (B— C) = 18° 15’ 53”. 
C8 aS 2a be. 
B= 65° 13’ 51”. 


log b = 8.47726 

log sin A = 9.99898 
colog sin B = 0.04191 
log a = 3.51815 


329 bees 


8, a = 4527, b = 3465, 


CES 6026 62 (ae 


a+b = 7992. 
a—b = 1062. 
A + B= 118° 58’ 33”. 
(A + B) = 56°56’ 47”. 


log(a— b) = 3.02612 
colog(a +b) = 6.09734 — 10 
log tan } (A + B) = 10,18659 
logtan}(A—B)= 9.31005 
1 (A — B) = 11°32’ 28”. 
A = 68° 29’ 15”. 
B= 45° 24’ 18”. 


log a = 3.65581 

log sin C = 9.96109 
colog sin A = 0.03136 
log ¢ = 3.64826 


c = 4449, 
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9. a=55.14, b=33.09, C=380° 24’. 
a+ b= 88.23. 
a— b = 22.05. 


A+ B=149° 36’. 
1 (A + B) = 74° 48’. 


log(a— b)= 1.34341 
colog (a4 + b)= 8.05438 — 10 
log tan }(A + B) = 10.56592 
log tan }(A— B)= 9.96371 
} (A — B) = 42° 36’ 32”. 
ye NT? DEV BB 
Bi o2oile 287s 


log b = 1.51970 

log sin C = 9.70418 
colog sin B = 0.27348 
loge = 1.49736 


e = 31.431. 


10. a = 47.99, b = 38.14, 
Os SOIR IO 


a+6= 81.13. 
a— b= 14.85. 

TA Bi 4A ANG 0a: 

2 (4k B) = 22.20% 2h 


log (a — 6) = 1.17178 


A — B) = 0° 25’ 43”. 
AED RA GCS 
B= 1° 54’ 42”, 


log b = 1.52035 

log sin C = 8.91169 
colog sin B= 1.47680 
loge = 1.90884 


c = 81.066. 
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11. a=210, b=105, C=36° 52’ 12”. 


a+o=8316. 
a—b=105. 
A+ B= 143° 7 48”. 
3 (4 + B) = 71° 33’ 54”. 


log(a— b)= 2.02119 
colog(a + b)= 7.50169 — 10 
log tan }(4 + B) = 10.47712 
log tan }(A — B) = 10.00000 


L(A — B) = 45°. 
A = 116° 38 54”, 
B = 26° 88’ 54”, 


log b = 2.02119 

log sin C = 9.77815 
colog sin B = 0.34948 
log c = 2.14882 


ce = 140.87. 


12. a = 100, b = 900, C = 65°. 


b+ a=1000. 
b— a= 800. 
[5355 eva VAL. 

4 (B+ A) = 57°30’. 


log(b— a) = 2.90309 
colog(b + a) = 7.00000 

log tan (6 + A) = 10.1958] 
log tan }(B—_ A) = 10.09890 


}(B— A) = 51° 28 5” 
B= 108° 58’ 5’ 
A = 6° 155”. 


log b = 2.95424 

log sin C = 9.95728 
colog sin B = 0.02424 
log ¢ = 2.98576 


c = 862.5. 
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18, a =: 409, b = 169, C=117.7°. 


a+b=—578. 

a—b= 240. 

A+ B= 62°18’, 
4(A + B)=31°9. 


log (a — b) = 2.38021 

colog (a + b) = 7.23807 

log tan }(A + B) = 9.78185 
log tan (A — B) = 9.39963 


4(A —B) = 14°5' 20”. 
A = 45° 14’ 20”. 
B= 17°83’ 40”. 


log b = 2.22789 

log sin C = 9.94714 
colog sin B = 0.53256 
log c = 2.70759 


c= 510.02. 


14. 4a=6.25 6=5.05, C=105.77. 


a+ 6=11.30. 
a— b=1.20. 
A+ B= 74° 13’ 48”. 
4 (A + B) = 87° 6’ 54”. 


log (a — 6) = 0.07918 

colog (a + b) = 8.94692 

log tan } (A + B) = 9.87892 
log tan $(A — B) = 8.90502 


} (A — B) = 4° 35’ 89”. 
A = 41°49 33”, 
B = 32°31’ 15”, 


log b = 0.70329 
iog sin C = 9.98338 
colog sin B = 0.26954 


loge = 0.95616 


¢ = 9.0398. 
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15. a= 8718, b= 1507, C = 95.86°. 


a+ b = 6225, 
a—b= 2211, 
A+ B= 84° 8 24”, 
4 (A + B) = 42° 4’ 12”, 


log (a — 6) = 3.34459 
colog (a + b) = 6.28191 
log tan }(A + B) = 9.95550 
log tan } (A — B) = 9.58200 
4 (A — B) = 20° 54 14”. 
A = 62° 58’ 26”. 
Joe POY SI, 


log 6 = 3.17811 

log sin C = 9.99772 
colog sin B = 0.44240 
log ¢ = 8.61828 


¢ = 4151.7. 


16. a= 46.07, b= 22.29, C= 66.36°. 


a +b = 68.36. 
a — b = 28.78. 

A + B=113° 88 24” 

L(A + B) = 56° 49 12”, 


log(a— 6) = 1.87621 
colog(a + b)= 8.16520 

log tan (A + B) = 10.18450 
log tan (A — B) = 9.72591 


4 (A — B) = 28° 46”. 
A = 84° 49’ 58”, 
B = 28° 48’ 26” 


log 6 = 1.84811 

log sin C = 9.96192 
colog sin B = 0.81707 
logc = 1.62710 


c = 42.874. 
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17. b = 445, ¢ = 624, A = 10.88°. 


b+ c= 1069. 
c—b=179. 
C + B=169° 7 12”. 
3 (C + B) = 84° 83’ 36”. 
log(¢ — b) = 2.25285 
colog(¢ + b) = 6.97102 
log tan $(C + B) = 11.02121 
log tan $(C — B) = 10.24508 
4(C — B) = 60° 22’ 16”. 
Br Aca e2 0. 
O = 144° 55’ 52”, 
log b = 2.64836 
log sin. A = 9.27589 
colog sin B = 0.388749 
log a = 2.31174 
@ = 205. 


VS MO =sib a CA Oe eoe 
e+ b= 59.3. 
c— b= 27.9. 
C + B= 122° 46’ 48” 
4(C + B) = 61° 23’ 24”, 
log(¢ — b) = 1.44560 
colog (ec + 6) = 8.22695 
log tan }(C + B) = 10.26325 
log tan }(C — B) = 9.93580 
4(C — B) = 40° 46’ 50”. 
B= 20° 36’ 34”. 
Ch WOR PO! 1k, 
log b = 1.19590 
log sin A = 9.92467 
colog sin B = 0.45346 
log a = 1.574038 


@) = SiO 


19. If two sides of a triangle are 
each equal to 6, and the included 
angle is 60°, find the third side by 
two different methods, 
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Since a=b, 
A=) Be 
A+ B=120°; 
A A a 
0 Gs 
A= 302g 10 =n! 0s 
_ bsinA _ 6sin 60° _ 
~ sinB  sin60° 


20. If two sides of a triangle are 
each equal to 6, and the included 
angle is 120°, find the third side by 
three different methods. 


A-- B= 60°. 
$9 Al) B= 50! 
G=6 =. 


log a = 0.77815 

log sin C = 9.937538 
colog sin A = 0.301038 
loge = 1.01671 


C= ORS 92: 


c2 = q? + b? — Zab cosC 
36 + 36 — 72(— 3) 
= 72 + 36 
= 105: 
€— 10.392. 
e—b_ tan}(C— B 
e+b tanh (C+ Bi 


lI 


tan 45° 
= tan 75°" 
tan (45° + 30°) = 2+ V3. 
C= 0 _ 1 
e+6 24/3 
2c—124+V3c—6V8=c4+6., 
, — 88 +V3) 
1+V8 
== WS 


= 10,392, 
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21. Apply the first method given 
on page 120 to the case in which a 
is equai to 0; that is, the case in 
which the triangle is isosceles. 


If a=}, the formula 


tan }(A—B) -— x tan } (A+B) 


becomes 
tan (4 — B)=0. 


. A—B=0. 
PAg==—bs 
= 3 (180° — C) 
= 90° — 3C. 
asin C 
= = . 
sin A 


22. If two sides of a triangle are 
10 and 11, and the included angle 
is 50°, find the third side. 


6, Sl SM 
a—b=1. 
A+ B= 130°. 


4 (A + B) = 65°. 


log (a — 6) = 0.00000 

colog (a + b) = 8.67778 — 10 
log tan 5 (A + B) = 10.831385 
log tan} (A — B)= 9.00911 


4 (A — B) = 5°49’ 51%. 
A= 10% 49% 51. 
Bi OLN OM OM 


log b = 1.00000 

log sin C = 9.88425 
colog sin B = 0.06617 
loge = 0.95042 


c = 8.9212. 
28. If two sides of a triangle are 


42.301 and 25, and the included 
angle is 80°, find the third side. 
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a+b6= 68.301. 
a— b= 18.301. 
A+ B= 160°. 
4 (4+ B) = 75°. 
log(a — b)= 1.26247 
colog(a + b) = 8.16557 — 10 
log tan }(A + B) = 10.57195 
log tan }(A4 — B)= 9.99999 
4 (A — B) = 48°. 
Al PA. 
Bie O02. 
*, in isosceles triangle ABC 
Ce 0i== 255 


24, In order to find the distance 
between two objects, A and B, sep- 
arated by aswamp, a station C was 
chosen, and the distances CA = 
3825 yd., CB = 3475.6 yd., together 
with the angle A CB = 62°31’, were 
measured. Find the distance from 


A to B. 
6+ a= 7800.6. 


b—a=349.4. 
B+ A=117°29. 
1 (B+ A) = 58° 44’ 30”. 


log(b— a) = 2.5483% 
colog(6 + a)= 6.18664 — 10 
log tan }(B + A) = 10.21680 
log tan }(B— A)= 8.89676 
4(B— A) = 4° 30’ 29”. 
B = 68° 14 597, 
Jalen (ay: alg aE 


log b = 3.58263 
log sinO = 9.94799 
colog sin B = 0.04916 
log ¢ = 8.57978 

c = 3800. 
.. AB = 8800 yd. 
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25. Two inaccessible objects, A 
and B, are each viewed from two 
stations, C and D, on the same side 
of AB and 562 yd. apart. The 
angle ACB is 62°12’, BCD 41°8’, 
ADB 60° 49’, and ADC 84° 51’. 
Required the distance AB. 


In triangle ACD 
A= 180°— (C + D) 
= 41° 49’, 
b _ sin 84° 51’ 
562 sin 41° 49” 
ee 562 sin 84° 51’ ; 
sin 41° 49” 
log 562 = 2.74974 
log sin 84° 51’ = 9.75696 
colog sin 41° 49’ = 0.17604 
log b = 2.68274 
b = 481.66. 


In the triangle CBD 
B= 180°—(C + D) 
= 4A3o oe 
a _ sin 95° 40’ 
562 sin 48°12” 
oe 562 cos 5° 40° 
sin 48° 12’ 


log 562 = 2.74974 

log cos 5° 40’ = 9.99787 
colog sin 43° 12’ = 0.16460 
loga= 2.91221 


a = 816.98. 


In triangle ACB 


a hie 


tan }(A—B) x tan} (A+B) 


Ee 
1 (A + B) = 3,(180°—C) 
= 58°54’. 
a — ) = 816.98 — 481.66 


= 335.82. 
a + b = 816.98 + 481.66 
= 1298.64. 
log(a— b) = 2.52548 
colog(a + b) = 6.88651 — 10 


log tan }(4 + B) = 10.21951 
logtan}(A—B)= 9.63150 


1 (A — B) = 23° 10 26”. 
A= 82° 426”. 


log a = 2.91221 
log sinC = 9.94674 
colog sin A = 0.00417 
loge = 2.86312 
C= 2956. 

«. AB = 729.67 yd. 


26. In order to find the distance 
between two objects, A and B, 
separated by a pond, a station C 
was chosen, and it was found that 
CA = 426 yd., CB = 322.4yd., and 
ACB = 68° 42’. Required the dis. 
tance from A to B. 


b+ a= 748.4. 
b— a= 103.6. 
Bee Ages N Se 
4(B + A) = 55° 39’. 
log (b— a) = 2.01536 
colog (b+ a) = 7.12587— 10 
fog tan }(B + A) = 10.16530 
log tan }(B—A)= 9.30653 
4(B— A) = 1192741”, 
sets 10, omy lie 
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log b = 2.62941 

log sinC = 9.96927 
colog sin B = 0.03565 
log ¢ = 2.63433 


c = 480.85. 
. AB = 430.85 yd. 


27. Two trains start at the same 


In the parallelogram A BDE 
let HB= 6, and AD= 5, 
and ZBCA = 49° 18’. 

In triangle ACB 


let OS Oh = 8h 
Al 0th 
Find Ji I33 == 
a—b=0.5. 
HAS = SDs 
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time from the same 
move along straight 


form an angle of 30°, one train at 
the rate of 30 mi. an hour, the 


station and 
tracks that 


A + B= 130° 42, 
1(A + B) = 65°21, 
log(a—b) = 9.69897 — 10 


other at the rate of 40 mi. an hour. 
How far apart are the trains at the 


end of half an hour ? 


a+6= 365. 
a—b=5, 
AsV GE 163 Se Oe 
4(A AS Joye 753°, 


log(a — b) = 0.69897 

volog (a + 6) = 8.45595 — 10 
log tan } (A + B) = 10.57195 
log tan }(A--B) = 9.72685 


4 (4 — B) = 28° 3’ 52”, 
B= 46°56 8”. 
A= 108° 3/52”. 


log b = 1.17609 

log sinC = 9.69897 
colog sin B = 0.18655 
loge = 1.01139 


¢ = 10.266. 


Therefore the trains are 10.266 mi. 


apart. 


28. Ina parallelogram, given the 


two diagonals 5 


the sides. 


5 and 6 and the 
angle which they form 49°18’, find 


colog (a + b) = 9.25964 — 10 
log tan }(A + B) = 10.33829 


log tan 4 (A — B) = 9.29690 
4 (A —B) =11° 12’ 20”. 
Al (G2.30) 20! 
B= 54° 8’ 40”. 
log a = 0.47712 
log sin C = 9.87975 
colog sin A = 0.01207 
log ¢ = 0.386894 
c= AB= 2.3385. 
In triangle ALC 
EO= 4 = 3, 
ING SN = P75 
ZACE = 180° 42’. 
A+ H= 49° 18’. 
4(A + EB) = 24°39. 
log (a — b) = 9.69897 — 10 
colog (a + b) = 
log tan }(A + FE) = 9.66171 
log tan (A — EF) = 8.62032 
b(A— E)= 2° 237 20”. 
A= 279.2020 
log a = 0.47712 
log sin C = 9.87975 
colog sin A = 0.34238 
log ¢ = 0.69925 


Ca AsO, 0082. 


9.25964 — 10 
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Exercise 54. Formulas of the Triangle (Page 125) 


(s - b) (s —¢) 


» express the value of log tan J} A 
8(8s — a) 


1, Given tan} 4 = \ 
log tan LA = } [log (s — b) + log(s — ¢) + colog s + cology (8-= a) |} 


2. Given sin }. A =" = z Src! 
” 


log sin }.4 = } [log (s — b) + log(s — ce) + cologb + cologe), 


» express the value of log sin } 4. 


l(s— a) (s =) (s = ¢) 


» express the value of log r. 
8 


8. Given r = \ 


logr = } [log (s — a) + log (s — b) + log (s — ¢) + colog s] 


° , ; 
4, Given tan | A= > express the value of log tan } A. 
s 8s—¢ 2 


log tan } A = logr + colog(s — a). 
5. Given tan} A= |) xpress the value of log r. 
~ S— ¢ 
* 

tanida= : 

e s— @ 

r=(s—a)tan JA. 
logr = log(s — a) + log tan }.A, 


6. Of the three values for tan } A, 


[1 — COS A § 199 
Ni + cos.A’ (§ 192) 
l(s — b) (s = 6) 


S(s8 _ (t) 
1 8 — a)(s — b)(s — ¢) 
and —F \' oS = us ce (§ 116) 


which is the easiest to treat by logarithms ? Express the logarithms of 
the results and show why your answer is correct, 
The first formula is the easiest to treat by logarithms. 


(§ 115) 


Vis log tan LA —— s| 
IT. log tan } A 
IIL. log tan JA = 


og (1 — cos A) + colog (1 + cos. AI 

og (8 — 0) + log (s — ¢) + colog s + colog (8 = a)). 
1+ colog(s — a) + } [log (s — a) + log(s — b) 
+ log (s — ¢) + colog s}. 


Ml 
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7 Givena=4,b=5,andc=6, 
find the value of tan} A, and then 
find the value of A. 


a+6b+c=2s. 
44+5+6=15. 
s=7}. 
tan} A= gene. 
Ss) 
log (s — b) = 0.39794 
log(s—c)= 0.17609 
colog s = 9.12494 
colog (8s — a) = 9.45593 
2 )19.15490 
log tan} A= 9.57745. 


tan } A = 20° 42/177. 
A = 41° 24’ 34”. 


9. Discuss the formula 


8. Deduce the equation 
tan} A= 5 eae. pe UES) 
8(s — a) 
from the equation 


tan} A= 1— cos A 
1+ cosA 
1—cosA = 2S OE SC) (1) 
be 
28(s — a) 
1 cos AS eae 2 
+ be (2) 


Divide (1) by (2) and take the 
square root. 


1—cosA = [Sa 0E=9) 
Nigce4  N=G20) 
sey EN 

*. tan 4A = (8 = b) (=) 


8(S — a) 


1 (s — a)(s — b)(s — ce) 


tan. Ae 
= 8(s— a) 


|@= b)(s—c) __ 


aN 8 


for the case of an equilateral ee say when a = 4. 


s=}(44+4+4= 


tan 3A = 
+A — 307) A=) 60°: 


Exercise 55. 


Find the three angles of a triangle, 


1. 51, 65, 20. 
28 — 136, s = 68. 


1 om 
6—4 Cues 


Pi L 
1 [t= iva. 
23-3 


Finding the Angles (Page 127) 


given the three sides as follows: 


S— eg=17,s—b=3,)3s—c¢= 48, 


coloz s = 8.16749 
colog(s — a) = 8.76955 
log(s — b) = 0.47712 
log (s — c) = 1.68124 

2 )19.09540 

log tan} A= 9.54770 
LA = 19° 26’ 24”. 

"A = 88° 52’ 48”, 


colog s = 8.16749 

log (s — a) = 1.28045 
colog(s —b)= 9.52288 
log(s —c)= 1.68124 

2 )20,60206 

logtan} B= 10.30103 


1 B= 63° 26’ 6”. 
Bez 126° 62712". 


A + B=165° 45’, and C = 14° 15’, 
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2, 78, 101, 29. 


Qisi= 20845 = 104; 
8—a@=26,s—b=3,s—c=75. 


colog s = 7.98297 colog s = 7.98297 
colog (s — a) = 8.58503 log (s — a) = 1.41497 
log (s — b) = 0.47712 colug (s — b) = 9.52288 
log(s—c)= _ 1.87506 log(s—e)= _ 1.87506 
2 )18.92018 2 )20.79588 
logtan} A= 9.46009 logtan} B= 10,39794 
ASO On Die Oete 4 B= 68° 11’ 55”. 

pA aoe ORO du B= 186° 23’ 50”. 


A + B= 168° 34 45”, and C = 11° 25’ 15”. 


5. 111, 145, 40. 
ZS = 2960NSi= 148. 
s—a=37,s—b=3,s—c=108. 


cologs= 7.82974 cologs= 7.82974 
colog (s — a) = 8.43180 log (8 — a) = 1.56820 
log(s = b) = 0.47712 colog (8 — b) = 9.52288 
log(s—¢)= __ 2.08842 log(s—c)= 2.03842 
2)18.77208 2)20.95424 

logtan} A= 9.38604 logtan} B= 10.47712 
1 A = 18° 40’ 16”, 1 B= 71° 88’ 647, 

A = 27° 20 32”, "B= 148° 7 48”, 


A + B=170° 28’ 20%, C= 9°31 40”. 


4. 21, 26, 31. 


2S, 8) = 50. 
s—a=18,s—b=138,s—c=8, 


cologs = 8.40894 colog s = 8.40804 
colog (s — a) = 8.74473 log{s — a) = 1.25527 
log (s — b) = 1.11394 colog (s — b) = 8.88606 
log (s — ¢) = __ 9.90309 log(s — ¢) = 0.90309 
2)19.17070 2)19.45336 
logtan} A= 9.58535 logtan} B= 9.72668 
A= i983’ 6.3”. 1 B= 28° 9 18”, 
A= 42° 6’ 13”. ” B= 56° 6 86”, 


A= B= 9SeN 2am, O =! SIA 1 
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5. 19, 34, 49. 


27S sO Ze S hoes 


$—a=382,s—b=17,s—c=2. 


cologs = 8.29243 
colog(s—a)= 8.49485 
log(s—b)= —1.23045 
log(s —c)= 0.380103 
2)18.31876 

log tan } A= 9.15938 


1A = 8° 12’ 48”, 
A = 16° 25’ 36”. 


A+ B= 46° 49 36”, 


6. 43, 50, 57. 

WS NNO), i == 705 
$—a4= 82,8s—b = 25,8— 
colog s = 8.12494 
colog(s—a)= 8.49485 
log (s — b) = 1.39794 
log(s—c)= — 1.25527 
2)19.27300 


log tan }A = 9.63650 


C= 188° 10° 24”. 


C8. 


1A = 23° 24’ 47.6%. 


A = 46° 49’ 35”. 


cologs= 8.29243 
log (s — a) = 1.50515 
colog(s—b)= 8.76955 
log(s —c)= 0.30103 
2)18.86816 
log tan }B= 9.43408 
4 JENS WSN 
B= 80° 24’, 
colog s = 8.12494 
log (s — a) = 1.50515 
colog (s — b) = 8.60206 
log(s — c) = 1.25527 
2)19.48742 
logtan} B= 9.74371 


A+ B=104° 49’ 19”, C = 75° 10’ 41”. 


7. 37, 58, 79. 


DSi AS 18 th 


s—a=50, s— b= 29, s—c=8. 


colog s = 8.06048 
colog (s — a) = 8.30103 
log (s — 6) = 1.46240 
log(s—c)= __ 9.90309 
2)18.72700 

9.36350 


log tan } A= 
FAH 13° 14.5%, 
A = 26° 29”, 


colog s = 8.06048 
log (s — a) = 1.69897 
colog (s — b) = 8.53760 
, log (s—¢) == 0790309 
2)19.20014 

logtan} B= — 9.60007 


1 B= 21° 49 40” 
B= AS 96 20" 


A+ B= 69° 25’ 49”, C = 110° 34’ 11”. 


5 
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8. 73, 82, 91. 
28 = 246, s = 123. 


s—a=50,s—b=41,s—c=82. 


colog s = 7.91009 
colog(s—a)= 8.801038 
log(s—b)= = 1.61278 
log(s—c)= — 1.50515 
2)19.32905 

logtan$} A= 9.66453 


1A = 24° 47’ 29”, 
A = 49° 84’ 58”. 
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cologs = 7 91009 
log(s—a)= 1.69897 
colog(s— b)= 8.38722 
log(s—c)= — 1.50515 
2)19.50143 

logtan} B= 9.75072 


4 B= 29° 23’ 29”. 
B= 58° 46’ 58”. 


PAE eB 1089 2156 CAC alae 


9. V5, V6, V7. 
a =V5 = 2.2361 
b= V6 = 2.4495 
¢=V7 = 2.6458 


k= TSI! 

S$ = 3.6657. 
s—a=1.4296. 
s—b=1.2162. 


s—c= 1.0199. 


colog s = 9.48585 — 10 

colog (s — a) = 9.84478 — 10 
log (s — b) = 0.08500 
log(s—c)= __ 0.00856 

2 )19.37419 — 20 
logtan} A= — 9.68709 


1A = 25° 56/ 36”. 
Jal == SO OEY Wy 


colog(s—b)= 9.91500 — 10 
log(s—c)= 0.00856 

cologs= 9.43585 — 10 
log(s—a)= 0.15522 

2 )19.51463 — 20 
logtan} B= 9.75782 


4 B= 29° 45’ 54”, 
B= 69° 31’ 48”. 
C = 68° 35’. 


10. 21, 28, 35. 


28 = 84, s = 42. 
8—a=21,s—b=14,s—c=7 


cologs = 8.37675 
colog (s — a) = 8.67778 
log(s—b)= ~—- 1.14618 
log(s —c)= 0.84510 

2 )19.04576 

log tan }.A= 9.52288 


tA = 18° 26’ 6”. 
Al= G02 oleae 


cologs= 8.37675 
log(s—a)= 1.82222 
colog(s — 6) = _— 8.85378 
log(s —c)= — 0.84510 
2)19.39794 

logtan} B= 9.69897 


4 B= 26° 83’ 54”. 
Bi D8 ate 
A+ B= 90°. 
KG 
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11. 6, 8, 10. 
2s = 24,8 =12. 
s—a=6. 
s—b=4. 
Si C= 2. 
colog s = 8.92082 — 10 
colog(s—a)= 9.22185 — 10 
log(s—b)= —_0.60206 
log(s—c)= 0.80103 
2 )19.04576 — 20 
logtan} A= 9.52288 


4 Al 18° 26° 6. 
AS36291 2m, 


Since 10? = 6? + 8? the triangle 
is a right triangle, and 
Chaser. 
Py AIS YH AS 


12, 6, 6, 10. 
DSA Sele 
s—a=5. 
s—b=5. 
s—c=1. 
colog s = 8.95861 — 10 
log(s — a) = 0.69897 
log(s—6)= 0.69897 
colog (s — ¢) = 0.00000 
2) 20.35655 — 20 
logtan}@= 10.17827 
1 C = 56° 26’ 38”. 
COED 5 BIO 


Since this is an isosceles triangle, 
A= B= 3(180°— C) 
ESO? Gou2 Me. 
13, 6, 6, 6 
The triangle is equilateral and is 
therefore also equiangular, 
A. =O a OU L es G02. 
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14. 6; 9, 12. 
PEP Sale heels Hse 


8S—a=7.5. 
s—b= 4.5, 
s8—c=1.5. 
cologs= 8.86967 — 10 
cologs —-a= 9.12494 — 10 
logs—b= 0.65821 
logs—c= 0.17609 


2 )18.82391 — 20 

9.41196 — 10 
4A = 14° 28 89”. 
A= 23°57 18% 


log tan} A= 


colog s = 8.86967 — 10 
logs—a= 0.87506 

colog s —b= 9.34679 — 10 
logs—c= 0.17609 


2 )19.26761 — 20 
9.63380 — 10 
PB 228° Li 8 
B= 46°34 67. 
MC — N04 82367 


log tan } B= 


15, 3, 4,5 
28=12,s—6. 
8s—ad=3,8—b=2,s—c=1. 
colog s = 9.22185 
colog (s — a) = 9.52288 
log(s—b)= 0.30108 
log(s—c)= 0.00000 


2 )19.04576 


log tan b A= 9.52288 
AG 82 26) Cie 
Al ==IOO- Do iL Ae. 


we 


Since 3? + 4? = 5? the triangle is 
a right triangle, and 
C= 902% 
B= 53° 7 48”, 
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16. Given a=14.5, b= 55.4, and 
c = 66.9, find A, B, and C. 


(hes 1ert5) 
b= 55.4 
C= Coty 
2s =136.8 
Si 00.2. 
s—a=53.9. 
s—b=18. 
s—c=1.5. 
cologs= 8.16494 
colog (s — a) = 8.26841 
log(s—b)= ~—-1.11894 
log(s—c)= 0.17609 
2)17.72338 
logtan}A= 8.86169 


LA = 4°9' 34.5”. 
PAG) Soul's OW. 


colog s = 8.16494 
log(s—a)= 1.73159 
colog (s — b) = 8.88606 
log(s—e)= _ 0.17609 
2)18.95868 

log tan }B= 9.47934 


4 B= 16° 46’ 48”, 

13) = SBOSBY BUY 

A + B= 41° 52/ 45”, 

CMS Sail ae 

1%, Given a@=2, b= V6, and 
¢=V3—1, find A, B, and C. 
a= 2, 

b = V6 = 2.44947 
c=V3—1= 0.73205 
2s = 5.18152 
8 = 2.59076. 


s— a= 0.59076. 
s— b= 014129. 
$— c= 1.85871, 


log(s — a) = 9.77141 — 10 
log(s —6)= 9.15011 — 10 

log(s —c)= 0.26921 
cologs = 9.58657 — 10 
log r? = 18.77730 — 20 
logr = 9.38865 — 10. 


log tan }. A = 9.61724. 

log tan  B = 10.28854. 

log tan } C = 9.11944. 
LA = 22°30’. 


5 B= 60°. 
OG IPSs 
tA 458 
B= A2OS. 
C= 162: 


18. Given a= 2, b= V6, and 
c=V3+41, find A, B, and C. 


a=2. 
b= V6 = 2.44947 
e=V8 4 1= 2.78205 
2s = 7.18152 
$8 = 3.59076. 
8s —a=1.59076. 
s— b=1.14129. 
s—c = 0.85871 
log(s — a) = 0.20160 
log(s — b) = 0.05740 
log(s — c)= 9.93385 — 10 
cologs= 9.44481 — 10 
log r? = 19.63766 — 20 
log r = 9.81883 — 10. 


log tan $A = 9.61723. 

log tan } B = 9.76148. 

log tan } CO = 9.88498. 
1 A = 22°30’. 


3 B= 30°. 

4 C = 87°30. 
Ata jos 
‘B= 16025 


C = 78°. 
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19. The sides of a triangle are 
78.9, 65.4, and 97.3 respectively. 
Find the largest angle. 


C= 1S) 
b= 65.4 
C= sie 
2s = 241.6 
S=120-8: 
s—a= 41.9. 
s—b=55.4, 
S—c = 23.5. 
cologs = 7.91793 — 10 
log(s—u)= 1.62221 
log(s—b)= = 1.74851 
colog(s —c)= _ 8.62893 — 10 


2 )19.91258 — 20 


log tan} C= 9.95629 — 10 
yO = APO UNG 
C= 84° 14’ 34”, 


20. The sides of a triangle are 
487.25, 512.383, and 544.57 respec- 
tively. Find the smallest angle. 


a= 487.25 
oss HAO 
c= 544.37 
28s = 1548.95 
Ses elas 


8 — a = 284.725. 
s— b= 259.645. 
S— 6 = 2271-605. 


cologs = 7.11289 — 10 

colog(s — ad) = 7.54557 — 10 
log (s — b) = 2.41438 
log(s —¢)= __ 2.85718 

2 )19.42952 — 20 

logtan}A= 9.71476 — 10 


3A =.27° 24 27". 
A = 54° 48’ 54”. 
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21. Find the angles of a triangle 
2 ae 
whose sides are v8 +1 , ee a , 
e 2V2  2v2 
oats respectively. 
V841_ V6+V2 
2V2 4 
s. 2.44947 + 1.41421 
i 4 
ms — = 0.96592. 
ee BONE 
2V2 4 
2.44947 — 1.41421 
aa 4 
ae — = 0.25882 
9 290F 
Nie IS 20208 9 s6608 
® 2 
a = 0.96592 
b = 0.25882 
c = 0.86603 
2s = 2.09077 
8 = 1.04538. 


s— a= 0.07946. 
s— b = 0.78656. 
s—c= 0.17985. 


log(s — a) = 8.90015 — 10 
log(s — b) = 9.89573 — 10 
log(s—c) = 9.25370 — 10 

cologs= 9.98072 —10 


log r? = 18.03030 — 20 
logr = 9.01515 — 10. 
log tan $A = 10.11500 — 16. 


logtan} B= 9.11940 —10. 
logtan }O0= 9.76145 — 10. 
1A = 52°30. 

EB= 7°30’. 
4C= 30°. 
A = 1052; 
Ja teas 
C= 60°: 
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22. Of three towns, A, B,andC, Ais 


found to be 200 mi. from Band 184 mi. 
from C, and B is found to be 150 mi. 


due north from C. How many miles 


is A north of C ? 


a= 150 
b = 184 
¢= 200 
2 3'= 534 
SiGe 
s—a=117. 
s—b=88. 
s—c= 67. 
cologs = 7.57349 — 10 
log(s—a)= 2.06819 
log (s — b) = 1.91908 


8.17393 — 10 
2)19.73469 — 20 
logtan}@= 9.86735 

LC = 86° 22’ 58”. 
C = 72° 45’ 56”. 


colog (s — c) = 


Draw al from A to BC. Find a’ 
(part cut off by L on BC from A). 
Of SO CONE 
log b = 2.26482 
log cos C = 9.47171 
log w = 1.73653 
aw = 54,516. 


Therefore A is 54.516 mi.north of C. 


23. Under what visual angle is an 
object 7 ft. long seen by an observer 
whose eye is 5 ft. from one end of the 
Hbject and 8 ft. from the other end ? 


Tene 5) 8—a=5., 
O= 8 s—b=2. 
Call s—c=3. 
2s — 20 
= 10), 
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colog s = 9.00000 ~ 10 
log(s—a)= 0.69897 
log(s—b)= 0.80108 
colog(s—c)= 9.52288 — 10 
2)19.52288 — 20 
log tan $C = 9.76144 
£C=80°. 
C60". 


24, The sides of a triangle are 
14.6 in., 16.7in., and 18.8in. re- 
spectively. Find the length of the 
perpendicular from the vertex of 
the largest angle upon the opposite 
side. 


a = 18.8 
Cong 
c= 14.6 
2s = 50.1 
8 = 25.05 
8s—a= 6.25 
s— b= 8.35 
s—c= 10.45 
colog s = 8.60119 — 10 
log(s—a)= 0.79588 
colog (s — b) = 9.07831 — 10 
log (s — c) = 1.01912 


2)19.49450 — 20 

logtan} B= 9.74725 — 10 
AyB a2 Ooi Gg. 
B = 58° 23’ 32”. 

Let AD be the perpendicular from 


Aupon BC, ap 


SS So 
14.6 


“. AD= 14.6 sin B. 
log 14.6 = 1.16485 
log sin B = 9.93026 
log AD = 1.09461 
AD = 12.484. 
Therefore the required perpen- 
dicular is 12.484 in. 
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25, The distances between three 
cities, A, B, and C, are meas- 
ured and found to be as follows: 
AB=165 mi., AC=72 mi., and 
BC = 185 mi. Bis due east from A. 
In what direction is C frem A? 
What two answers are admissible ? 


ti 185 
Oe? 
peu il(G}s) 

28s = 422 
Sh Ze 
&’— a= 26. 
s— b= 139. 


s—c= 46. 


7.67572 — 10 

8.58503 — 10 
2.14301 
1.66276 

2)20,06652 — 20 
10.03326 


colog s = 
colog (s — a) = 
log(s — b) = 
log(s — ¢) = 


log tan} A= 


PeA == AOS Sas, 


9 + 


AG 942.2362. 


Angle BAC = 94° 23’ 2”. Sub- 
tract 90° of the quadrant # to N, 
and we obtain 4° 23’ 2” W. of N. 

But C may be to the southward 
of A. Hence two answers are ad- 
missible: W. of N. or W. of S. 


26. In a quadrilateral ABCD, 
AB= 2in., BO=38in., CD =3in., 
DA =4in., and AC =4in. Find 
the angles of the quadrilateral. 

InKABCa=8,b=4,c=2. 

23s=9, 3= 4.5. 
s—a=1.5, s—b=0.5, s—c=2.5. 
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colog s = 9.34679 — 10 

colog(s— a4)= 9.82391 — 10 

log(s— b)= 9.69897 — 10 
log(s—c)= 0.89794 


29,.26761 — 30 
2)19.26761 — 20 


log tan BAC = 9.63381 — 10 


4 BAC = 23°17’ 3.4”. 
BAC = 46° 34 7”, 


colog s = 9.34679 — 10 
log (s — a) = 0.17609 
colog(s — b) = 10.80108 — 10 
log(s — c) = 0.89794 


2 )20.22185 — 20 

B= 10.11093 — 10 
1 B = 52°14’ 20.7”, 
B = 104° 28’ 41”. 


ACB = 180°—(BAC+ B) 
OOM ee 
In the AACD a@=3,b=4,c=4. 
.. A ACD is isosceles. 
9.25964 — 10 
9.60206 — 10 
0.17609 
0.17609 
2 )19.21388 — 20 
logtan}CAD= 9.60674 — 10 


ECAD = 22° 1’ 28”. 
CAD = 44° 2’ 56”. 


colog s = 
colog (8 — a) = 
log (s —b) = 
log (s — c) = 


ADC = ACD 
= 1(180°— CAD). 
-. D = 67 58 32”, 


A=CAD+ BAC= 00° 87 3”. 
B = 104° 28’ 41’ 

C= ACB+ ACD = 96° 58’ 44”, 
DEGI OS sae. 
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27. In a parallelogram ABCD, 


AB =2ine. AC = sin, and AD) — 

2.5in. Find ZCBA. 

Im ANGAB Cro 225, Ul==134. Ch 
Bose Tf 5 ease 

s— a@=1.25, s—b=0.75, s—c=1.75 


colog s = 9.42597 — 10 
log(s — a) = 0.09691 

colog(s —b) = = 10.12494 — 10 
log(s — c)= 0.24304 


2)19.89086 — 20 


logtan }OBA= 9.94543 — 10 


SCBA = 41° 24’ 35”. 
CBA = 82° 49’ 10”. 


28. Ina rectangle ABCD, AB = 
3.3in., and AC= 5} in. Find the 
angles that each diagonal makes 
with the sides. 
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1S 
w 


cance == SIMA Pi 
AC 5. 


of 


log AB = 0.51851 
colog AC = 9.25964 — 10 
log sin ACB = 9.77815 — 10 
A CB 3602 ia, 
CAD = 36> 02 ian 
BAC = 90° — ABC = 58° T 49”, 
and PALO Oca ote 
-. diagonal AC makes angles of 
36° 52/11” with AD and BC and 
53° 7 49” with AB and CD. 
As & ABC and ABD are similar, 
sin ADB = EB 
5.5 
ADB = 36° 52’ 11”, 
ABD = 63°27 49%. 
*, diagonal DB makes angles of 
58° 7 49” with AB and CD and 
86" AY’ AL” with AD and BC. 


and 


and 


Exercise 56. Area of a Xriangle (Page 128) 


Find the areas of the triangles ir vhich it is given that: 


bs 0) 2, OS GV), Jihes Ae 


sS= 4 ac sin 7, 
log a = 1.48136 
lore = 1.505*5 
log sin B = 9.89807 


colog 2 > 9 $9897 


3 =» 2.44355 


SOROS 


log « 


ib (eS May C= Bh 1D = BY. 
log a = 1.54407 
log ¢ = 1.63347 
log sin B = 9.77946 
colog 2 = 9.69897 
log S = 2.65597 
S = 452.87. 


9s == 4 ONC sto is — OU UE 
log a = 0.68124 
loge = 0.72428 
log sin B = 9.80305 
colog 2 = 9.69897 
log S = 0.90754 


S = 8.0824. 


4 —.9 816 0G. apes 


log a = 0.99123 
loge = 0.88081 
log sin B = 9.87446 
colog 2 = 9.69897 
log S = 1.44547 


S = 27.891, 
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5. @=17.3, b=19.4, C= 56.25°. 8. b= 423.9, c= 417.8, A = 68°27’. 
log a = 1.23805 log b = 2.62726 
log b = 1.28780 log ¢ = 2.62097 
log sin C = 9.91985 log sin. A = 9.96853 
colog 2 = 9.69897 colog 2 = 9.69897 
log S = 2.14467 log S = 4.91573 
S = 139.53. S = 82,361.5. 
6. a= 48.35, b= 64.32, C=62°37'. 9. b= 32.78, c = 29.62, 
log a = 1.68440 = OU 8r 20% 
logb = 1.80835 log 6 = 1.51561 


log sin C = 9.94839 loge = 1.47159 
colog 2 = 9.69897 log sin A = 9.92622 
log S = 2.61239 


S = 1380.78. 9409.68. 
7. b=127.8, c=168.5, A=72° 43’. 10, b = 1487, c = 1634, 
log b = 2.10653 A = 61° 30’ 30”. 
loge = 2.22660 log b = 3.17281 
log sin A = 9.97998 log ¢ = 8.21825 
colog 2 = 9.69897 log sin A = 9.94394 
log S = 4.01203 colog 2 = 9.69897 
S = 10,280.9. log S = 6.02847 
S = 1,067,750. 


11. Prove that the area of a parallelogram is equal to the product of 
the base, the diagonal, and the sine of the angle included by them. 

Let b = the base, d = the diagonal, and CAB the included angle. 

The area of triangle ABC = }bdsinCAB. 


ral 


The area of parallelogram = 2 ABC = 2. }bdsinCAB = bd sinCAB. 


12, Find the area of the quadrilateral A BCD, given AB=3in., AC = 
4,.2in., AD = 3.8in., 2BAD = 88°10’, ZBAC = 36° 20’. 
Area of AABC = 3 AB. AOC-sin BAC. 
Area of AACD = 3} AD. AC.-sinCAD. 
ZCAD=ZBAD — ZBAC = 88° 10’ — 36° 20’ = 51° 50’. 
log AB = 0.47712 log AD = 0.57978 
log AC = 0.62325 log A C = 0.62325 
log sin BAC = 9.77268 log sin CAD = 9.89554 
colog 2 = 9.69897 colog 2 = 9.69897 


log A BC = 0.57202 
ABC = 3.7327. 


log ACD = 0.79754 
ACD = 6.274. 


Area of quadrilateral = (3.7327 + 6.274) sq. in. = 10.0067 sq. in. 
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13. In a quadriateral ABCD, BC =5.1in., AC =4.8in., CD= 
8.71n., ZACB = 128° 42’, and ZDCA =117° 26’. Draw the figure ap- 
proximately and find the area. 


Area of AABC = SAC.- BC. sin ACB, 
Area of AACD=4AC-CD-sin ACD. 
log AO = 0.68124 
log BC = 0.70757 
log sin ACB = 9.92010 
colog 2 = 9.69897 
log A BO = 1.00788 
ABC = 10.188. 


log AC = 0.68124 

log CD = 0.56820 

log sin ACD = 9.94819 
colog 2 = 9.69897 

log ACD = 0.89660 


ACD = 7.881. 
Area of quadrilateral = (10.183 + 7.881) sq. in. = 18.064 sq. in. 


14, In the pentagon ABCDE, AB=3.1in., AC=4.2in., AD=3.7in., 
AH 2.9 in. ZA = 1322 18 2A C= 388° 16 v and 7 AGH == 530 se hing 
the area of the pentagon. 

LZCAD=ZA—(ZBAC + ZDAE) =182° 18’— 91° 25’ = 40° 58’. 
Area of AABC= 3 AB. AC. sin BAC, 
Areaof ACAD= 3 AC-AD-sinDAC. 


log AB = 0.49136 log AC = 0.62325 

log AC = 0.62825 tog AD = 0.56820 

log sin BA C = 9.79192 log sin DAO = 9.81592 
colog 2 = 9.69897 colog 2 = 9.69897 
log A BC = 0.60550 log CAD = 0.70634 
ABC = 4.0318. CAD = 5.0856. 


Area of AADE =} AD. AE. sinDAE, 
log AD = 0.56820 
log AH = 0.46240 
log sin DAE = 9.90320 
colog 2 = 9.69897 
log A DE = 0.63277 
ADE = 4.2931. 


Area of pentagon = 4.032 + 5.086 + 4.293 = 13.411 sq. in. 
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Exercise 57. Area of a Triangle (Page 129) 


Find the areas of the triangles in which it is given that : 


1, a= 17, B= 48°, C= 52°. 


,_ @ sin Bsin~ 
~ 2sin(B + C) 


log a? = 2.46090 

log sin B = 9.87107 

log sin C = 9.89653 

colog 2 = 9.69897 

colog sin (B+ C) = 0.00665 
log S = 1.98412 


S = 85.926. 


2, a = 182, B= 68.5°, C =78.4°. 


log a? = 4.52014 

log sin B = 9.95179 

log sin C = 9.99104 

colog 2 = 9.69897 

colog sin (B + C) = 0.20969 
log S = 4.37163 

S = 23,531. 


3, a = 298, B= 78.8°, C= 95.5°. 


log a? = 4.94844 

log sin B = 9.99165 

log sin C = 9.99800 

colog 2 = 9.69897 

colog sin (B+ C) = 1.00296 
logS = 5.64002 


S = 436,540. 


4, a=19.8, B= 39°20’, C= 88°40’. 


log a? = 2.59334 

log sin B = 9.80197 

log sin C = 9.99988 

colog 2 = 9,69897 

colog sin(B + C) = 0.10347 


log S = 2.19763 
Shes sien, 


5. ad = 2487, B= 87°28’, C=69°32’, 


log a? = 6.79136 

log sin B= 9.99958 

log sin C = 9.97168 

colog 2 = 9.69897 

colog sin (B+ C) = 0.40812 
log S = 6.86971 

S = 7,408,200. 


6. b= 483.7, A = 84° 32’, C = 78°49’ 


log 6? = 5.36916 

log sin.A = 9.99802 

log sin C = 9.99167 

colog 2 = 9.69897 

colog sin(A + C) = 0.54284 
log S = 5.60066 


§ = 398,710. 


7. 0 = 527.4,-A = 78° 427, 
CH= 68230 
log b? = 5.44428 
log sin A = 9.98218 
log sin C = 9.95223 
colog 2 = 9.69897 
colog sin (A + C) = 0.16880 
logS = 5.24646 
S = 176,384 


Sin 17.00.5040 noon 

B= 42° 36’. 

log c? = 4.94346 

log sin. A = 9.93115 

log sin B= 9.88051 

colog 2 = 9.69897 

colog sin(A + B) = 0.00883 

log S = 4.41242 

S = 25,848. 
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Orie h48.) A367 30 
B= (32006 
log c? = 2.48508 
log sin. A = 9.77396 
log sin B= 9.98248 
colog 2 = 9.69897 
colog sin(A + B) = 0.02782 
log S = 1.96831 
S = 921963. 


10. c= 96.3%, A = 42° 23°35”, 


B= 697627507 
log c? = 3.96788 
log sin.A = 9.82880 
log sin B = 9.97265 
colog 2 = 9.69897 
colog sin(A + B) = 0.038368 
log S = 3.50198 
== SLIGO. 


11, Ina parallelogram ABCD the 
diagonal AC makes with the sides 
the angles 27° 10’ and 32° 43’ respec- 
tively. ABis2.8in. long. What is 
the area of the parallelogram ? 

Area of AA BC 
_ AB’ sin BAC sin ABC 
~ 2sin(BAC + ABC) 
log AB” = 0.89432 
log sin BAC = 9.65952 
log sin d BC = 9.93702 
colog 2 = 9.69897 


colog sin(BAC + ABC) = 0.26722 


log A BC = 0.45705 
ABC = 2.8645. 


Area of parallelogram 
= ABC — O.129 Sdain. 


Exercise 58. Area of a Triangle (Page 131) 


Find the areas of the triangles in which it is given that: 


Le Sesh a) Se, Oe 


PASS Alp 

S105 
S=Vs(s— a) (s— b) (8-6). 
logs = 0.77815 


log(s—a)= 0.47712 


log(s— 6) = 0.380108 
log(s —c) = _ 0.00000 
2)1.55630 
logS = 0.77815 
Sie 0% 
OG — ono 20sCe tab: 

2ist==1608 

S— 30: 
logs= 1.47712 
log(s —a)= 1.17609 
log(s— b) = 1.00000 


log(s—¢)= 0.69897 


2)4.35218 
loeS= 2.17609 
S = 150. 


3. a=10,b=10,¢=10. 
DSe—50. 
Sesilny 
logsi= 17609 
log(s —a)= 0.69897 
log(s — b) = 0.69897 
log(s—c)= 0.69897 
2)3.27300 
logeS= 1.63650 


S = 48.301. 
4 Oj C0 = "3. alls 


Wipes iAop 
hYis= Gitek, 
log (s — a) = 0.80103 
log(s —b) = 9.00000 — 10 
log (8 — c) = 0.23045 
2 0.11126 
logS= 0.05563 
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5. a = 5.3, b= 4.8,c= 4.6. Ob Ch Cell OS eh CG oy 
23=14.7. 2s= 18.8. 
$ = 7.35. $= 9.4. 

logs= 0.86629 logs= 0.97313 
log(s — a) = 0.81175 log(s—a)= 0.36173 
log(s—b)= 0.40654 log(s —b)= 0.61278 
log(s —c) = 0.43933 log(s—c)= 0.47712 
2)2.02391 2)2.42476 
lox S=~ 101196 logS= 1.21238 

S'= 10.279. S = 16.307. 


7. There is a triangular piece of land with sides 48.5 rd., 523 rd., 
and 61.4 rd. Find the area in square rods; in acres. 
2's = 162.2, 


s=— sila 

legs= 1.90902 
log(s —a)= 1.51822 
log(s —b)= 1.45989 
log(s—c)= 1.29447 
2)6.17610 
logS= 3.08805 

S = 12248 sq. rd. = 7.655-4. 


Find the areas of the triangles in which it is given that: 
Ch GS OS BN, Oa Gh J LOM Gi—15-0 Ope 
are abe J ee BRS. 
OS eR log a = 0.59106 
loz a = 0.38021 log b = 0.71600 


loeb = 0.50515 log ¢ = 0.81291 
loge = 0.60206 colog 4K = 8.88606 


colog 4R = 9.09691 Oe eau ae 


log S = 0.58433 S = 10.14. 
SEE lind 12 heii) 
9, 0=2.7, b=3.6, c= 4.5, R=2.26. R= 6.928. 


log a = 1.07918 
log b = 1.07918 
log ¢ 
colog 4 R = 8.557383 
log S = 1.79487 


log a = 0.48136 

log b = 0.55680 
loge = 0.65321 
colog 4R = 9.04576 
log S = 0.68663 

S = 4.8599. S = 62.354. 
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12. Given a = 60, B= 40°35’ 12”, area = 12, find the radius of the 


inscribed circle. 


,acsin B= 12. 
24 
asinB 


log 24 = 1.88021 
colog a = 8.22185 — 10 

colog sin B = 0.18669 
log ec = 9.78875 — 10 


c = 0.61483. 


a—c = 59,.88517. 
a+c= 60.61483. 
Ai +. C= 139° 24’ 487, 
4 (A + C) = 69° 42’ 24”. 


log(a —c) = 1.77368 
colog(a+¢)= 8.21742—10 

log tan (A + C) = 10.48206 

log tan }(A — C) = 10.42316 


4(A— C) = 69° 19’ 19”. 


3, ZeVes IEW Sy 


p_% sin B 

~ sin A ~ 
log a = 1.77815 
log sin B = 9.81331 
colog sin A = 0.18581 
logb = 1.77477 


b = 59.534. 
2005 

Di b9 5345 
c= 0.61483 


2s = 120.14883 
8 = 60.07442. 


ee OR 
She 2 
~ $  60.07442 


log S = 1.07918 
colog s = 8.22131 — 10 
log r = 9.80049 — 10 


r = 0.19975. 


Find the areas of the triangles in which it is given that: 


13, a = 40, b= 18, c = 37. 


Sih 5s 
s—a=5. 
s$— b= 82. 
s—c=8. 


logs= 1.65821 
log(s— a)= 0.69897 
log(s— b) = 1.50515 
log(s—c)= 0.90809 

2)4.76042 

log S = 2.38021 


S = 240. 


14, a= 408, b= 41, c = 401, 


$= 425. 
SOT. 
s—b= 884. 
s—c= 24, 


logs= 2.62839 
log(s—a)= 1.28045 
log(s —b)= 2.58483 
log(s—c)= 1.88021 

2)7.82338 

logS = 3.91169 


S = 8160. 
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15. a = 624, b = 205, ¢ = 445. 


$= 630 
s—a=138. 
s—b = 482. 
s—e¢ = 192° 


logs= 2.80414 
log(s—a)= 1.11394 
log(s — 6) = 2.63548 
log(s —c) = 2.28380 


2)8.83686 
logS= 4.41843 
S = 26,208. 


Gh, Tae teh G Say aS OO 
S= tbesin a 


=}x8x5x 0.86603 


= 20 x 0.86603 
= 17.8206. 
rl, Gish, G rsh Ale OD, 
loge = 0.47712 
log sin A = 9.98753 
colog a = 9.15490 — 10 
log sin C = 9.56955 
Cr IATA L2G, 
Sai 98g LEA See, 
colog 2 = 9.69897 — 10 
log a = 0.84510 
loge = 0.47712 


log sin B = 9.99552 
log S = 1.01671 
S = 10.392. 


18. b = 21.66, c = 36.94, 
A = 66° 4’ 19”. 
S= tobesind. 

log b = 1.88566 

log c = 1.66750 
colog 2 = 9.69897 — 10 
log sin. A = 9.96097 
log S = 2.56310 
S = 365.68. 


19. @ = 215.9, c = 307.7, 
Ae Y BU, 
a@<cand>csind. 
A< 90°. .-. two solutions. 
log ¢ = 2.48813 
log sin. A = 9.62852 
colog a = 7.66575 — 10 
log sin C = 9.78240 
CPs; BUS I Sey 
oy Jor IU SPY ails 
or C’ = 142° 42’ 22”, 
SH De LOCRS 67a: 
colog 2 = 9.69897 — 10 
log a = 2.33425 
loge = 2.48813 
log sin B = 9.94774 
log S = 4.46909 
S = 29,450. 


colog 2 = 9.69897 — 10 
log @ = 2.33425 
loge = 2.48813 
log sin B’ = 9.32268 
log S’ = 8.84403 
S’ = 6982.8. 


20. 6 = 149, A = 70° 42’ 30”, 
Bi= 897 186287. 
PAG a) Oe 
B = 89° 18’ 28”. 
SG DHE 
log b = 2.17319 
log sin A = 9.97490 
colog sin B = 0.19827 
loga= 2.34636 
colog 2 = 9.69897 — 10 
log a = 2.34636 
logb = 2.17319 
log sin C = 9.97294 
log S = 4.19146 
S = 15,540. 
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21. a = 4474.5, b = 2164.5, 
Ce=N162307 204 
S= li absinC. 
log a = 8.65075 
logb = 8.88536 
colog 2 = 9.69897 — 10 
log sin C = 9.95177 
log S = 6.63685 
S = 4,333,600. 


22Na—ol0jc¢= 173.5 — 162930728": 


log @ = 2.70757 

loge = 2.23805 

log sin B = 9.47795 
colog 2 = 9.69897 — 10 

log 8 = 4.12254 

S = 18,260. 


23. If a is the side of an equi- 
lateral triangle, show that the area 
Se LEE 
is pa? V8. S= dbesin A 

= ta’ sin 60°. 
ha? x 4V3 


= 4 a? V3. 


ll 


24. Two sides of a triangle are 
12.88 ch. and 6.78 ch., and the in- 
cluded angle is 46° 24’. Find the 
area. 

Area = } x 12.38 x 6.78 sin 46° 24’. 
log 6.19 = 0.79169 
log 6.78 = 0.83123 
log sin 46° 24’ = 9.85984 
log area = 1.48276 
Area = 30.392. 


80.392 sq. ch. = 3 A. 0.892 sq. ch. 


25, Two sides of a triangle are 
18.37 ch. and 13.44 ch., and they 
forma right angle. Find the area, 
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Area =} 18.37 x 18.44. 
colog 2 = 9.69897 — 10 
log 18.37 = 1.26411 
log 13.44 = 1.12840 
log area = 2.39251 
Area = 128.45. 
123.45 sq. ch. = 12 A. 3.458sq.ch. 


26. Two angles of a triangle are 
76° 54’ and 57° 83’ 12”, and the in- 
cluded side is 9ch. Find the area. 
9? sin 76° 54’ sin 57° 33’ 12” 

2 anise oy 1 

log 81 = 1.90849 

log sin 76° 54’ = 9.98855 

log sin 57° 33” 12” = 9.92629 
colog 2 = 9.69897 — 10 

colog sin 184°27’ 12” = 0.14641 
log area = 1.66871. 

Area = 46.634. 
46.634 sq. ch. = 4 A. 6.634 sq. ch. 


Area = 


27. The three sides of a triangle 
are 49 ch., 50.25 ch., and 25.69 ch. 
Find the area. 


Area = Vs(s — a)(s — b)(s— 0). 
s = 1(49 + 50.25 + 25.69) 


= 62.47. 

s—a= 13.47. 

s—b = 12.22. 

s—c = 86.78. 
log 62.47 = 1.79567 
low 13.47 = 1.12937 
log 12.22 = 1.08707 
log 36.78 = 1.56561 
2) 5.57772 
log area = 2.78886 


Area = 614.97. 
614.97 sq. ch. = 61 A. 4.97 sq. ch. 
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28. The three sides of a triangle 
are 10.64 ch., 12.28 ch., and 9 ch. 
Find the area. 


s = } (10.64 + 12.28 + 9) 


= 15.96. 

&S—a= 5.32. 

s—b =3.68. 

8s—c = 6.96. 
log 15.96 = 1.20303 
log 5.382= 0.72591 
log 3.68 = 0.56585 
log 6.96 = 0.84261 
2) 3.33740 33740 
log area= 1.66870 


Area = 46.633. 
46.633 sq. ch. = 4 A. 6.633 sq. ch. 
29. The sides of a triangular field, 


of which the area is 14 A., are pro- 
portional to 8, 5, 7. Find the sides. 


Let the sides, measured in chains, 


he 3a, 5%, 7a. 
14 A.=140 sq. ch. 
Then s=43(824+52+72) 
=e ON: 


Si = aeons 
s—b=2.50. 
S— c= 0.50. 

140 =V7.52X 4.5" x 2.52 x 0.52 


i 
=7 Vib x9xd 


5 2 a 
_ 152 Vise 
4 


a = 


_4%x 140 _ A2 
“33 


15-V3 
2.04922 
9.28432 — 10 
2) 1.83854 


logxz = . 0.66677 
& = 4.6427. 


log 112 = 
colog 3V3 = 


bo 
Or 
= 


ot = 13.9281, 
5a = 23.2185. 
Tx = 82.4989. 


Sides are 13.93 ch., 28.21 ch., 
32.50 ch. 


30. Two sides of a triangle are 
19.74 ch. and 17.34 ch. The first 
bears N. 82° 30’ W.; the second 
S. 24°15 E. Find the area. 
Included angle = 121° 45’. 
Area=} x 19.74 x 17.34 sin 121° 45’ 

colog 2 = 9.69897 — 10 
log 19.74 = 1.29535 
log 17.34 = 1.23905 
log sin 121° 45’ = 9.92960 
log area = 2.16297 
Area = 145.54. 


45.54 sq. ch. = 14A.5.54sq. ch. 


31. The base of an isosceles tri- 
angle is 20, and its areais100 +V38, 
find its angles. 

(e—0: 


C= 20. 
ASS SSA NO Ww}. 
( 
RCs my 
V3 
OD. ae 
V3 
ne dO. 
; V3 
sci tan A 
dc 


logh = 0.76144 
coloe t¢= 9.00000 — 10 


log tan 2 4 = 9.76144 


A135 0% 
So Ie BO 
fy GS 
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82, Two sides and the included 
angle of a triangle are 2416 ft., 
1712 ft., and 30°; and two sides and 
the included angle of another tri- 
angle are 1948 ft., 2848 ft., and 150°. 
Find the sum of their areas. 


Leb a= 2416) ¢ = 1742. Bb 30". 
S= sacsinB. 
log a = 3.88310 
log ¢ = 3.28350 
colog 2 = 9.69897 — 10 
log sin B = 9.69897 
log S = 6.01454 


S = 1,084,000 sq. ft. 


Let a’ = 1948, c’ = 2848, B’ = 150°. 
S’= ha’c’ sin B’. 
log a’ = 3.28959 
log c’ = 8.45454 
colog 2 = 9.69897 — 10 

log sin B’ = 9.69897 
log S’ = 6.14207 

S’ = 1,887,000 sq. ft. 

o. S + S’ = 2,421,000 sq. ft. 


33. Two adjacent sides of a rec- 
tangle are 52.25 ch. and 388.24 ch. 
Find the area. 

Area = 52.25 x 388.24. 
log 52.25 = 1.71809 
log 88.24 = 1.58252 
log area = 3.30061 

Area = 1998. 


1998.sq. ch. = 199 A. 8 sq. ch. 


34, Two adjacent sides of a paral- 
lelogram are 59.8 ch. and 37.05 ch., 
and the included angle is 72° 10’. 
Find the area. 
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Area = 59.8 x 37.05 sin 72° 10’. 


log 69.8 = 1.77670 

log 87.05 = 1.56879 

log sin 72° 10’ = 9.97861 
log area = 3.32410 


Area = 2109.1. 
2109.1 sq. ch. = 210 A.9.1sq.ch. 


35. Two adjacent sides of a paral- 
lelogram are 15.36 ch. and 11.46 ch., 
and the included angle is 47° 30’. 
Find the area. 


Area = 15.36 x 11.46 sin 47° 30’. 


log 15.386 = 1.18639 

log 11.46 = 1.05918 

log sin 47° 30’ = 9.86763 
log area = 2.11820 
Area = 129.78. 


129.78 sq. ch. = 12 A. 9.78 sq. ch. 


36. Show that the area of a quad- 
rilateral is equal to one half the 
product of its diagonals into the 
sine of the included angle. 


Let the lengths of the diagonals 
be denoted by a and 6, and the in- 
cluded angle by C. Let the lengths 
of the segments made by their point 
of intersection at C be denoted by 
@,, G,, and b,, by, respectively. 

The area of the quadrilateral is 
equal to the sum of the areas of the 
four triangles. 


-. S=}a,b, sind + }.a,b, sinC 
+ a,b, sinC + a,b, sind 
} (yb + Agby+ ab, +4,0,)sinG 
(4, + 4.) (0, + 6.) sin 
ab sinC, 


lI 
to) 


lI 


toH be 
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87. The diagonals of a quadri- 
lateral are 34 ft. and 56 ft., inter- 
secting at an angle of 67°. Find 
the area. 


Area = 3 x 84 x 56 x sin 67°. 


log 17 = 1.28045 

log 56 = 1.74819 

log sin 67° = 9.96403 
log area = 2.94267 


Area = 876.84 sq. ft. 


38. The diagonals of a quadri- 
lateral are 75 ft. and 49 ft., inter- 
secting at an angle of 42°, Find 


the area. ; 
colog 2 = 9.69897 — 10 


log 75 = 1.87506 

log 49 = 1.69020 

log sin 42° = 9.82551 
log area = 3.08974 


Area = 1229.5 sq. ft. 


89. In the quadrilateral ABCD 
we have A B, 17.22ch.; AD,7.45ch.; 
CD, 14.10 ch.; BC, 5.25 ch.; and 
the diagonal AC, 15.04 ch. Find 
the area. 

In the triangle ABC, 

8 = 4(17.22 + 5.25 + 15.04) 


= 18.755. 
SG = 1,530, 
s— b = 18.505. 
Ses SOG hy, 
log 18.755 = al Parsi 
log 1.585 = 0.18611 
log 18.505 = 1.18049 
log3.715 = 0.56996 


2 )3.15968 
logarea= 1.57984 


Area = 88.005 sq. ch. 


253 


In the triangle ACD, 
s= $(15.04 + 14.10 + 7.45) 


= 18.295. 

8— a= 8.255. 

s—b=4,195. 

s8— c= 10.845. 
log 18.295 = 1.26233 
log 3.255 = 0.51255 
log 4.195 = 0.62273 
log 10.845 = —- 1.03523 
2 )3.43284 
logarea= 1.71642 


Area = 52.050 sq. ch. 


Area A BC = 38.005 
Area ACD = 52.050 
Area A BCD = 90.055 sq. ch. 


90.055 sq. ch. = 9 A. 0.055 sq. ch. 


40. Show that the area of a regu- 
lar polygon of n sides, of which one 


naz 180° 
cot : 
4 


side is a, is 
n 


Lines joining the vertices to the 
center divide the polygon into n 
equal isosceles triangles, the bases 


of which are a, and the vertical 
x90 
- The altitude of each 


angles 


triangle is 
SOS 
h = —cot ; 
2 n 


and the area of each is 
j Gps saltskty" 
4 ah = — co ‘ 
Hence, the area of the polygon is 


naz 180° 
— cot . 


nr 
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41. One side of a regular penta- 42. Oneside of a regular hexagon 
gon is 25. Find the area. is 82. Find the area. 

Area = Cans eas Area = Si tee 

4 5 4 6 

= 781.25 cot 86°. = 1536 cot 30°. 

log 781.25 = 2.89279 log 1536 = 3.18639 
log cot 86° = 10.18874 log cot 80° = 10.23856 
log area = ~ 3.03153 log area = 3.42495 

Area = 1075.3. Area = 2660.4. 


48, One side of a regular decagon is 46. Find the area. 


10 x 46? 180° 


INTO SS SS OE = 5290 cot 18°. 
4 10 


log 5290 = 3.72346 
log cot 18° = 10.48822 
log area = 4.21168 
Area = 16,281. 
44, If r is the radius of a circle, show that the area of the regular cir- 


: F : 5 180° 
cumsceribed polygon of n sides is nr* tan 
360° 


, and the area of the regular 


¢ : ees 
inscribed polygon is 5 v2 sin 
2 


Lines drawn from the vertices to the center divide the polygon into 
n equal isosceles triangles, the bases of which are the sides of the polygon 


Ra (oO. 
and the vertical angles 


,and the altitude 
oO 


nN 180° 
In the circumscribed polygon, each side = 2 tan 


: : ; ‘ae 180 
of each triangle is 7. Hence, the area of each triangle is 7? tan 


fe} n 


» and 


the area of the polygon nr? tan - : 
] fe) 


» and the alti- 


In the inscribed polygon, each side = 2rsin 


te) 


; : 1 
tude of each triangle is rcos Hence, the area of each triangle 


nN 

ao a eearmerl nol Oe S02 OUe ; 

BN reese ea a ee and the area of the polygon is 
n 

Mi O02 

—— sin 

2 n 


45, Obtain a formula for the area of a parallelogram in terms of two 
adjacent sides and the included angele. 
By Geometry, area of parallelogram = base x height. 
In this case, area = bh. 
But h=asin A; 
*, area of (J = absin A. 
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Exercise 59. Right Triangles (Page 133) 


1. If the sun’s altitude is 30°, find 
the length of the longest shadow 
which can be cast on a horizontal 
plane by a stick 10 ft. in length. 


Ss 
Fae 


ae 
The longest shadow is cast when 
the stick is 1 to the sun’s rays. 


sin 80° = >=. 
10 ss 
Se oe: 
2 


The longest shadow cast by the 
stick is 20 ft. 

2. A flagstaff 90 ft. high, on a 
horizontal plane, casts a shadow of 
1i7ft. Find the altitude of the sun. 


Cie GSW atic, CSM ities 
required A. - 
tan A = —. 
b 


log a = 1.95424 
colog b = 7.93181 — 10 
log tan A = 9.88605 
A = 37° 34’ 5”. 

Altitude of sun is 87° 34’ 5”. 

8. If the sun’s altitude is 60°, 
what angle must a stick make with 
the horizon in order that its shadow 
in a horizontal plane may be the 
longest possible ? 

Elevation of san = 60°. 

Inorder to cast the longest shadow 
possible, the stick must be 1 to the 
rays of the sun, 

90° — 60° = 80°. 

The stick is at an angle of 30° 

with the horizon, 


4. A tower 93.97 ft. high is sit- 
uated on the bank of a river. The 
angle of depression of an object on 
the opposite bank is 25°12’, Find 
the breadth of the river. 


a=btanAa. 
logb = 1.97299 
log tan A = 10,.32738 
loga= 2.30037 
a = 199.70 
The breadth of the river is 


199.70 ft. 


5. The angle of elevation of the 
top of a tower is 48°19’, and the 
distance of the base from the point 
of observation is 95 ft. Find the 
height of the tower and the dis- 
tance of its top from the point of 


observation. 
a=bdtana, 


A = 48° 19’ 
C295 it 
logb = 1.97772 
log tan A = 10.05039 
loga= 2.02811 
a = 106.69 
b 
~ cos A 
log b = 1.97772 
colog cos A = 0.17717 
loge = 2.15489 


C= NAS 


The height of the tower is 106.69 
ft., and the distance of its top from 
the point of observation is 142.85 ft 
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6. From a tower 58 ft. high the 
angles of depression of two objects 
situated in the same horizontal line 
with the base of the tower, and on 
the same side, are 30°13’ and 45° 46’. 
Find the distance between these 
two objects. 


D 
4 
AME Cc 


Given ZADE = 30° 13’, 
ZBDE =45° 46 ; 


then ZBDC = 90° — (45° 46’) 
= 44°14’; 

and ZADC = 90° — (30° 13/) 
— 59° 47’. 


BC = 58 tan BDC. 


log 58 = 1.76343 
log tan 44° 14” = 9.98838 
log BC = 1.75181 


BC = 56.468. 


AC = 58 tan ADC. 


log 58 = 1.76343 
log tan 59° 47’ = 10.23478 
log AC = 1.99821 

AC = 99.588. 


ACU — BC = 43.12 ft., distance 


between the two objects. 


7, From one edge of ua ditch 36 ft. 
wide the angle of elevation of the 
top of a wall on the opposite edge 
is 62°39’. Find the length of a lad- 
der that will just reach from the 
point of observation to the top of 
the wall. 
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Given b=36, 
A = 62°39’; required c 
e = COSA 
c 
be 36 
~ cos A 


log 86 = 1.55630 
colog cos A = 0.33779 
loge = 1.89409 


c= 78.36. 


Length of the ladder = 78.36 ft 


8. The top of a flagstaff has been 
partly broken off and touches the 
ground at a distance of 15 ft. from 
the foot of the staff. If the length 
of the broken part is 39 ft., find the 
length of the whole staff. 


Given c= 89, b=15; required 
eta. 
a=V(c + b) (c— db) 
= V (39 + 15) (89 — 15) 
=v 54 x 24 
Sr sO a 
= 36. 
c+ a= 39 4+ 36=75. 


Whole length of flagstaff = 75 ft. 


9. From a balloon which is di- 
rectly above one town the angle 
of depression of another town is 
observed to be 10°14’. The towns 
being 8 mi. apart, find the height 
of the balloon. 
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Given A= 90° — (10° 14’) 
ae ye 

a= 8; required b. 
b=acota. 


log a = 0.90809 

log cot A = 9.25655 
log b = 0.15964 

= 1.4442. 


The height of the balloon is 
1.4442 mi. 


10. A ladder 40 ft. long reaches 
a window 33 ft. high, on one side of 
a street. Being turned over upon 
its foot, the ladder reaches another 
window 21 ft. high, on the opposite 
side of the street. Find the width 
of the street. 


Width of the one part of the street 
= V 40? — 33? 
=V611 
= 22.605. 

Width of other part 
= V 402 — 21? 
= 34.044. 

22.605 + 34.044 = 56.649. 


Total 
56.649 ft. 


width of the street = 


11, From a mountain 1000 ft. 
high the angle of depression of a 
ship is 27°35/11’. Find the dis- 
tance of the ship from the summit 
of the mountain. 


Given a = 1000, 
A = 27°35’ 117; required. 
1900 | 1000 


sin. A = ——,,¢ - 
c sin.A 


207 
log 1000 = 3.00000 

colog sin A = 0.33434 

log c = 8.33484 
c = 2159.5. 


Distance of ship from summit = 
2159.5 ft. 


12. From the top of a mountain 
3 mi. high the angle of depression 
of the most distant object which 
is visible on the earth’s surface is 
found to be 2° 13’ 50”. Find the 
diameter of the earth. 


D 


Let A be the top of the moun- 
tain, C the object observed, B the 
center of the earth. Then given 
Jes al a? INO ead eas} p 
required a. RO ARCO B. 

a= (a+ 3)cosB 
“. a(1— cos B) = 3 cos B. 


by [34], =- 


log § = 0.17609 
log cos B = 9.99967 


B 
colog sin? ae 3.42154 


log a = 3.59780 
a = 3956.4. 
2a = 7912.8. 


Diameter of earth = 7912.8 mi. 
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18. A lighthouse 54 ft. high is 
situated on a rock. The angle of 
elevation of the top of the light- 
house, as observed from a ship, is 
4° 52’, and the angle of elevation of 
the top of the rock is 4°2’. Find 
the height of the rock and its dis- 
tance from the ship. 


Let h = height of rock. 
a = distance of ship. 
h+ 54 _ tan 4° 52" 
h tan 4° 2” 
54 _ tan 4° 52" 
h tan 4° 2’ 
54 _ tan 4° 52’ — tan 4° 2" 
h tan 4° 2” 
5 tan 4° 2’ 
tan 4° 52’ — tan 4° 2’ 
5d cos 4° 52’ sin 4° 2” 
sin (4° 52’ — 4° 2’) 
cos 4° 52’ sin 4° 2 


sin 50’ 


Then 


= 54 


log 54 = 1.73239 

log cos 4° 52’ = 9.99843 
log sin 4° 2’ = 8.84718 
colog sin 50’ = 1.83732 
log h = 2.41532 


h = 260.21. 


Also Bh = WKH Pe 
logh = 2.41532 
log cot 4° 2’ = 11.15174 


3.56706 


LOS t= 


a = 3690.3. 


Height of rock = 260.21 ft.; dis- 
tance of ship = 3690.3 ft. 
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14. The latitude of Cambridge, 
Massachusetts, is 42° 2249”. What 
is the length of the radius of that 
parallel of latitude ? 


a 


Let O be the center of the earth, 
NS the axis, NAS the meridian of 
Cambridge, A the position of Cam- 
bridge, and C the center of its 
parallel of latitude. Then, in the 
right triangle OAC, given O = 90° 
— 42° 22’ 49” = 47°37 11%, OA = 
3956.2 mi.; required AC. 

ACG — FA Osim: 
log AO = 8.59728 
log sin O = 9.86846 
log AC = 3.46574 
AC = 2922.4. 


Radius of parallel of latitude 
= 2922.4 mi. 


15. At what latitude is the cir- 
cumference of the parallel of lati- 
tude equal to half the equator ? 


The radius of the parallel is half 
the radius of the earth. 

In the figure of Example 14, given 
AC =JAO; required 90° — angle 
O, that is, angle A. 


cosA = ee =e 
A One 
25 BS OW, 


The required latitude is 60° 
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16. In a circle with a radius of 6.7 is inscribed a regular polygon 
of thirteen sides. Find the length of one of its sides. 


Let O be the center of the circle, AB a side of the polygon, and 
C the middle point of AB. Then in the right triangle OCB, given 


360° Hi ; 
O= aa = loo 50246 Ob —16.7 5 requineds AB, A 
that is, 2 CB. CB = OBsin BOC. B 


log OB = 0.82607 
log sin BOC = 9.37897 
log CB = 0.20504 
CB = 1.6034. 
AB = 3.2068. 
Length of a side of the polygon = 38.2068. 


17. A regular heptagon, one side of which is 5.73, is inscribed in a 
circle. Find the radius of the circle. 
In the figure of Example 16, given BC = } x 5.73 = 2.865 and angle 
BOC ale = 25° 42’51”; required OB. 
OB = BC csc BOC. 


log BC = 0.45712 

log ese BOC = 0.36263 
log OB = 0.81975 

OB = 6.6031. 


Radius of circle = 6.6031. 


18, When the moon is setting at any place, the angle at the moon 
subtended by the earth’s radius passing through that place is 57°38”. If 
the earth’s radius is 3956.2 mi., what is the moon’s distance from the 
earth’s center ? 

Let C represent the place, A the moon, and B the earth’s center. Then 
in the right triangle A BC, given A = 57’ 3”, a = 3956.2 mi.; required ¢, 


C= ese. 


log a = 3.59728 
log csc A = 1.78004 
log ¢ = 5.37732 


c¢ = 238,410. 
Moon’s distance = 238,410 mi. 
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19. A man in a balloon observes 
the angle of depression of an object 
on the ground, bearing south, to be 
35° 80’; the balloon drifts 2} mi. 
east at the same height, when the 
angle of depression of the same 
object is 28° 14’. Find the height 
of the balloon. 


A 
yh h 
h Cc’ 

a’ 
@ « B 


fet A and A’ be the first and 
second positions of the balloon, re- 
spectively, C and C’ the points on 
the ground directly under A and 
A’, and B the object observed. 
Then A = 54° 30’. 
A —"66°46": 
OCP SE SN 
a=htana. 
a’ =htanJA’. 
a? — gq? = (24). 
tan? A’ — h? tan2.A = (23)?. 


tan?.A’ — tan?_A 
24 
h = 


V tan?_A’ — tan2.A 

But tan?A’ — tan?.A 

= (tan A’+ tan A)(tan A’— tan A) 
_ sin(A’+ 4) . sin (d’ — A) 


cos A’ cos A cos A’ cos A 
sin(A’ + A)sin(A’ — A) 
cos? A’ cos?.A 


Hence 
] 21 cos A’ cosA 
) She 


~ -Wsin(A’ + A)sin(A’— A) 
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log 24 = 0.39794 
log cos A’ = 9.59602 
log cos. A = 9.76395 
colog V sin (A’ + A) = 0.03408 
colog Vsin (A’ — A) = 0.83636 
log h = 0.12835 
h = 1.8488. 
Height of balloon = 1.3438 miles. 


20. The angle at the earth’s cen- 
ter subtended by the sun’s radius 
is 16’ 2”, and the sun’s distance is 
92,400,000 mi. Find the sun’s di- 
ameter in miles. 

Let A represent the center of the 
earth, B that of the sun, and Ca 
point on the edge of the sun’s disk. 
Then in the right triangle ABC, 
given A =16' 2”, c= 92,400,000 mi.; 
required 2a. qaqa=csinA. 

log ¢ = 7.96567 

log sin A = 7.66874 

log a = 5.63441 

a = 430,930. 

2a = 861,860. 
Sun’sdiameter = 861,860 mi. 


21. A man standing south of a 
tower and on the same horizontal 
plane observes its angle of elevation 
to be 54°16’; he goes east 100 yd.and 
then finds its angle of elevation is 
50°8’. Find the height of the tower. 


A 
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Let AC be the tower, B and B’ 
the first and second positions of the 
observer. 


Then BB’ = 100. 
a = bcot ABC. 
e-= beta BC: 
C= 0". 
b? (cot? A B’O — cot?A BC) = 100°. 
3 100 
V cot? 50° 8’ — cot? 54° 16’ 
__ 100 sin 54° 16’ sin 50° 8” 
V sin 104° 24 sin 4° 8” 
log 100 = 2.00000 
log sin 54° 16’ = 9.90942 
log sin 50° 8’ = 9.88510 
colog Vsin 104° 24’ = 0.00693 
colog V sin 4° 8’ = 0.57110 
logb = 2.37255 


b = 285.81. 


b 


Height of tower = 235.81 yd. 


22, A regular pyramid, with a 
square base, has a lateral edge 150 
ft. long, and the side of the base is 
200 ft. Find the inclination of the 
face of the pyramid to the base. 


A 


Let A be the vertex of the pyra- 
mid, BCDE its base, O the center 
of the base, and M the middle point 
of the side BC. Required the angle 
AMO, 
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In the right triangle AOB, 
AB = 150, 
OB =} BD =100V2. 
. 40 = V AB? — OB? 


= 50. 
In the right triangle AOM, 
tan OMA = AD = aM =0°5, 
OM 100 


OMA = 26° 34’. 

Inclination of face of pyramid to 
base = 26° 34’. 

28. The height of a house sub- 
tends a right angle at a window on 
the other side of the street, and the 
angle of elevation of the top of the 
house from the same point is 60°. 
The street is 80ft. wide. How high 
is the house ? 


A 
C C 
B 
Given CC’ = 30, ACC’ = 60°, 
BCC’ = 30°; required AB. 
OAB = 302; 
POO Oe—1605 
Pi areas 
AB 
ee IO 


tps Lv5 
= 40 V3 = 69.282. 


Height of house = 69.282 ft. 
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24, The perpendicular from the 
vertex of the right angle of a right 
triangle divides the hypotenuse into 
two segments 364.3 ft. and 492.8 ft. 
in length respectively. Find the 
acute angles of the triangle. 


Let D be the point of division in 
AB the given hypotenuse. 
Then CD is the mean propor- 
tional between the segments of AB. 
DO” = 492.8 x 346.3. 

log 492.8 = 2.69267 

log 364.3 = 2.56146 

log DO” = 5.25413 

log DC = 2.62706. 


DC 
492.8 
log DC = 2.62706 
colog 492.8 = 7.30733 — 10 
log tan A = 9.934389 
A = 40° 41’ 18”, 
B = 49° 18 42”. 


tan A = 
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25. The bisector of the right 
angle of a right triangle divides 
the hypotenuse into two segments 
431.9 ft. and 523.8 ft. in length 
respectively. Find the acute angles 
of the triangle. 


Given DC bisector of rt. ZC. 
AD =1523-8, 
BD = 431.9. 


From Plane Geometry, 


AD_ AC 

BD <°CR 
tan B = ae _AD 
CB BD 


log AD= 2.71917 
colog BD = 7.86462 — 10 
log tan B= 10.08379 
B= 50° 29 35”. 
il BOS BO ay 
The acute A of the A are 


50° 20’ 35” and 39° 30’ 25”. 


26. Find the number of degrees, minutes, and seconds in an are of a 
circle, knowing that the chord which subtends it is 238.25 ft., and that 


the radius is 196.27 ft. 


Given 


Find are A B in circular measure. 


OD 1 to AB bisects AB. 


= 238.25, 


= 196.27. 


DB = } AB=119.125. 
¢ Os 
sin BOD aes 
196.27 
log 119.125 = 2.07600 


colog 196.27 = 7.70715 — 10 
log sin BOD = 9.78315 
BOD = sSiee oes 


AOB = 74° 4414”, 
“. arc AB= 74° 44’ 14”, 
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27. Calculate to the nearest hun- 
dredth of an inch the chord which 
subtends an arc of 37° 43’ in a circle 
having a radius of 542.35 in, 


Given OB = 542.35, 

Z BOC = 87° 48’. 
Dibenwee4 BO Dew Serola30 4, 
Find BO, to the nearest hun- 


dredth of an inch. 
BD 


Sine, 0 = 
OB 
BO = OBsin BOD. 
BD = 542.35 sin BOD. 
BC = 2 BD: 
log 542.35 = 2.73428 
log sin BOD = 9.50951 
log 2 = 0.30103 
log BC = 2.54482 
BC = 350.607. 


Length of chord = 350.61 in, 


28. Calculate to the nearest hun- 
dredth of an inch the chord which 
subtends an are of 14° in a circle 
having a radius of 475.23 in. 
arc) B= 142, 

yr = 475.23 in. 
Find chord DB. 


Given 


VA Ov== (or 
Sin Ol Be 
ip 


chord DB = 2 BC. 
BC=rsin0O. 
logr = 2.67691 
log sin O = 9.08589 
log 2 = 0.30103 
log DB = 2.06383 
DB = 115.838. 


Length of chord = 115.83 in. 
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29. In an isosceles triangle A BC 
the base AB is 1235 in., and Z 4 = 
Z B= 64° 22. Find the radius of 
the inscribed circle. 


Given AB= 1235in., 
Za An== Zi G42 29% 
Required OD. 
ODB is a rt.A. 
Since OB bisects 2 B, 
ZO BD 32211 
BD = } of 1235 = 617.5. 
tan OBD = ee 
BD 
OD = BD tan OBD. 


log BD = 2.79064 
log tan OBD = 9.79888 
log OD = 2.58952 


OD = 388.62 in., radius 
of the inscribed 
circle. 


30, Find the number of degrees, 
minutes, and seconds in an are of 
a circle, knowing that the chord 
which subtends it is two thirds of 
the diameter. 


Given the diameter AB, and 
chord AC = 2 AB. 

Find are AC. 

Angle C is a rt. Z, being sub- 
tended by a semicircumference. 


» ods — &. 
sin B = 0.66662. 
Sie Ad ee Say) oe 


Since B is measured by Fare AC, 


ATE — Seo ol 407. 
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81. Find the number of degrees, 
minutes, and seconds in an arc of 
a circle, knowing that the chord 
which subtends it is three fourths 
of the diameter. 

Given chord AC= 3AB. 

Find AC. 

sin B= $ = 0.75. 
B = 48° 35’ 80”. 

Since Z B is measured by } the 

arc AC, 
arc AC = 2 x 48° 35’ 380” 
== O71 


32. The radius of a circle being 
2548.36 in., and the length of a 
chord BC being 3609.02 in., find 
the angle BAC made by two tan- 
gents drawn at Band O respectively. 

R = 2548.36 in., 

BC = 8609.02 in. 

Find Z BAC, formed by tangents 
AB and AC. 

Let BD be the diameter of the 
circle. 

BD = 2 x 2548.36 = 5096.72 in. 

BC 
BD 
log BO = 3.55739 
colog BD = 6.29271 — 10 
log sin BDC = 9.85010 
BDC = 45° 4 51”. 
Zapp 7A OB — 4 ABO, 
being measured by } are BC. 
Z-BA C = 180° — 2(45° 4’ 51”) 
Soy pose. 


Given 


sin BDC= 


33. Find the ratio of a chord to 
the diameter, knowing that the 
chord subtends an arc 27° 48’. If 
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the diameter is 8 in., how tong is 
the chord? If the chord is 8 in., 
how long is the diameter ? 


(i) Given 
arc-A B= 27° 487, 
Za WN3P'D4 
chord AB Va 
A (Oe 


sinC = 0.2402. 


+. ratio of the chord to the diam- 
eter = 0.2402. 


(ii) Given diameter = 8 in. 
Find chord. 
chord AB = AC sinC 
= 8 x 0.2402 
= 1.9216 ine 
chord AB = 1.92 in. 
(iii) Given chord AB = 8in. 
Find diameter. 
ACH ener AB 
sin C 
log 8 = 0.90309 
colog 0.2402 = 0.61943 
log diameter = 1.52252 
Diameter = 33.306 in. 


34. Find the length of the diam- 
eter of a regular pentagon of which 
the side is lin., and the length of 
the side of a regular pentagon of 
which the diameter is 1 in, 

Grivent Alissa 
regular pentagon. 


the side of a 


LAOB = 72°: 
DB oan 
LDOB= 862. 
sin DOB = DB 
OB 
DB 


~ sin DOB’ 
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log DB = 9.69897 — 10 
colog sin DOB = 0.23078 
log OB = 9.92975 — 10 
OB = 0.85064. 
CB = 2 0B =1.70128. 
.. diameter of regular pentagon 
== U7 500s 
Let CHiy = i5ie 
Find AB. OB =0.5. 
DB = OB sin 86°. 
log OB = 9.69897 — 10 
log sin 86° = 9.76922 — 10 
log DB = 9.46819 — 10 
DB = 0.2939. 
AB = 0.5878. 
The side of a regular pentagon 
whose diameter is lin. is 0.588 in. 


35. Two circles of radii a@ and b 
are externally tangent. The com- 
mon tangents AP, BP, and the line 
of centers CC’P are drawn as shown 
in the figure. Find sin APC. 


ie 
ES 


Draw radii C'A and 0’ A’ to points 
of tangency and C’D || to AP. 
ALEX) = 2 IDIOM Oe 
WzAgiSal|| tonal 


and AD=O'A’=b. 
CD=a—0. 
CCW =a+ 0. 
= 
sin-DC*C\= Carmen 
a+b 
* snAPC = a—bd 


a+b 
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36. In Ex. 35 find ZAPC, know: 


ing that a = 30. 


Since = 30 
APO athe 
36+6b 4b 2 
sin 30° = 3. 
8 NI Of ss HIP, 


37. InAABC, ZA = 68° 265277, 
ZB = 75° & 23”, and altitude h, 
from C, is 148.17in. Required the 
lengths of the three sides. 


Lie’ sin A 

AC h 

AGS = F 
sin A 


log h = 2.17076 
colog sin A = 0.03150 
log AC = 2.20226 
AO =159.31. 


= == Hun sey 
BCs, 
sin B 


log h = 2.17076 
colog sin B = 0.01478 
log BC = 2.18554 


BO =163.3. 

AB= AD + DB. 

AD = h ° 
tan A 


log h = 2.17076 
colog tan A = 9.59672 — 10 
log AD = 1.76748 


AD = 58.544. 
nie 
tan B 


log h = 2.17076 
colog tan B = 9.42385 — 10 
log DB =1.59461 
DB = 39.32. 
AB = 58.54 + 39.32 = 97.86. 
The three sides are 97.9 in, 
153.3 in., and 169.3 in. 
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38. Two axes, OX and OY, form 
a right angle at O, the center of a 
circle of radius 1091 ft. Through 
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39. Find the sine of the angle 
formed by the intersection of the 
diagonals of a cube. 


P,a point on OXY 1997 ft. from O, a 
tangent is drawn, meeting OY at C. 
Required OC and the angle OPO. 


ABCD isa TS}: 
SA GBD: 


1091 
1997 


SUN GHAO A ABD and BAC are equal. 
log 1091 = 3.03782 AB =a + @. 
colog 1997 = 6.69962 — 10 AB=aV2. 
loe sin CPO = 9.73744 A ABO is isosceles 
CPO = 88° 6 51”. and ZBAO=ZABO. 
A ZBAO=ZBAC. 
1997 tan BAC = eid = 
a av2 
7=19 ¢ i 
POS Cann’ tan BAC = 0.7071. 
log 1997 = 3.30038 


ZBAC=3b315e48e 
log tan CPO = 9.81441 AOB = 180°— 2 (85° 157 48”) 
log OC = 3.11479 


{ 


taniG.2 Ol 


1 
2 


= 109° 28’ 24”, 
OC = 1302.545 ft. sin. A OB = 0.94275 
ZOPO = 83° 6 51”. = 0.9428. 


40. The angle of elevation of the top of a tower observed at a place A, 
south of it, is 80°; and at a place B, west of A, and at a distance of a 


from it, the angle of elevation is 18°. Show that the height of the tower is 


a : /5—1 
—, the tangent of 18° being Baal e 


V2429V5 V1042-V5 
With the figure and notation of Ex. 21, 
a 


—— 


cot? 30° 


V cot? Rei 
1 /5 2/5 Is x 
But EA ea (0 +2 5) (6 + 2v D) —542V5, 
6—2V5 62 — (2-V5)" 
and cot? 30° = 3. 
Hence a ae 
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41. Standing directly in front of 
one corner of a flat-roofed house, 
which is 150 ft. in length, I observe 
that the horizontal angle which the 
length subtends has for its cosine 
VAs and that the vertical angle 
subtended by its height has for its 


sine ——-. What is the height of 


V34 
the house ? 


Let a= distance of observer from 
house, 
b = height of house, 
B = horizontal angle subtended 
by length of house, 
B = vertical angle subtended 
by height of house. 


Then a=150 cot B. 
b=atan B’ 
= Hovicotes tam is. 
But cosB=V1; 
= y 
hence sin B= V1— i 
/ 5 
os B Vo 
+ cot B= OF — Ae 
sin B 1 
3 
Also) sin B? = ——. 
V34 
5 
1 CC Wex == = 
34 


6s PO TOS ee 
Hence b=150 x 4 x # =46. 


Height of house = 45 ft. 


42. Ata distance a from the foot 
of a tower, the angle of elevation A 
of the top of the tower is the com- 
plement of the angle of elevation of 
a flagstaff on top of it. Show that 
the length of the staff is 2a cot 24. 


Let, h = height of tower, 
and l= length of staff, 
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Then h=atanAa. 
h+l=acota. 
1=a(cot A — tan A) 
cot?A — 1 , 
ing Copan 
by [83], =2acot2A. 


43. A rectangular solid is 4 in. 
long, 3 in. wide, and 2in. high. Cal- 
culate the tangent of the angle formed 
by the intersection of any two of the 
diagonals. 


E 4 oA 


AB=V4#£24 32=5. 
As in Ex. 89, 4a OC 
tam AO Bi = =2af 
cd OL ae 
== lds 


4 AOB = 689117547. 
A OB = 136° 23’ 48”. 
*, tan dOB=— 0.9524. 

44, Calculate the tangent as 
Ex. 48, the solid being J units long, 
w units wide, and h units high. 

JS, Jiei—= iy, (Ole) = 10s 
LAB VP 4+w 
LBC a Th 
V2 + w? 

ho 
2tan } AOB 
1—tan? tA OB 


in 


tan } AOB= 


By [81], tan AOL = 


os h 
jeateseda ae 
h2 
_ 2hAVE + w? 
~ 2-2 —w? 
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Exercise 60. Oblique Triangles (Page 137) 


1. Show how to determine the 
height of an inaccessible object 
situated on a horizontal plane by 
observing its angles of elevation at 
two points in the same line with its 
base and measuring the distance 
between these two points. 


A 


Cc 3B B’ 

Let AC be the object, B and B’ 
the two points of observation. Then 
given the angles B’ and ABC, and 
the side BB’; required AC. 


sin B’ 


AB=BB = 
sin BA B’ 


sin 155! 
sin (ABC — BY) 
AC = ABsin ABC 

— pp nk sin ABO 
sin(A BC— B’) 


7 


2. Show how to determine the 
height of an inaccessible object 
standing on an inclined plane. 


A 


Lo 


CC B B 


Let CBB’ be the inclined plane, 
AC the object, B and B’ two points 


of observation, AO’ the perpendic- 
ular from A on CBB’. Then given 
CB, BB’, and the angles ABC, B’; 
required AC, 

From the solution of Ex. 1, 
, sin B’ sin ABC 
sin (A BO — BY)’ 
_ sin B’ cos A BC 
sin(A BO — B’) 
Then C’C = C’B— CB, 
ACS At OO. 


PA CD 


and CoB = BiB 


and 


3. Show how to determine the 
distance between two inaccessible 
objects by observing angles at the 
ends of a line of known length. 


A 


(Gy D 

Let A and B be the inacces- 
sible objects, C and D the ends 
of the given line. Then, given 
CD, ZACD, ZBCD, ZADO, and 
ZBDC; required AB. 


4¢- cp 2 
sin CAD 

BO= cp sin Bde | 
sin CBD 


Then in the triangle CAB, two 
sides and the included angle are 
known, and the third side can be 
computed as usual, 
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4. The angle of elevation of the 
top of an inaccessible tower stand- 
ing on a horizontal plain js 68° 267; 
at a point 500 ft. farther from the 
base of the tower the angle of 
elevation of the top is 82° 14’. Find 
the height of the tower. 

From the solution of Ex. 1, 

AC = 500 ae 82° 14’ sin 63° 267 
sin (68° 26’ — 82° 14’) 
sin 82° 14’ sin 63° 26’ 

sinsioiy 
log 500 = 2.69897 

log sin 82° 14” = 9.72703 — 10 

log sin 63° 26’ = 9.95154 — 10 
colog sin 81° 12’ = 0.28565 

log AC = 2.66819 
AC = 460.46. 


Height of the tower = 460.46 ft. 


= 500 


5. A tower stands on the bank 
of ariver. From the opposite bank 
the angle of elevation of the top 
of the tower is 60° 13’, and from a 
point 40 ft. further off the angle of 
elevation is 50°19’. Find the width 
of the river. 

In the figure for the solution of 
IExcmls 

CB = ABcos ABC 

,p sin B’ cos A BC 
sin (ABC— B’) 
sin 50° 19’ cos 60° 13” 
smOo5Y 
log 40 = 1.60206 
log sin 50° 19’ = 9.88626 — 10 
log cos 60° 13’ = 9.69611 — 10 
colog sin 9° 54’ = 0.76465 
log CB = 1.94908 
CB = 88.936. 


Breadth of river = 88,936 ft. 


Hence 
CB = 40 
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6. At the distance of 40 ft. from 
the foot of a vertical tower on an 
inclined plane, the tower subtends 
an angle of 41°19’; at a point 60 ft. 
farther away the angle subtended 
by the tower is 23°45’ Find the 
height of the tower. 

From the solution of Ex. 2, 

AO’ = 60 sin 23° 45’ sin 41° 19 

sin 17° 34’ 
sin 23° 45’ cos 41° 19” 
sin 17° 34’ ; 
log 60 = 1.77815 

log sin 28° 45’ = 9.60503 — 10 

log sin 41° 19’ = 9.81969 — 10 
colog sin 17° 34’ = 0.52026 

log AC’ = 1.723138 
AC’ = 52.860. 


C’B = 60 


log 60 = 1.77815 
log sin 28° 45’ = 9.60503 — 10 
log cos 41° 19’ = 9.87568 — 10 
colog sin 17° 34’ = 0.52026 
log C’B = 1.77912 
O’B = 60.134. 
C’C = 60.1384 — 40 
— 2034: 
AO 
Co 
AG=A Cesc ACG 
log A C’ = 1.72313 
colog C’C = 8.69607 — 10 
log tan ACC’ = 0.41920 
AlCG7 = 69° 8° 557. 
log A O’ = 1.72813 
log esc ACC’ = 0.02941 
log AC = 1.75254 


AC = 56.564. 


tan ACC’ = 


Height of tower = 56.564 ft. 
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7, A building makes an angle of 
118° 12’ with the inclined plane on 
which it stands; at a distance of 
89 ft. from its base, measured down 
the plane, the angle subtended by 
the building is 28°27’. Find the 
height of the building. 


In the triangle ACB, given CB= 
89 feet, C=118°12% B= 23°27 ; 


required AC, 
A =180°— (B+ C) 


== 43° 217. 
ACR. 
sin A 

log 89 = 1.94939 

log sin 23° 27’ = 9.59983 — 10 
colog sin 48° 21’ = 0.16339 
log AC = 1.17261 


AC = 51.595. 


Height of building = 51.595 ft. 


8. A person goes 70 yd. up a 
slope of 1 in 3} from the bank of 
a viver and observes the angle of 
depression of an object on the 
opposite bank to be 2}°. Find the 
width of the river. 


Let A and B be the original and 
final positions of the observer, and 
C the object observed. Then given 
¢=70, C=21°, A =180° minus 


Sel 
the angle whose tangent is - = 
required 0. 34 

it moO RR’ Za 
— = tan 15° 56’ 40”. 
3 

A = 180° — 15° 56’ 40” 


= 164° 3 20”. 
B=180°—(A +0) 
= 18°41’ 40”, 
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log 70 = 1.84510 
log sin 18° 41’ 40” = 9.387428 — 10 
colog sin 2° 15’ = 1.40605 
log b = 2.62548 
b = 422.11. 
Breadth of river = 422.11 yd. 


9. A tree standson a declivity 
inclined 15° to the horizon. A man 
ascends the declivity 80ft. from the 
foot of the tree and finds the angle 
then subtended by the tree to be 
30°. Find the height of the tree. 

Let A and B be the top and 
bottom of the tree, and C the posi- 
tion of observation. Then given 
a= 80, B=75°, C = 30°; required c. 

A =180° — (B+ C) = 75°. 
asin C 
~ sin. 
_ 80 sin 30° 
~~ sin 75° 
log 80 = 1.90809 
log sin 30° = 9.69897 — 10 
colog sin 75° = 0.01506 
log ¢ =1.61712. 
e = 41.411. 
Height of tree = 41.411 ft. 


10. The angle subtended by a 
tree on an inclined plane is, at a 
certain point, 42°17’, and 325 ft. 
further down it is 21°47’. The 
inclination of the plane is 8° 53’. 
Find the height of the tree. 

A 


Cc 
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sin B’ 
sin BAB’ 
7 SiniBs 
sin (B— BY) 
ABsinB 
sin C 
= BB’. sin B sin B 
sin C sin(B — B’) 
~ Sin 42° 177 sin 21° 47” 
» in 08° 53’ sin 20° 30” 
log 325 = 2.51188 
log sin 42° 17’ = 9.82788 — 10 
log sin 21° 47’ = 9.56949 — 10 
colog sin 98° 53’ = 0.00524 
colog sin 20° 80’ = 0.45567 
log AC = 2.37016 
AC = 234.51. 


ALB BiB 


AC = 


fdeight of tree = 234.51 ft. 


11. From a point B at the foot 
of a mountain, the angle of eleva- 
tion of the top A is 60°. After 
ascending the mountain one mile, 
at an inclination of 30° to the hori- 
zon, and reaching a point O, an 
observer finds that the angle ACB 
is 135°, Find the number of feet 
in the height of the mountain. 


A 
joes Cy 
Ese 
D B 


CD = CBsinCBD 
= 5280 x } = 2640. 
AC= See : 
sin CAB 
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AH =ACsin ECA 
_ CBsin CBA sin ECA 
sinCAB 
_ 5280 sin 30° sin 75° 
sin 15° 
_ 5280 x 3 cos 15° 
gin 15° 
= 2640 cot 15°. 
log 2640 = 3.42160 
log cot 15° = 10.57195 — 10 
log AH= 3. 99355 
AH = 9852.6. 
Aah HIE AE CID = 12,492.6. 
Height of the mountain 
=12,492°6 ft. 

12. Thelengthof a lake subtends, 
at a certain point, an angle of 
46° 24°, and the distances from 
this point to the two ends of the 
lake are 346 ft. and 290 ft. Find 
the length of the lake. 

Given A = 46° 24’, b= 
required a. 
tan $(B— C) 


346, c=290: 


b—ec 
= tanl(B+C 
; re EM MERE OnE) 


Be 


— ” tan 66° 48’, 
= 63 6 


oO 
log 56 = 1.74819 
colog 636 = 7.19654 — 10 
log tan 66° 48” = 10.36795 — 10 


log tan }(B— C)= 9.31268 
aeat Ola ee 9 6’ 33”, 
a C= 939° . 6”. ta 


ae C = 188° 367. 
ODA Roots 
, sin 46° 24’ 
* sin 78° 24’ 33” 
log 346 = 2.53908 
log sin 46° 24’ = 9.85984 — 10 
colog sin 78° 24’ 33” = 0. Sean ) 
log a = 2.40787 
&@ = 255.78. 
Length of lake = 255.78 ft. 


sin A 
]0—= = 


sin B 
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13. Along the bank of a river is 
drawn a base line of 500ft. The 
angular distance of one end of this 
line from an object on the opposite 
side of the river, as observed from 
the other end of the line, is 53°; 
that of the second extremity from 
the same object, observed at the 
first, is 79°12’. Find the width of 
the river. 

Given B=53°, C=79° 12’,a=500; 
required p, the perpendicular from 
A on @. 

A =180°— (B+ C) 
= 47° 48’. 


I 
| 
| 


sin B sin0 
sin A 
~397 20 aj Oo 797 
= 500 sin ss sin 79° 12 : 
sin 47° 48” 
log 500 = 2.69897 
log sin 58° = 9.90235 — 10 
log sin 79° 12’ = 9.99224 — 10 
colog sin 47° 48’ = 0.13030 
log p = 2.72386 
p = 529.49, 


JS ONC 0) 


Width of river = 529.49 ft, 


14, Two observers, stationed on 
opposite sides of a cloud, observe 
its angles of elevation to be 44° 56’ 
and 86°4’. Their distance from 
each Other is 700 ft. What is the 
height of the cloud ? 


Given A = 44°56’, B= 36°4’, 
¢ = 700; required the perpendic- 
ular p from C onc, 
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C = 180°— (A + B) = 99°. 


ae sinB sin A 
sin C 
sin 36° 4’ sin 44° 56’ 
sin 99° ; 
log 700 = 2.84510 
log sin 86° 4’ = 9.76991 
log sin 44° 56’ = 9.84898 
colog sin 99° = 0.00538 
log p = 2.46937 
p = 294.69. 
Height of cloud = 294.69 ft. 


= 700 


15. From the top of a house 
42 ft. high the angle of elevation of 
the top of a pole is 14°13’; at the 
bottom of the house it is 28°19’, 
Find the height of the pole. 

Let A be the top of the pole, 
Band B’ the top and bottom of 
the house, and C the foot of the 
perpendicular from A on BB’; 
required B’C. 

From the solutions of Examples 
1 and 4, : , 

CB = BB’ sin A B’C cos A BC 

sin(A BO — ABC) 
sin 66° 41’ cos 75° 47” 
sin 9° 6” ; 
log 42 = 1.62325 
log sin 66° 41’ = 9.96300 
log cos 75° 47’ = 9.39021 
colog sin 9° 6’ = 0.80091 
log CB = 1.77787 
CB = 59.892. 


B’C=CB + BB’ 
= 59.892 + 42 
= 101.892. 


Height of pole = 101.892 ft. 


= 42 
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18. The sum of the sides of 
a triangle is 100. The angle at 
A is double that at B, and the 
angle at B is double that at C. 


16. From a window on a leve! 
with the bottom of a steeple the 
angle of elevation of the top of the 
steeple is 40°, and from a second 


window 18 ft. higher the angle of 
elevation is 37°30’. Find the height 
of the steeple. 

Let A and B be the windows, 
and C the top of the steeple. Then 
eiven¢ = 184 — 60°. B= 1272 304: 
required height of steeple. 

h = bsin 40°. 
C = 180° — (A + B) = 2°30’. 


seeds sinB_ _. sin 127° 380’ 
~~ sin sin 2° 30’ 
A fe) art O 
hae sin ae8 30’ sin 40 : 
sin 2° 30 


log 18 = 1.25527 
log sin 127° 80’ = 9.89947 
log sin 40° = 9.80807 
colog sin 2° 30’ = 1.36032 
log h = 2.323818 
h = 210.44. 
Height of steeple = 210.44 ft. 
17. The sides of avsiangle are 17, 
21, 28. Prove that the length of a 
line bisecting the longest side and 
drawn from the opposite angle is 13. 
Hered — 28.5020 ect if. 
By § 111, c? = a + 0? — 2abcosC. 
a? + b? — c? 


NCOs Cl 
% 2 ab 
_ 28? + 212 — 17? 
WORE! 
= Pf. = 3 = 0.7959. 


c2 = a? + 6? — 2 abcosC. 
Here a= 14, b=21, cos C=0.7959, 
C= V 1424 212—3 x 14 x 21 x 0.7959 
— 7196 + 441 — 467.9892 


= V169.0108 = 13.0004. 


Determine the sides. 
Biz Ors 
A NOnipn tae 
A+B+C=7C=180° 
. C= 25° 42’ 513”, 
B= 61° 25’ 428”, 
A = 102° 51’ 252”, 


sin A 


sin C 


a 
c 


log sin A = 9.98897 
colog sin C = 0.36263 


a 

log — = 0.35160 
c 
a = 
ce ee pay fe 
c 
= 2224 71¢ 
6b sinB 
cc 6sind 


log sin B = 9.89311 
colog sin C = 0.36263 


pee 0.25574 
(6 
a 1.802. 
c 
b= 1,802 7c. 
a+b+c= (2.247 + 1.802 + 1)¢ 
= 5.049 c¢. 
100 
C= £N ee LOLSOG 
5.049 
Q@=2.247¢= 44.504 
SIA S= 85.690 
a+b+e= 100.000 


The sides are 19.8, 35.7, 44.5. 
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19. A ship sailing north sees 
two lighthouses 8 mi. apart in a 
line due west ; after an hour’s sail- 
ing, one lighthouse bears S.W., 
and the other §. 22°30’ W. (22° 30’ 
west of south). Find the ship’s 
rate. 


In the figure for the solution of 
Example 1, let B and B’ be the 
lighthouses, C the original posi- 
tion of the ship, and A its final 
position. Then CA B= 22°30’ and 
CAB’= 45°; hence A BC = 67° 30’ 
and B’ = 45°. 


Noes sin 45° sin 67° 30° 


sin 22° 30’ 
= 8 sin 45° cot 22° 80’. 


log 8 = 0.90309 
log sin 45°= 9.84949 


log cot 22° 80’ = 10.88278 
log AC = 1.13536 


ACh [S656 


Ship’s rate =13.657 ni. per hour, 


Ay AN iyo, WD ara, TS We oe 2 
harbor, sees another ship sail from 
the harbor in a direction S. 80° E., 
at a rate of 9 mi. an hour. In 
what direction and at what rate 
must the first ship sail in order to 
catch up with the second ship in 
1} hr.? 


Let. A be the harbor, B the orig- 
inal position of the first ship, and 
C the point where the vessels are 
to meet. Then 4=125°, b = 12} 


? ON 


; al 
¢=J9; required B and aot 


PLANE TRIGONOMETRY 


bee 
ian } (B= 6) =— 
es b 


* tan T(B+C) 
b+e ¥ 


= By tan 27° 30/ 
232) 
= q/, tan 27° 30’. 
log 7 = 0.84510 
colog 47 = 8.32790 — 10 
log tan 27° 80’ = 9.71648 
log tan } (B— C) = 8.88948 
1(B— C) = 4°26. 
SO! De 
B+ G= 55°. 
es =o oO 


sin A 
Neuss sae 

sin B 

2 Slee 
e= GSA) = =: 
sin 81°56 


log 18.5 = 1.15033 

log sin 125° = 9.91336 
colog sin 81° 56’ = 0.27660 
log a = 1.82029 


a= 20.90%. 


a ? 
———— Wo O88s 
1} 
First ship’s course = 31° 56” FE. of 
N.E., or N. 76°56’ E.; rate = 13.988 
mi. per hour, 


21. Two ships are a mile apart. 
The angular distance of the first 
ship from a lighthouse on shore, as 
observed from the second ship, is 
35° 14’ 10%; toe angular distance 
of the second ship from the light- 
house, observed from the first ship, 
is 42°11’ 58”. Find the distance in 
feet from each ship to the light: 
house. 
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Given Sou? eG C= 
42° 11’ meee a = 5280; required b 
and c. 

A=180—(B+C) 
== NOP SSh i 
pa a DB. 
sin A 


lo eee 80 = 3.72268 

log sin 85° 14’ 10” = 9.76114 
colog sin 102° 33’ 57” = 0.01053 
log b = 3.49430 


Gr Tole lee 
sin C 
C= a4— : 
sin A 


log 5280 = 3.72263 

log sin 42° 11’ 58” = 9.82717 
colog sin 102° 33’ 57” = 0.01053 
ime ¢ = 8.56033 

¢ = 3633.5. 


Distance of first ship from 
lighthouse = 3121.1 ft.; distance 
of second ship from lighthouse = 
3633.5 ft. 


22. A lighthouse bears N. 11° 15’ 
E., as seen from a ship. The ship 
sails northwest 30 mi., and then 
the lighthouse bears east. How far 
is the lighthouse from the second 
point of observation ? 


Let A be the lighthouse, B and 
C the first and second positions of 
the ship. Then given B= 56° 15’, 
Cite Ser Gina)! 

A = 180° — (B + C) = 78° 45’. 

_ a sin ee 30 sin 56° 1 5” 


required b. 


sin 78° 45’ 


sin cL 


log 80 = 1.47712 
log sin 56° 15’ = 9.91985 
colog sin 78° 45’ = 0.00843 
log b = 1.40540 
b = 25.488. 
Distance of lighthouse from 
second point of observation = 
25.483 mi. 


23. Two rocks are seen in the 
same straight line with a ship, bear- 
ing N. 15° E. After the ship has 
sailed N.W. 5mi., the first rock 
bears E., and the second N.E. Find 
the distance between the rocks. 


C 
Let A and B be the two rocks, 
C and C’ the first and second posi- 
tions of the ship. Then given 
C= 602 e CCCB 452 COCA = 190 


GO =»; required 4B: 
AOS (OCR O = 5 Pes 0), 
B C sin 45° 
BC= CW’ sin BO’ ee ES 
sin CBC’ sin 75° 
log 5 = 0.69897 


log sin 45° = 9.84949 
colog sin 75° = 0.01506 


log BC = 0.56352 
BC = 8.6602. 
Faas FNC —. TENG} 


= 6.5091. 
Distance between rocks = 6.3397 
mi. 
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24. On the side OX of a given 
angle XOY a point .41 is taken 
such that OA = d. Deduce a for- 
mula for the length AB of a line 
from A to OY that makes a given 
angle a with OX. From this for- 
mula, © is a minimum when what 
sine is the maximum ? Under those 
circumstances what is the sum of 
O and a? Then what is the size 
of ZB? State the conclusion as 
to the size of Za in order that x 
shall be the minimum. 


Ne 
B 
a 
Ode ae 
sin [180°—(O+a)]_d@ 
sin O  Z 
d sin O 


i = : 
sin [180° —(O + a)] 


x is the minimum when sin 180°— 
(O + @) is the maximun. 
Under this condition, 


O+ a= 90°, 
and B= 180° — (0 + a) 
= 90°. 


By Geometry, in order that « 
may be the minimum, 


OB must be L to AB. 
Then Z a = 90° — O. 


25, Three points, A, B, and OC, 
form the vertices of an equilateral 
triangle, AB being 500 ft. Each of 
the two sides 4B and AOC is seen 
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from a point P under an angle of 
120° echt. aise aU ee 
ZCPA, Find the length of AP. 


sin 60° ees 

AP 
Bee 
sin 60° 


log 250 = 2.89794 
colog sin 60° = 0.06247 
log AP = 2.46041 


AP = 288.67 ft. 


26. A lighthouse facing south 
sends out its rays extending in a 
quadrant from 8.E. to S.W. A 
steamer sailing due east first sees 
the light when 6 mi. away from 
the lighthouse and continues to see 
it for 45min. At what rate is the 
ship sailing ? 

As the ship sails due E., the line 
of sailing is L to N. and 8. The 
A formed by AB (the course of 
the ship), and the rays of light is 
an isosceles right A. 


ZAG 902% 
LEAR= SA at Zt, 
sin A = ae 
AB 
AB= Be 3 
sin A 


log CB = 0.77815 

colog sin A = 0.15052 

log A B = 0.92867 

colog # = 0.12494 

log of rate of sailing = 1.05563 


Rate of sailing = 11.314 mi. per 
hour. 
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27. If two forces, represented in intensity by the lengths a and 6, 
pull from P in the directions PC and PA, respectively, and if ZAPO 
is known, the resultant force is represented in 
intensity and direction by /, the diagonal of the 
parallelogram ABCP. Show how to find f and 
ZAPB, given a, b, and ZAPC. 


In AAPB, 4APB and ABP are equal to P b A 


er b—a_ tan }(ABP— APB) 
b+a tan}(ABP+ APB) 
From this equation we can find 4 ABP and APB. 
PLAN MX) a LBW EXO 
6 sin ABP _ Obsin A 


By [47], See eee aes 
mie i sin A sin ABP 


C B 


28. Two forces, one of 410 lb. and the other of 820 1b., make an 
angle of 51°37’. Find the intensity and the direction of their resultant. 


Let AB and AD represent the B 
forces, and AC their resultant. Then, 
in the triangle ABC, given c= 410, A 6) 
a = 320, B = 180° — 51°37’ =128° 23’ ; 
required 6 and A. 


90 
tan 4(C —A)= 


= tan }(C +4) = tan 25°48 30”, 


log 90 = 1.95424 
log tan 25° 48’ 380” = 9.68448 
colog 730 = 7.13668 — 10 
tan }(C — A) =8.77540 
4(C— A) = 8° 24’ 43” 
4(C + A) = 25° 48’ 30” 
Ar 22°23" 477 
sin B 0 sin 128° 23’ 


sind sin 22° 9847” 
log 320 = 2.50515 
log sin 128° 23’ = 9.89425 
colog sin 22° 28’ 47” = 0.41906 
log b = 2.81846 


b = 658.36. 


Intensity of resultant = 658.36 lb.; angle between resultant and first 
force = 22° 28’ 47”. 
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29. An unknown force combined 
with one of 128 lb. produces a 
resultant of 2001b., and this re+ 
sultant makes an angle of 18° 24’ 
with the known force. Find the 
intensity and direction of the un- 
known force. 

In the figure for the solution of 
Example 28, given, in the triangle 
ABC, ¢ = 128, A = 18° 24’, b = 200; 
required a and B. 


tan }(B—C)= 


Ue en B eC) 
ery aie 
72 
== Fanos aor 
328 


log 72 = 1.85733 
log tan 80° 48” = 10.79058 
colog 828 = 7.48413 — 10 
log tan }(B— C) =10.18204 
4(B—C)= 58°84’ 44” 
\(B+ C0) = 80°48" — 
B = 134° 29/ 44” 


180° — B= 45° 387 16”. 


b sin A 
PS SW 
sin B 


sin 18° 24’ 
sin 134° 29’ 44” 

log 200 = 2.30108 

log sin 18° 24’ = 9.49920 

colog sin 134° 22’ 44” = 0.14586 

log a = 1.94609 


Oh = Iho swlay, 


Intensity of unknown force = 
88.826 1lb.; angle between known 
and unknown forces = 45° 87’ 16”. 


30. Wishing to determine the 
distance between a church A and a 
tower B, on the opposite side of a 
river, a man measured a line CD 
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along the river (C being nearly op- 
posite A), and observed the angles 
ACB, 58°20’; ACD, 95° 20’; ADB, 
53° 30’; BDC, 98°45’. CD is 600ft. 
What is the distance required ? 


From the solution of Example 3, 
psn ADC 
ec CAD 
sin 45° 15° 
sin 39° 25’ 


ACs 


= 600 —— 


Bo = cps sin BDC 

sin CBD 

sin 98° 45’ 

sin 44° 15’" 
log 600 = 2.77815 

log sin 45° 15’ = 9.85137 


colog sin 89° 25’ = 0.19726 
log A C = 2.82678 
AC = 671.09. 


log 600 = 2.77815 

log sin 98° 45’ = 9.99492 
colog sin 44° 15’ = 0.15627 
log BC = 2.92934 

BC = 849.84. 


tan }(CAB— CBA) 

_ BC—AC 

Views 
178.75 


= ==! tan 60° 5 
~~ 1520.98 


tan }(CAB+ CBA) 


log 178.75 = 2.25224 
colog 1520.98 = 6.81789—10 
log tan 60° 50’ = 10.25327 


logtan }(CAB— CBA) 


= 9.32340 
1 (CAB — CBA) = 11° 58’ 28” 
(CAB + CBA) = 60° 50’_ 

CAB = 72° 43’ 28” 


is 76°18’; at 


as BC. 
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AB = BC SDACB 
sinCAB 
sin 58° 20° 


= 840,84 ee, 
sin 72° 43/ 28” 


log 849.84 = 2.92934 
log sin 58° 20’ = 9.92999 


colog sin 72° 43’ 28” = 0.02005 
log AB = 2.87938 


AB = 757.50. 


Required distance = 757.50 ft. 


31. Wishing to find the height 


of a summit A, aman measured a 
horizontal base line CD, 440 yd. 


At C the angle of elevation of 
is 87°18’, and the horizontal 
angle between D and the sumuiit 
D the horizontal 


2 
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angle between C and the summit 
is 67°14’, Find the height. 

Let A’ be the point directly under 
A, inthe same horizontal plane with 
CD. Then, in the triangle A’CD, 
sin D 
sin A’ 
sin 67° 14’ 
sin 36° 28” 
AVAG = 400) tan AC Ac 

sin 67° 14 


A’C = CD 


= 440 


= 440 — tan 87° 18’, 
sin 86° 28 
log 440 = 2.64345 
log sin 67° 14” = 9.96477 
log tan 87° 18’ = 9.88184 
colog sii 36° 28” = 0.22595 
log A A’ = 2.71601 
A A’ = 520.01. 
Height = 520.01 yd. 


32. A balloon is observed from two stations 8000 ft. apart. At the 


first station the horizontal angle of t 


75° 25’, and the angle of elevation of 
angle of the first station and the balloc 
is 64° 30’. Find the height of the ballc 


he balloon and the other station is 
the balloon is 18°. The horizontal 
mn, measured at the second station, 


ON. 


Let B be the first station, C the second, A the position of the bal- 


loon, and A’ the point directly unde 
Then 


AA =A‘ S tan A BA = BC 


r A, in the same horizontal plane 


PE ne BA 
sin BA’C 


sin 64° 30’ 


= 3000 


tan 18°, 


sin 40° 5’ 


log 3000 

log sin 64° 30° 
log tan 18° 
colog sin 40° 5” 
log A A’ 


AA’ 


Height of balloon = 1366.4 ft. 


= 3.47712 
= 9.95549 
= 9.51178 
0.19118 


YA 
2 


== il 
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33. At two stations the height of a kite subtends the same angle A. 
The angle which the line joining one station and the kite subtends at 
the other station is B; and the distance between the two stations is a. 
Show that the height of the kite is }a sin A sec B. 


Let C be the position of the kite, D and £# the stations, and C’ the 
point directly under C in the same horizontal plane with DE. 

Since the elevation of the kite is the same at D and E£, the triangle 
CDE is isosceles, and 


CD=CE= sasec B. 
Also CC’ =CDsin A = Sasin A sec B. 


34. Two towers on a horizontal plane are 120ft. apart. A person 
standing successively at their bases observes that the angle of elevation 
of one is double that of the other; but when he is halfway between 
the towers, the angles of elevation are complementary. Prove that the 
heights of the towers are 90 ft. and 40 ft. 


Let A and B be the tops of the towers, A’ and B’ their bases, and C 
the point halfway between them. Then the triangles 4A.4’C and BB’C are 


similar, and . 
: And Sa eACG 


Bone 
AA’ x BB’= B’C x A’C = 3600. 
Also AB’ A’ =2 BAB. 


2tan BA’B’ 


abate Aaa as ; 
1— tan? BA’ B’ 
, BB’ 
te AA’ 120 __240BB 
120 “— BB” 1202 — BB” 
1202 
A A‘(120? — BB”) = 120 x 240 BB’. 
Spy (120? BB") = 120 x 240 BB’, 
1202— BB” — 8 BB”. 
BB” = 402, 
BB’ = 40. 
AA’ = 90. 


Heights of towers = 90 ft. and 40 ft. 
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35. To find the distance of an 
inaccessible point C from either of 
two points Ad and B, having no 
instruments to measure angles. 
Prolong CA to a, and CB to B, 
and draw AB, Ab, and Ba. Meas- 
ure AB, 500 ft.; aA, 100ft.; aB, 
560 ft.; 0B, 100 ft.; and Ab, 550 ft. 
Compute the distances AC and BC, 


C 


a 


In the triangle aAB, 
s = 3 (500 + 100 + 560) = 580. 


'80 x 480 
tan} aAB =~ |———_ 
ee 580 x 20 
__ |96 
= V9" 
log96 = 1.98227 
colog 29 = 8.53760 — 10 
2) 0.51987 
logtan}aAB=  10.25993 


LaAB = 61° 12/20”. 
aA B = 122° 24’ 40”. 
CAB = 57° 35’ 20”. 


In the triangle bA B, 


s= 4 (600+ elas 100) = 576. 


tan }0BA = 


281 


1.75587 
8.63827 — 10 


2) 0.89414 


10.19707 


log 67 = 
colog 23 = 


log tan }bBA = 


SOBA = 57° 34’ 30”. 
OBA = 115°°97 
CBA = 64°51’. 


In the triangle ABC, 
Al bisa 20 
B= 64° 51, 
C = 57° 83’ 40”. 
sin A 
sin C 
sin 57°35’ 20” 
sin 57° 33/40” 


BC AB 


= 600 


AGA 


sin C 


sin 64° 51’ 
sin 57’ 33’ 40” 


log 500 = 2.69897 

log sin 57° 35’ 20” = 9.92646 
colog sin 57° 33’ 40” = 0.07368 
log BO = 2.69911 


BC = 500.16. 


log 500 = 2.69897 

log sin 64° 51’ = 9.95674 

colog sin 57° 33’ 40” = 0.07868 
log AC = 2.72989 


ACO = 536.28. 


Distance of C from A = 536.28 ft.; 
distance of C from B= 500.16 ft. 
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36. To compute the horizontal dis- 
tance between two inaccessible points 
A and B when no point can be found 
whence both can be seen. Take two 
poiuts C and D, distant 200 yd., so 
that A can be seen from C, and B 
from D, From C measure CF, 200yd. 
to F, whence A can be seen; and 
from D measure DH, 200 yd. to #, 
whence B can be seen. Measure 
A FC,83°; ACD, 53°30’; A CF, 54°31’; 


BDE, 54°30’; BDC, 156° 25’; DEB, 
88° 30’. Compre the tance AB. 
F zal B 
D 
Cc 
14 
; cee 
NG tee = sin 83 f 
sinCAF sin 42° 29° 
log 200 = 2.30103 


log sin 88° = 9.99675 
colog sin 42° 29’ = 0.17045 
log A C = 2.46823 
A CG = 293.92. 
BD=DE sin BED _ = sin 88° 30° 
sin DBE sin 37° 
log 200 = 2.30108 
log sin 88° 30’ = 9.99985 
colog sin 37° = 0.22054 


log BD = 2.52142 
13310) = BBO. 
tan } (ADC — CAD) 
AC—CD 
Sn 1 (AUIDXO EOLAL 
mop 8 ea) 
23.02 tan 68° 15’. 
= 493. 92 
log 93.92 = 1.97276 

colog 493.92 = 7.30634 — 10 


log tan 63° 15’ = 10.29753 — 10 
logtan }(ADC— CAD) 
= 9.57663 
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4 (ADC — CAD) = 20° 40’ 8” 
4 (ADC + CAD) = 63° 15’ 
ADC = 83° 55’ 8” 
sin ACD 
sin A DC 
sin 53° 80’ 
sin 83° 55’ 8” 
log 293.92 = 2.46823 
log sin 53° 80’ = 9.90518 — 10 
colog sin 83°55’8”= 0.00245 
log AD = 2.37 586. 
ALD = 287eGil. 
BDA = BDC — ADC 
156° 25’ — 88° 55’ 8” 
(POAT OSA 


Ais ANG: 


= 293.92 


ll 


tan } (DAB — DBA) 


“BD — AD 
= tan (DA Bp BA! 
BD+AD an 3 ( as ) 
9 
= a: oR n 58° 45’ 4”, 
569.83 ° 
log 94.61 = 1.97594 
colog 669.838 = 7.24426 — 10 


log tan 53° 45’ 4” = 10.13478 — 10 


sin gg° 30” logtan }(DA B— DBA) 


= 9.85498 
4 (DAB— DBA) = 12° 45’ 85” 
(DAB + DBA) = 58° 45’ 4” 
DAB = 66° 30’ 39” 
4B BP ee 
sin BAD 
sin 72°29’ 52” 
sin 66°30’ 397 
log 332.22 = 2.52142 
log sin 72° 29’ 52” = 9.97941 —10 
colog sin 66° 30’ 39” = 0.03757 
log A B = 2.53840 
AB = 345.46. 


Distance AB = 345.46 yd. 


= 832.22 
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87. A column in the north temperate zone is S. 67°30 E. of an observer, 
and at noon the extremity of its shadow is northeast of him. The shadow 
is 80ft.in length, and the elevation of the column at the observer's 
station is 45°, Find the height of the column. 

Let A be the observer's position, B the extremity of the shadow, and 
O the base of the column. Then given A = 67°30’, C = 67° 305, a = 80; 


required b. sin B aD sin 45° 


sind sin 67° 30” 
log 80 = 1.90809 
log sin 45° = 9.84949 — 10 
colog sin 67° 30’ = 0.03438 
log b = 1.78696 
d= 61-23: 


Let B’ be the top of the column. Then A AB’C is isosceles since 
VAN tat 4 52% 
Therefore the height of the column is 61.23 ft. 


va 


Exercise 61. Miscellaneous Applications (Page 141) 


1, In the trapezoid ABCD it is 2, Find the area of a regu- 
known that 7 A=90°, Z B=32° 25’, lar pentagon of which each side 
A B= 324.35 ft., and CD=208.15ft. is 4 in. 

Find the area, Let AB be the side of the pen- 

From C' draw the altitude CK=h.  tagon. Draw OA and OB, radii of 

K B= 824.35 — 208.15 = 116.2 ft. the circumscribed circle, and h the 


ange aus i altitude of the A thus formed. 
116.2 a 
h = 116.2 tan B. HL INO EY re GE, 
log 116.2 = 2.06521 TERY Cre ge ae 
LAB 


log tan B = 9.80279 — 10 
log kh = 1.86800 
i= eho: 


p= 3 AB cot 86° 
= COU Owe 


S=thp 
sS= th (208.1 5+ 324.35) =a OF 
=o lex BO = 20 cot 36. 
log h = 1.86800 
e log 20 = 1.30103 


log 582.5 = 2.72632 ie oe 
color 2 — 9.69897— 10 log cot 36° = 0.13874 
to) Bae Soe Soa So Ghee 2077 

log S = 4.29829 log S = 1.48977 


y= 19,647 sq. ft. S = 27.627 sq. in 
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3. Find the area of a regular inscribed :.nd circumscribed regular 


hexagon of which each side is 4 in. 

Let AB=4 in., the side of a 
regular hexagon; OA and OB radii 
of the circumscribed circle; h the 
altitude of the AAOB. 


Then 7 AOB = 60°. 
ik 
pee = tan 30°. 
p= bak = 2V3. 
tan 30° 
S — } hp = 
= 24V3, 


log V3 = 0.23856 

log 24 = 1.38021 

log S = 1.61877 
S = 41.569 sq. in. 


4. The area of a regular polygon 
inscribed in a circle is to that of 
the circumscribed regular polygon 
of the same number of sides as 3 
to 4. Find the number of sides. 


oO O 
a sin Bae; : nr? tan Be == Gps h 
is 360° % 180° 
2 nr? sin = 8nr* tan . 
n n 
860° 180° 
2 sin = 3 tan 
n n 
ain 180° 
. 180° 180°, n 
4sin cos =o 
n n 180° 
0s 
n 
oO 
4 cos? ae a= Si 
Nn 
80° 
cos als a= 1V3. 
n 
iO 
180 = 30°. 
n 
T= We 


The number of sides is 6 


5. The area of a regular polygon 
inscribed in a circle is the geomet- 
ric mean between the areas of the 


polygons of haif the number of sides 


Area of inscribed polygon of 2n 


sides 180° 


= nr’ sin 


n 
Area of inscribed polygon of n 


sides n 360° 


= —f7" sin 


n 
Area of circumscribed polygon of 


j O 
n sides eager Be 180 : 
n 
Oo 1 1O 
ae sin eet x nr? tan ” 
2 n n 
ney* . 360° 180° 
=—— sin tan 
nN n : 180° 
180° 180° 4 n 
= n°74 sin cos — 
n n 180° 
) n 
Se Sink ze 
n 
( een =) 
= (nr? sin 5 
\ n 


6. Find the ratio of a square in- 


scribed in a circle to a square cir- 
cumscribed about the same circle. 
Find the ratio of the perimeters. 


Let a be the apothem of the in- 


scribed square, r will be the apothem 
of the circumscribed square, 


2a = side of inscribed square. 
2r = side of circumscribed square 


. AB’? 4a? @ 
WB? 472 2 
a cos 45° = LV2. 
r 


oA eel 
Ge ee 
inscribed square: circum- 


= .5. 


The 


scribed square = 1:2. 


ou wis 1A. 
Sri aes 
.. the ratio of the perimeters=} V2. 
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7. The square circumscribed 
about a circle is four thirds the 
inscribed regular dodecagon. 

Area of square = 47%, 

By Prob. 44, Ex. 58 


DB e) 
Area of dodecagon = 5 rsin oot 


2 


= 6r? sin 30° 
= 372, 


8. In finding the area of a field 
ABCDE a surveyor measured the 
lengths of the sides and the angle 
which each side makes with the 
meridian (north and south) line 
through its extremities. AD hap- 
pened to be a meridian line. Show 
how he could compute the area. 


Draw AC. 
ZF =180°— sum of A made by 
DE and AE with meridian. 
In AAED, 
S=}a#D~x HAsinE£E. 
_ Asin # 
~ sin BDA 
In AADC, 
S=}ADx DC sin ADC. 
In AABC, 
S=}3ABx BCsin B, 


ZB=180°— sum of A made by SofA ADC= 


BC and BA with meridian. 
The sum of the three A = area 
of field. 


9. Two sides of a triangle are 3 
and 12, and the included angle is 30° 
Find the hypotenuse of the isosceles 
right triangle of equal area. 


Ol Smeal 
Let x = side of equivalent 
5 isosceles rt.A. 
fi) 
Then — = area, 
ol 
and a V2 = hypotenuse. 
Le = sin 30°. 
3 
h=38x 4=13. 
Si ke ch = 9: 
2 
—— 9. 
2 
Go iia). io 
but a V2 = hypotenuse. 
Substituting, 


8V2xvV2= hypotenuse. 

*. hypotenuse = 6. 

10. In the quadrilateral ABCD 
we have given AB, BC, ZA, ZB, 
and ZC. Show how to find the 
area of the quadrilateral. 

ZD=360°— (A+ B+ 0). 

Draw diagonal AC. 

AB—BC_ tan 3(ACB— Bz AC) 
AB+BC tan} L(ACB+ Bz AC) 

From this formula we can find 
4SACB and BAC. 

By [47], 


_ ABsin Be 
~ gin ACB 
ZDCA=ZC—ZACB. 
ZDAC=ZA—ZBAC. 


SofAABC= 3 BC x ABsinB. 


AC’ sin ACD sinCAD 
~ 2sin(ACD+ CAD) 

Add areas of the triangles for 
area of the quadrilateral. 
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11. In Ex. 10, suppose AB=175 ft. BC =198ft., 2A =95, ZB= 
92° 15’, and ZC = 96° 45’. What is the area ? 
ZD = 860° —(A + B + C) = 76°. 
Draw diagonal AC. 
BAC + ACB =180° — B= 87°45’. 
BC—AB _ tan}(BAC—ACB) 
BC+AB tan}(BAC+AOB) 
. yp, _ (BC —AB) tan }(BAC+ ACB) 
tan 4 (BAC — ACB) =- BO 4 AB 5 
log (BC — AB) = 1.86173 
log tan 3 (BAC + ACB)= 9.98294 — 10 
colog (BO + AB) = 7.42829 — 10 
log tan } (BAC — ACB) = 8.77296 
} (BAC — ACB) = 3°28’ 34”. 
BAC—ACB= 6°47 8” 
BAC + ACB = 87° 45’ 
2 BAC = 94°32’ 8” 
BAC = 47216" 47, 
ACB = 40° 28’ 56”. 


_ ABsinB 
~ sin ACB 
log A B = 2.24304 
log sin B = 9.99967 — 10 
colog sin A CB = 0.18761 
log AC = 2.43032 
AC = 269.35. 


ZACD = 96°45’— 40°28'56” Sof AADC= AC sin ACD sinCAL 


Baad 2sin(ACD + CAD) 
ZCAD = 95° — 47° 16’ 4” log AC” = 4.86064 
— 47° 43’ 56”. log sin ACD = 9.91994 — 1¢€ 
Sof AABC = } AB x BCsinB. log ete COO gale 


colog 2 = 9.69897 — 10 
colog sin (ACD + CAD) = 0.01310 | 
log S of A ADC = 4.36188 


log AB = 2.24304 
log BC = 2.29667 
colog 2 = 9.69897 — 10 


S of A ADO = 23,008. 
log sin B = 9.99967 — 10 ; 
log S = 4.23835 S of ABCD 
= 8 of AABC +8 of AACD 
S of AABC =17,812 sq. ft. e 


= 17,312 + 23,008 = 40,320 sq. ft. 
Area of ABCD = 40,820 sq. ft. 
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Exercise 62. Area of a Field (Page 142) 


1. Find the number of acres ina 2. Find the number of acres in 
triangular field of which the sides a triangular field having two sides 
are 14 ch., 16 ch., and 20 ch. 16 ch. and 30ch., and the included 

s= 4(14 +16 + 20) = 25. angle 64° 15’, 

S =Vs(s —a)(s — b)(s —¢) S= }bcsin A. 
Ets OE = }(16 x 80 sin A). 
=W 275) x45. log 16 = 1.20412 
log 275 = 2.43933 log 30 = 1.47712 
log 45 = 1.65321 log sin. A = 9.95458 — 10 
log S? = 4.09254 colog 2 = 9.69897 — 10 

log S = 2.04627 log S = 2.33479 
S = 111.2425 sq. ch. S = 216.178 sq. ch. 
= 11.124 A. = 21.617 A. 


8. Find the number of acres in a triangular field having two angles 
68.4° and 47.2°, and the included side 20 ch. 
_ ce sin A sin B 
~ 2sin(A + B) 
log c? = 2.60206 
log sin A = 9.96838 — 10 
log sin B = 9.86554 — 10 
colog 2 = 9.69897 — 10 
colog sin (A + B) = 0.04487 
log S = 2.17982 
Si lol 29sq.ch. 
Area of field = 15.129 A. 


By [56], 


4. Required the area of the field described in § 128, knowing that 
AGS Ole, Joey se Weld, OC SSO, JOO = NOON, 1078" = ein. 
91a” == Oise, CCS =OGig, AVE SOE, Cy = kn Ons, Fa 3) Onl. 
ig Ofe—=soic hie Ope — chew) Ab ama2 Oleh. 

Sof DE=%3(8+ 12) x 2.9 = 29 sq. ch. 

S of C’D= }(12 4+ 18) x 4 50 sq. ch. 

Sof BC = 3(18 + 12) x 5.3 66.25 sq. ch. 

S of A’B= }.(12 + 8) x (7.5)= 75. sq. ch. 


S ot ABCDEE’A’ = 220.25 sq. ch 
S of FE = 3(8+1) x (9.9) = 44.55 sq. ch. 
Sof @F= }(1+ 2) x (8.8) = 5.7 sq. ch 
S of A’G = $(2 + 8) x 6 =O) oe Sq. ch 
S of AGFEE’A’ = 80.25 sq. ch. 


Area of field = 220.25 — 80,25 = 140 sq. ch, =14 A. 
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5. Ina quadrangular field A BCD, 
AB runs N. 27° E. 12.5 ch., BC runs 
N. 30° W. 10ch., CDruns 8. 37° W. 
15 ch., and DA runs S. 47° E. 
Find the area. 


11.5 ch. 


Through D draw the meridian 
line A’C’. Perpendicular to the 
meridian draw O’C, B’B, and A’A. 

Z DCC’ = 90° — 87° 
Ose. 
C’C = CD cos 53°. 
log 15 = 1.17609 
log cos 58° = 9.77946 — 10 
log O’C = 0.95555 
C’C = 9.0272. 
B’/B = C’C + CB cos 60° 
= 9.0272 + 5 
14.0272. 
B/C’ = CB sin 60° = 8.66. 
Sof B’BCC’=1(B/B+ C’C) x BC’ 
= 11.527 x 8.66. 
log 11.527 = 1.06172 
log 8.66 = 0.93752 
log S = 1.99924 
S = 99.825. 
A’A = DA sin 47°. 
log 11.5 = 1.06070 
log sin 47° = 9.86413 — 10 
log A’A = 0.92483 
A’A = 8.4106. 


ll 
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TA Gin ANSI GOs (a 
log 12.5 = 1.09691 
log cos 27° = 9.94988 — 10 
log A’B’ = 1.04679 
(AZ B = ALIS 7. 
Sof A ABB’ =}(A’ A+ BB) x A’B’ 
== 20 eld 37, 
log 11.219 = 1.04995 
log 11.1387 = 1.04677 
log S = 2.09672 
S = 124.95. 
Area of A’A BOC’ =124.95+ 99.825 
= 224.775 sq. ch. 
Sof ACC’D = 4 DC’ x C’C. 
DC“=CD cos8?. 
log O’C = 0.95555 
log 15 = 1.17609 
log cos 87° = 9.90235 — 10 
colog 2 = 9.69897 — 10 
log S = 1.78296 
S = 54.07. 
SotAD AA = ft AA x AD. 
A’D= DA cos 47°. 
log A’7A = 0.92483 
log 11.5 = 1.06070 
log cos 47° = 9.83378 — 10 
colog 2 = 9.69897 — 10 
log S = 1.51828 
S = 32.982. 
Area of ABCD = 224.775 
— (54.074 32.982) 
= 137.723 sq. ch. 
= 18.7723 A. 
Areaof the field = 13.77 A. 


6. In a triangular field ABC, 
AB runs N. 10° E. 30 ch., BC runs 
S. 80° W. 19 ch., and CA runs 
S. 380° E. 16 ch. Find the area. 

= 4(80 +19 + 16) = 32.5. 
S = Vs(s— a) (s—b)(s—c). 
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s—a= 18.5. 
s—b= 16.5. 
8—c =2.5. 


log 32.5 = 1.51188 
log 18.5 = 1.180338 
log 16.5 = 1.21748 
log 2.5 = 0.39794 
log S? = 4.25763 
log S = 2.12882. 
S = 184.53 sq. ch. 
= 13.4538 A. 
Area of the field = 138.453 A. 


7. Ina field ABCD, AB runs E. 
10 ch., BC runs N. 12 ch., 
S. 68° 12’ W. 10.77 ch., and DA 
runs §. 8ch. Find the area. 

ABCD is a trapezoid. 

Za NRO eee sn (Vor 
AD is || to BC. 
S=4(4D+ BC) x AB 
3 (8 + 12) x 10 
100 sq. ch. 
== OPA 


Area of the field = 10 A. 


ll 


8. A field is in the form of a right 
triangle, of which thesidesare 15ch., 
From the vertex 


20 ch., and 25 ch. 


CD runs 
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of the right angle a line is run to 
the hypotenuse, making an angle of 
30° with the side that is 15 ch. long. 
Find the area of each of the trian- 
gles into which the field is divided. 
Draw BD making an angle of 80° 
with BC; find area of A ABD and 
BDC, 
Sof AABC= }(ABx BC) 
= 150 sq. ch. 
By [56], S of AA BD 
lod AB?’ sin A sin B 
7 2sin(A ye) 
BC _ 8 


“Al =253" 8: 
log AB” = 2.35218 
log sin. A = 9.90311 — 10 
log sin B = 9.69897 — 10 
colog 2 = 9.69897 — 10 
colog sin (A + B) = 0.00313 
log S = 1.65636 
S = 45.327 sq. ch. 


sin A = 


S of A BCD 
= 8 of AABC — Sof AABD 
= 150 — 45.827 


= 104.673 sq. ch. 
Area of A ABD = 4.535 A. 
Area of A BDC = 10.47 A. 


Using a protractor, draw to scale the fields referred to in the following 


examples, and find the areas : 
9, AB, N. 72°R. 18ch., BC, N. 
DA, S. 12°R. 26.8 ch. 
ZAve (2°10 Cl 84°, 


ZC =180° — (68° + 10°) =102°. 


Draw diagonal DB. 
Sof A\ABD=}AB x DAsinA 
=9 xX 26.3'sin A. 
log 9 = 0.95424 
log 26.38 = 1.41996 
log sin A = 9.99761 — 10 


log S = 2.37181 
S = 235.4 sq. 


ch, 


10° ER. 12.5 ch., 


CD, N. 68° W. 21 ch., 


S of ABCD = + BC x CD sin C. 
log 12.5 = 1.09691 
log 21 = 1.32222 
log sin C = 9.99040 — 10 
colog 2 = 9.69897 — 10 


ees = paged 


S of ABCD = 235.4 + 128.379 
= 363.779 sq.ch. 


Area of field = 36.38 A. 
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10. AB, N. 45°. 10ch., 
BC, S. 75°E. 11.55 ch., 
CD, S. 15° W. 18.21 ch., 
DA, N. 45° W. 19.11 ch. 


Draw diagonal BD. 
ZA = 45° + 45° = 90°. 
AU) SOE As BIDS 
Sof ABAD=}ABx AD 
=) 5< (pill 
= 95.55 sq. ch. 


Sof ABCD = 1, BC x OD 


= $(11.55 x 18.21). 


log BC = 1.06258 

log CD = 1.26031 

colog 2 = 9.69897 — 10 
log S = 2.02186 


S= 105.16 sq. ch. 


Sof ABCD = 95.55 + 105.16 
= 200.71 sq. ch. 
Area of field = 20.07 A. 


MUU; ALIS}, Ilo WSS GLOY Win OO. 
BC, S. 82°30’ W. 6.51 ch., 
CD, S. 8° E. 5.33 ch., 

DA, E. 6.72 ch. 

Draw diagonal AC. 

ZB = 82° 30’ + 5° 80’ 
= oor. 

ZD = 90° + 3° 
= UR, 


Sof AABC=}ABx BCsin B, 


log AB = 0.78390 

log BC = 0.81358 
log sin B = 9.99974 — 10 
colog 2 = 9.69897 — 10 

log S = 1.29619 


S = 19.7782 sq. ch. 


S of AACD= 3CDx DAsin D. 


log CD = 0.72678 
log DA = 0.827387 
log sin D = 9.99940 — 10 
colog 2 = 9.69897 — 10 
log S = 1.25247 
S = 17.884 sq. ch. 


S of ABCD = 19.778 + 17.884 
= 37.662 sq. ch. 
= 3.766 A. 


Area of field = 3.77 A. 


12. AB, N. 6° 15° W. 6.81 ch., 
BC, S. 81° 50’ W. 4.06 ch., 
CD, S. 5° E. 5.86 ch., 

DA, N. 88° 30’ E. 4.12 ch. 

Draw diagonal AC. 

Z B= 81° 50’ + 6° 15’ 
= 88° 5’. 
LD 8823 702 
STS OU fe 
S of AADC = 3 DAx CDsin D. 
log DA = 0.61490 
log CD = 0.76790 
log sin D = 9.99919 — 10 
colog 2 = 9.69897 — 10 
log S = 1.08096 
S = 12.049 sq. ch. 


Sof AABC = 1LABx BCsin B. 
log A B = 0.80003 
log BC = 0.60853 
log sin B = 9.99976 — 10 
colog 2 = 9.69897 — 10 
logS=1.10729. 
S = 12.802 sq. ch. 


S of ABCD = 12.049 + 12.802 
= 24.851 sq. ch. 
= 2.4851 A. 


Area of field = 2.485 A. 
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13. A farm is bounded and described as follows: Beginning at the 
southwest corner of lot No. 18, thence N. 11° E. 182 rods and 28 links to 
a stake in the west boundary line of said lot; thence S. 89° E. 32 rods 
and 15,45 links to a stake ; thence N. 1]° E. 29 rods and 15 links to a 
stake in the north boundary line of said lot ; thence S. 89° E. 61 rods 
and 18,% links to a stake ; thence S. 323° W. 54 rods to a stake ; thence 
S. 851° E. 22 rods and 4 links to a stake; jy 
thence S, 48° E. 33 rods and 2 links toa | p’ 
stake ; thence S.7}° W. 76 rods and 20 |f ~~ 
links to a stake in the south boundary 
line of said lot ; thence N. 89° W. 96 rods |} 
and 10 links to the place of beginning. 
Containing 85.65 acres, more or less. f fetat SS eae 
Verify the area given and plot the farm. 

Let ABEHK represent the farm. Ex- 
tend AB and ED to B’. 

Divide the figure into trapezoids by 
the lines F’F, G’G, and H’H || to AK, 
which is || to BE. 

Draw the s FP, OF, NG, and KM. 

Extend F’F to P’anddraw EP’|\toA B. 

Draw GO’ || to AB. 

Extend G’G to N’ and draw HN’ |\to AB. 

Reduce all dimensions to chains. 


In the rt. AFPE, Z PEF = 58° 30’. Ss 
ue = sin 58° 30’. 
EF 


D 15.436 P EH 
1 
\ 
| 
1 


PF = 18.50 sin 58° 80’. 
log 18.50 = 1.13033 
log sin 58° 80’ = 9.93077 
log PF = 1.06110 
In the AFP’E, Z FP’E = 90° 15 and ZFEP’ = 81° 15. 
FP’ _ sin FEP’ 
EF sinFP’E 
FP’ = Boe sin 31° 15’ 
sin 90° 15’ 
log 18.50 = 1.18033 
log sin 31° 15’ = 9.71498 
colog sin 90° 15’ = 0.00000 
log FP’ = 0.84531 
FP’ = 7.0034 
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In the trapezoid F’ FEB’ the side 
BE = BC + DE = 8.154 + 15.436 = 23.590. 
F’F = BE — FP’ = 23.590 — 7.0034 = 16.5866. 
Area FV FED’ = aa 
log 20.0883 = 1.30294 
log PF = 1.06110 
log area F’ FEB = 2.36404 
Area F’ FEB = 231.226 sq. ch. 
ZB DC = 89° 45’. 
Since sin 89° 45’=1, the altitude of 
BBED CxO (na 0 
Area of BB’DC = 8.154 x 7.40 
= 60.3396 sq. ch. 
Area of F’ BCDEF = 231.226 — 60.3396 
= 170.8864 sq. ch. 
ZFGO = 53° 45’. 
FO = 5.54 sin 58° 45’. 
log 5.54 = 0.74351 
log sin 53° 45’ = 9.90657 
log FO = 0.65008 
LE O1G = 892457, 
ZG OF = 36° 308s 
FO’ _ sin 386° 30’ 
FG sin 89° 45” 
FO’ = FG sin 36° 80’. 
log 5.54 = 0.74851 
log sin 36° 30’ = 9.77489 
log FO’ = 0.51790 
FO’ = 3.2958. 
7G = F’F + FO’ = 16.5866 + 3.2953 = 19.8819, 


Area of trapezoid G’GEFF’ = oe x FO 


XH 20 08Sa gre 


__ 16.5866 + 19.8819 , 
= 18.2843 FO, 
log 18.2343 = 1.26089 
log FO = 0.65008 
log area G’/GFF’ = 1.91097 
Area G’GFI’ = 81,465 sq. ch 


FO 
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ZGHN = Ale. 
GN = 8.27 sin 41°. 
log 8.27 = 0.91751 
log sin 41° = 9.81694 
log GN = 0.73445 
ZGN HA = 89° 48’. 
ZGHN’ = 49° 15’. 
GN’ _ sin 49° 15’ 
GH sin 89° 45" 
GN’ = GH sin 49° 15’. 
log 8.27 = 0.91751 
log sin 49° 15’ = 9.87942 
log GN’ = 0.79693 
GN’ = 6.2651. 
HH = G’G+GN’=19.8819 + 6.2651 = 26.14% 
QG + HH 


Area of H’HGG = x GN 


Ques 7 
eS 19.8819 + 26.1470 x GN 


2 
= 23.0145 x GN. 
log 23.0145 = 1.36201 
log GN = 0.738445 
log area H’HGG’ = 2.09646 
Area H’HGG’ = 124.871 sq. ch. 
ZMHK = 838° 30’. 
KM = 19.20 sin 88° 30’. 
log 19.20 = 1.28330 
log sin 83° 30’ = 9.99720 
log KM = 1.28050 
WHA + AK 
2 


x KM 


26. “ 
= ert 24.10 x KM 
= 25.124 x KM. 
log 25,124 = 1.40009 
log AM = 1.28050 
log area AIS HH’ = 2.68059 
Area AK HH’ = 479.278 sq. ch. 
Area of farm = 170.8864 + 81.465 4+ 124.871 + 479.278 
= 856.5004 sq. ch. 
= 85.654. 


Area of AK HH’ = 
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Exercise 63. The Circle (Page 144) 


1, A sector of a circle of radius 
8 in. has an angle of 62.5°. A chord 
joining the extremities of the radii 
forming the sector cuts offa segment. 
What is the area of this segment ? 


Z BOA = 62:5°: 


Area of a circle = mr? 


I 
Area of the sector T 69.5 


~ 360 
log 62.5 = 1.79588 
colog 360 = 7.44370 — 10 
log w = 0.49715 
log r? = 1.80618 
log S = 1.54291 
Area of sector = 34.907 sq. in. 


<omr: 


Sof ABOA=} x 8x8 x sin62.5° 
= 82 sin 62.5°. 
log 82 = 1.50515 
log sin 62° 80° = 9.94793 — 10 
log S = 1.45308 
= 28.3844 sq. in. 
Area of segment 
= 384.9067 — 28.3844 = 6.5223 sq. in. 


2. A sector of a circle of diameter 
9.2 in. has an angle of 29° 42”. A 
chord joining the extremities of the 
radii forming the sector cuts off a 
segment._ What is the area of the 
remainder of the circle ? 

Given r= 4.6in., 
LAO 2942 
Area of a circle = mr. 


log 7 = 0.49715 
log r? == 1.82552 
log S = 1.82267 
S = 66.4767 sq. in. 


Area of AOBA = }r’s 
log r? = 1.82552 
colog 2 = 9.69897 — 10 
log sin O = 9.69501 — 10 
log S = 0.71950 
S = 5.2420 sq. in. 
29.7 
Area of sector = mr? x 360" 
log wr? = 1.82267 
log 29.7 = 1.47276 
colog 360 = 7.44370 — 10 
log S = 0.73913 
S = 5.4844 sq. in. 


5.4844 — 5.2420 
0.2424 sq. in. 
Area of remainder of circle 

= 66.4767— 0.2424 = 66.2348 sq. in. 


Area of segment = 


3. In a circle of radius 3.5 in., 
what is the area included between 
two parallel chords of 6 in. and 5in. 
respectively ? (Give two answers.) 


Given 


Required the area of ABCD and 
A’ BCD. 
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sin GOB= zy 


log 2.5 = 0.89794 
colog 3.5 = $.45593 — 10 
log sin GOB = 9.85387 — 10 
ZGOB = AS? 3574.6 
AIM ONES == Gil? NO A— 
sin FOD = ae : 


€ 


B5) 
log 8 = 0.47712 
colog 3.5 = 9.45593 — 10 
log sin FOD = 9.93305 — 10 
ZFOD = 58° 59’ 45”. 
AELCKOID) = WO WEY BY, 
Area of sector AOB 


co 
i) 


> 91°10 9” 
SSG? ———— 
360 
>. 91.169 
Sr . 
360 


log 7 = 0.49715 
log r? = 1.08814 
log 91.169 = 1.95984 
colog 360 = 7.44370 — 10 
log S = 0.98883 
S = 9.7463 sq. in. 


Area of AAOB= 7? sin AOB. 
log r? = 1.08814 

colog 2 = 9.69897 — 10 

log sin AOB = 9.99991 — 10 
log S = 0.78702 

S = 6.1288 sq. in. 


Area of segment AB 
= 9.7463— 6.1238 
= 3.6225 sq. in. 


Area of sector COD 

117° 59’ 45” 
~ 860° 
117.996 
360 


=> 


2s 
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log 7 = 0.49715 

logr? = 1.08814 

log 117.996 = 2.07186 
colog 360 = 7.44370 — 10 

log S = 1.10085 


Area of sector COD 
= 12.6138 sq. in. 


Area of ACOD 
= }r? sin 117° 59’ 45”. 
log r? = 1.08814 
colog 2 = 9.69897 — 10 
log sin 117°59’ 45” = 9.94595 — 10 
log S = 0.73306 


Area of A COD = 5.4083 sq. in. 


Area of A BCD = sector COD — 
(ACOD + segment AB) 
= 12.6138 — (5.4083 + 3.6225) 
= 8.583 sq. in. 
Area of A’ B’CD = area of circle — 
(segment A’B’ + segment CA BD). 
Area of segment Ca BD 
= sector COD —ACOL 
= 12.6138 — 5.4083 
= 7.2055 sq. in. 


Area of circle = mr? 
log r = 0.49715 


log r? = 1.08814 
log S = 1.58529 


Area of circle = 38.4845 sq. in. 


Area of A’B’CD 
= 88.4845 — (3.6225 + 7.2055) 
= 27.6565 sq. in. 

Area of part between parallel 
chords is 3.583 sq. in. when chords 
are on same side of diameter and 
27.6565 sq.in. when they are on 
opposite sides. 
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4, A regular hexagon is inscribed 
in a circle of radius 4in. What is 
the area of that part of the circle 
not covered by the hexagon ? 


(2, 
OT 


SS, 


Area of AAOB=}3AB x OH 
= 48, 
Area of hexagon = 6 x 4 V3 
= 2473, 
log 24 = 1.38021 
log V3 = 0.23856 
log S = 1.61877 


Area of hexagon = 41.569 sq. in. 


Area of circle = 77”. 
log 3 = 0.49715 
log r? = 1.20412 
log S = 1.70127 


Area of circle = 50.2655 sq. in. 


Area of the six segments 
= 50.2655 — 41.569 
= 8.6965 sq. in. 


Area of part of circle not covered 
by the hexagon = 8.6965 sq. in. 


5. Inacircle of radius 10in. a reg- 
ular five-pointed star is inscribed. 
What is the area of the star ? What 
is the area of that part of the circle 
not covered by the star ? 
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OA=10in. 

OP = 10 cos 86°. 
AN ee 
ZENO P= BOs 


OP = apothem. 


log 10 = 1.00000 
log cos 86° = 9.90796 — 10 
log OP = 0.90796 


AP =10'sin 36°. 
log 10 = 1.00000 


log sin 86° = 9.76922 — 10 
log AP = 0.76922 


Area of pentagon 
= So Calor Ore) 
= APEX OPE bs 
log A P = 0.76922 
log OP = 0.90796 
log 5 = 0.69897 
log S = 2.387615 


S = 237.767 sq. in. 


Area of circle = 7r?. 


log w = 0.49715 
log r2 — 2.00000 
log S = 2.49715 


S = 314.159 sq. in. 
Area of segments 


= 314.159— 237.767 
= 76.392 sq. in. 
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ZK AP or CAB is measured by 
one half are BC. 
Gye Atlee (26 
JAR a Oynsyere 
log AP = 0.76922 
log tan 36° = 9.86126 — 10 
log PK = 0.63048 


Area of AAKB 
—— ABs 
= AUP SC IPE 
The area of the 5A between points 
=i eX cA Px PK, 
log S of A 
= log5+4+ log AP + log PK. 
log 5 = 0.69897 
log A P = 0.76922 
log PK = 0.63048 
log S = 2.09867 
S = 125.508 sq. in. 


Area of segments + area of 'tri- 
angles = 201.9 sq. in., area not cov- 
ered by star. 

314.159 — 201.900 = 112.26 sq. in., 
area of star. 


6. In a circle of diameter 7.2 in. 
a regular five-pointed star is in- 
scribed. The points are joined, 
thus forming a regular pentagon. 
There is also a regular pentagon 
formed in the center by the cross- 
ing of the lines of the star. The 
small pentagon is what fractional 
part of the large one ? 
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See OKe 

Saeone 
OA = 3.6. 
= SSS 
Ones £8 

sin 36° 

ES = sin 18° 
AK 


HK = AK sin 18°. 
AK _ sin36° 
AO sin 126° 

7 {eo} 
AK= 3.6 sin 86 : 

sin 126° 

__ 3.6 sin 86° sin 18° 
i sin 126° 


Bar abe 3 
oa nee PORIESE se 
sin 126° sin 86° 


bed 3.6 sin 18° 
sin 126° 


Oy TEE 


log.3.6 = 0.55630 

log sin 18° = 9.48998 — 10 
colog sin 126° = 0.09204 
log OK = 0.13832 


log OK” = 0.27664 


OK? 

log ee = 9.15404 — 10 
OA 
OR” _ os4s79 
OA~ 

S’ } 2 : 

“. — = 0.14279, ratio of inner 
S 


pentagon to the inscribed pentagon 
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7. A circular hole is cut in a reg- 
ular hexagonal plate of side 8 in. 
The radiusof thecircleis4in. What 
is the area of the rest of the plate ? 


O 


Side of hexagon = 8 in. 
Radius of hexagon = 8 in. 
Apothem = V8? — 42 = 4V3. 
S=4(4V3 x 48) 
=2V3 x 48 


= 96 V3. 
log 96 = 1.98227 
lo ene 0.23856 
log S = 2.22083 


Area of hexagon = 166.277 sq. in. 
Area of circle = mr?. 
log ma = 0.49715 
log r? = 1.20412 
log S = 1.70127 
Area of circle = 50.265 sq. in. 
166.277 — 50.265 


=116.012sq.in., area of rest of plate. 


PLANE TRIGONOMETRY 


8. A regular hexagon is formed 
by joining the mid-points of the 
sides of a regular hexagon. Find 
the ratio of the smaller hexagon 
to the larger. 


Let a and a’ = one side of each 
of the two hexagons. 

Draw OK. 

OK makes Z of 60° with a. 


a 


sin 60 = 


wlapre| s 


a = asin 60. 


S’ a? sin? 60° 


| a? 

a = sin? 60° 

S — 
= (4 v3)’ 
=e 


Therefore the ratio of the inner 
hexagon to the outer one is .76. 


Exercise 64. Plane Sailing (Page 147) 


1. A ship sails from latitude 40° N. on a course N.E. 26 mi. 


Find the 


difference of latitude and the departure. 


Course = 45° 
Diff. of lat. = 26 cos 45° 
Depart. = 26 sin 45° 
log 26 = 1.41497 
log cos 45° = 9.84949 — 10 
log diff. of lat. = 1.26446 
Ditt of lata= 18-3850 
= key PRY 


log 26 = 1.41497 
log sin 45° = 9.84949 — 10 
log depart. = 1.26446 
Depart. = 18.385 mi. 
Diti tot laty—18s7372 


TEACHERS’ EDITION 


2. A ship sails from latitude 
35° N. on a course 8.W. 53 mi. 
Find the difference of latitude 
and the departure. 

Course = 45°. 
Diff. of lat. = 58 cos 45°. 
log 538 = 1.72428 
log cos 45° = 9.84949 — 10 
log diff. of lat. = 1.57377 
Diff. of lat. = 87.4775’. 
=I 2O800r. 
Depart. = 53 sin 45°. 
Depart. = 37.4775 mi. 
Diff. of lat. = 87’ 28.65”. 


8. A ship sails from a point on 
the equator on a course N.E. by N. 
62 mi. Find the difference of lati- 
tude and the departure. 

Course = 83° 45’. 
Diff. of lat. = 62 cos 83° 45’. 
Depart. = 62 sin 33° 46’. 
log 62 = 1.79239 
log cos 88° 45’ = 9.91985 — 10 
log diff. of lat. = 1.71224 
Diff. of lat. = 51.551’ 
== DI BBs 
log 62 = 1.79239 
log sin 33° 45’ = 9.74474 — 10 
log depart. = 1.53718 
Depart. = 34.445 mi. 
Dit of lati ole33—. 


4, A ship sails from latitude 
43° 45’ S. on a course N. by KE. 
88 mi. Find the difference of lati- 
tude and the departure. 

Course = 11° 15’. 
Diff. of lat. = 38 cos 11° 15’. 
Depart. = 38 sin 11° 15’. 
log 38 = 1.57978 
log cos 11° 15’ = 9.99157 — 10 
log diff. of lat. = 1.57185 


Ditiwot Tate i937. 260s OTe 6. 
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log 88 = 1.57978 
log sin 11° 15’ = 9.29024 — 10 
log depart. = 0.87002 
Depart. = 7.4135 mi. 
Diff. of lat. = 37 167. 


5. A ship sails from latitude 
1° 45° N. on a course S.E. by E. 
Find the difference of lati- 
tude and the departure. 

Course = 56° 15’. 
Diff. of lat. = 25 cos 56° 15’. 
Depart. = 25 sin 56° 15’. 
log 25 = 1.89794 
log cos 56° 15’ = 9.74474 — 10 
log diff. of lat. = 1.14268 
Diff. of lat. = 18.889’ = 18” 58”. 
log 25 = 1.89794 
log sin 56° 15’ = 9.91985 — 10 
log depart. = 1.31779 
Depart. = 20.787 mi. 
Diff. of lat. = 13’ 58”. 


25 mi, 


6. A ship sails from latitude 
13°17’ §. on a course N.E. by E. 
3K., until the departure is 42 mi. 
Find the difference of latitude and 
the latitude reached. 

Course = 64° 41’ 15”. 
42 
sin 64° 41’ 15” 
log 42 = 1.62325 
colog sin 64° 417 15” = 0.04883 
log distance = 1.66708 
Distance = 46.46 mi. 
Diff. of lat. = 46.46 x cos 64° 41’ 15” 
log 46.46 = 1.66708 
log cos 64° 4115” = 9.63099 — 10 
1.29807 
Diff. of lat. =19.864’= 197 52”. 
Lat. reached =12° 57 8” S, 


Distance = 
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7, A ship sails from latitude 
40° 20’ N. on a N.N.E. course for 
92 mi. Find the departure 

Course = 22° 30’. 
Depart. = 92 sin 22° 30’. 
log 92 = 1.96379 
log sin 22° 30’ = 9.58284 — 10 
log depart. = 1.54663 
Depart. = 35.207 mi. 


8. If a steamer sails S.W. by W. 
20 mi., what is the departure and 
the difference of latitude ? 

Course = 56°15’. 
Depart. = 20 sin 56° 15’. 
Diff. of lat. = 20 cos 56° 15’ 
log 20 = 1.80103 
log sin 56° 15’ = 9.91985 — 10 
log depart. = 1.22088 
Depart. = 16.6296 mi. 


log 20 = 1.80103 
log cos 56° 15’ = 9.74474 — 10 
log diff. of lat. = 1.04577 
Dittwotlate lito 
SOR 
Depart. = 16.6296 mi. 
Dit Ot later 1G. 1-4 


9. If a sailboat sails N. 25° W. 
until the departure is 25 mi., what 
distance does it sail ? 


Course = 25°. 


Depart. = distance 
X sin course. 
; 25 
Distance = —=——— 
sin 25° 
log 25 = 1.39794 


colog sin 25° = 0.37405 
log distance = 1.77199 


Distance sailed = 59.155 mi. 


PLANE TRIGONOMETRY 


10. A ship sails from latituds 
87°40’ N. on a N.E. by E. course 
for 122 mi. Find the departure. 

Course = 56° 15’ 
Depart. = 122 sin 56°15’. 
log 122 = 2.08636 
log sin 56° 15’ = 9.91985 — 10 
log depart. = 2.00621 
Depart. = 101.44 mi. 


11. A yacht sails 6} points wese 
of north, the distance being 12 mi. 
What is the departure ? 

Course = 738° 7 30”. 
Depart. = 12 sin 73° 7’ 30”. 
log 12 = 1.07918 
logsin73° 7’ 30”= 9.98088 — 10 
log depart. = 1.06006 
Depart. = 11.488 mi. 


12. A steamer sails S.W. by W. 
28 mi. It then sails N.W. 30 mi. 
How far is it then to the west of 
its starting point ? 

First course = 56° 15’. 
Second course = 45°. 
First depart. = 28 sin 56° 15’ 
Second depart. = 30 
log 28 = 1.44716 
log sin 56° 15’ = 9.91985 — 10 
log first depart. = 1.36701 
First depart. = 23.2816 mi. 


log 30 = 1.47712 


0 sin 45°. 


log sin 45° = 9,84949 
log second depart. = 1.32661 
Second depart. = 21.2138 mi. 


Total depart. 
= 23.2816 + 21.2138 
= 44.4949 mi. 
Ship was west of starting point 
44.5 mi. 


TEACHERS’ EDITION 


18, A ship sails on a course be- 
tween S. and E. 24 mi., leaving 
latitude 2° 52’ S. and reaching lati- 
tude 2° 58’S. Find the course and 
the departure. 


DithecOt late 160 
Sia, 
6 = 24 cos course. 
cos course = ay 
=O, 
Course = 75° 31’ 20”. 
Depart. = 24 sin 75°31’ 20”. 
log 24 = 1.38021 


log sin 75°31’ 20” = 9.98598 — 10 
log depart. = 1.36619 


Depart. = 23.2374 mi. 
Course = S. 75° 31’ 20” E 


14. A ship sails from latitude 
82° 18’ N., on a course between N. 
and W., a distance of 34 mi. and 
a departure of 10mi. Find the 
course and the latitude reached. 


Oy Jr. 
34 — Sli course, 


log 10 = 1.00000 
colog 84 = 8.46852 — 10 
log sin course = 9.46852 


Course: 17° 6" 147. 
Ditihrots ata o4.cosii Gal4e 
log 8 1.53148 


log cos i7° 6" 14 — — 9.98035 — 10 
log diff. of lat. = 1.51183 
Diff. of lat. = 32.496’ 


SOv ee One 
Lat. reached = 32°18’ + 32’30’ 
S30 DN 30". 
Course = N. 17° 6’ 14” W. 
Latitude i eh ed = 82°50’ 30” N. 
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15. A ship sails on a course be- 
tween §. and E., making a dif- 
ference of latitude 13 mi. and a 
departure of 20 mi. Vind the dis- 
tance and the course. 


9 
s 


1 § = tan course. 
log 20 = 1.30103 
colog 18 = 8.88606 — 10 
log tan course = 0.18709 


Course = 56° 58’ 34”. 


20 


Dis ——_—————— 
sin 56° 58’ 34” 


log 20 = 1.80103 
colog sin 56° 58’ 34” = 0.07653 
log distance = 1.37756 


Distance = 23.854 mi. 
Course = S. 56° 58’ 34” E 


16. A ship sails on a course be- 
making a dif- 
17 mi. and a 
departure of 22 mi. Find the dis- 
tance and the course. 


tween N. and W., 


ference of latitude 


22 = tan course. 
log 22 = 1.84242 
colog17 = 8.76955 — 10 
log tan course = 10.11197 
Course = 62° 1822172 


22 


Distance = 

sin 52° 18’ 21” 
log 22 = 1.34242 
colog sin 52°18’ 21” = 0.10167 
log distance = 1.44409 


Distance sailed = 27.803 mi. 
Course = N. 62° 18’ 21” W, 
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Exercise 65. Parallel Sailing (Page 148) 


1. A ship in latitude 42°16’ N., 
longitude 72°16’ W., sails due east 
a distance of 149 mi. What is the 
position of the point reached ? 

Diff. of long. = 149sec 42° 16’. 
log 149 = 2.17319 
log sec 42° 16’ = 0.13076 
log diff. of long. = 2.80395 
Diff. of long. = 201.35’ 
es SRI ON 


The position of point reached is 
42° 16’ N.; 68° 54’ 39” W. 


2. A ship in latitude 44° 49’S., 
longitude 119° 42’ E., sails due west 
until it reaches longitude 117°16’ E. 
Find the distance made. 


Diff. of longs. ='2° 269 = 146% 
Depart. = 146 cos 44° 49’. 


log 146 = 2.16435 
log cos 44° 49’ = 9.85087 
log depart. = 2.01522 


Depart. = 103.57 mi. 


Distance made = 103.57 mi. 


3. A ship in latitude 60°15’ N., longitude 60°15’ W., sails due west 
a distance of 60 mi. What is the position of the point reached ? 


Diff. of long. = 60sec 60°15’. 


6 
log 60 = 1.77815 
log sec 60° 15’ = 0 


.30483 


log diff. of long. = 2.08248 
Ditf. of long. = 120.9139’ 


= 20048: 6 


60° 15’ + 2° 0’ 55” = 62° 15’ 55” W. 
The position of point reached is 60° 15’ N.; 62° 15’ 55” W. 


Exercise 66. Middle Latitude Sailing (Page 149) 


1. A ship leaves latitude 31° 14’ 
N., longitude 42°19’ W., and sails 
E.N.E. 82 mi. Find the  posi- 
tion reached. 


Counse—oreo0e 
Diff. of lat. = 32 cos 67° 80’. 
log 82 = 1.50515 


log cos 67° 80’ = 9.58284 
log diff. of lat. = 1.08799 


Diff. of lat. = 12.245’ 
Ei 2allowe 


Mid. lat. = 31° 20° 7”. 
Depart. = 32 sin 67° 80’. 

Diff. of long. = 32 sin 67°80’ x 
sec 31°20’ 7” 

log 82 = 1.50515 

log sin 67° 30’ = 9.96562 

log sec 31° 20° 7” = 0.06847 

log diff. long. = 1.58924 

Diff. of long. = 34.61’ 
3 


Latitude reached, 31° 26’ 15” N. 
Longitude, 41° 44’ 28” W, 


TEACHERS’ EDITION 


2. Leaving latitude 49° 57’ N., 
longitude 15°16’ W., a ship sails be- 
tween S. and W. till the departure 
is 88 mi. and the latitude is 49° 388’ N. 
Find the course, distance, and longi- 
tude reached. 


Ditto lat. = 19-== 19m, 
Mid. lat. = 49° 47’ 30”. 
Depart. = 38 mi. 
Diff. of long. = 38sec 49°47’ 30”. 
log 88 = 1.57978 
log sec 49°47/30” = 0.19005 
log diff. of long. = 1.76983 


Diff. of long. = 58.86’ = 58’ 52”. 


tan course = 38 = 2. 
Course = 63° 26’. 
1 arts 
Distance = tee eed 
sin 63° 26’ 
zi 38 
fe sin 68° 26’ 
log 88 = 1.57978 
colog sin 63° 26’ = 0.04846 


log distance = 1.62824 
Distance = 42.486 mi. 


Course = 8. 63° 26° W. 
Distance = 42.486 mi. 
Longitude reached, 16°14’ 52” W. 


8. Leaving latitude 42°50’ N., 
longitude 58° 51’ W., a ship sails 
S.E. by S. 48 mi. Find the position 
reached. 


Course = 83° 45’. 

Dit. of lat. = 48 cos 33° 45’. 
log 48 = 1.68124 
log cos 33° 45’ = 9.91985 
log diff. of lat. = 1.60109 
Diff. of lat. = 39.9117 


ES UROOnE 
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Mid. lat. = 42°10’ 3” N. 
Depart. = 48 sin 33° 45’. 
Diff. of long. = 48 sin 33° 45’ x 
sec 42°10’ 3”. 
log 48 = 1.68124 
log sin 38° 45’ = 9.74474 
log see 42° 10’ 3” = 0.13008 
log diff. of long. = 1.55606 
Diff. of long. = 35.98’ 
SS ai8) 9G 
Latitude reached, 41° 50’ 5” N. 
Longitude, 58°15’ 1” W. 


4, Leaving latitude 49° 57’ N., 
longitude 380° W., a ship sails 
S. 89° W. and reaches latitude 
49° 44” N. Find the distance and 
the longitude reached. 

Diff. of lat. = 13° = 13 mi. 


ae 13 
cos 39° = ——" . 
distance 
; 13 
Distance = > 
cos 89° 
log 13 = 1.11894 
colog cos 89° = 0.10950 


= 1.22344 
== 1105 (AU idle, 
= 49° 50’ 30”. 
= I8'tan 39°. 
= depart. x 
sec 49° 50’ 30” 
=I13 tan 39° x 
sec 49° 50’ 30” 
1.11894 
log tan 89° = 9,90837 
log sec 49°50’ 30” = 0.19050 
log diff. of long. = 1.21281 
Diff. of long. = 16.319’ = 16’ 19” 
Longitude reached, 50° 16’19” W 
Distance = 16.727 mi. 


log distance 
Distance 
Mid, lat. 


Depart. 
Diff. of long. 


log 13 = 
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5. Leaving latitude 37° N., lon- 
gitude 82° 16’ W., a ship sails be- 
tween N. and W. 45 mi. and reaches 
latitude 87°10’ N. Find the course 
and the longitude reached. 


Ditivorlat. — 10% 
= 10 mi. 
Mid: lata—0372 5° Ne 
cos course = } 9. 


log 10 = 1.00000 
colog 45 = 8.34679 — 10 
log cos course = 9.34679 


Course = 77° 9’ 388”. 


Depart. = 45 sin 77° 9’ 38”. 
Diff. of long. = 45 sin 77° 9 38” x 
sec 37° 5’. 


log 45 = 1.65321 

log sin 77° 9’ 88” = 9.98900 — 10 
log sec 37° 5’ = 0.09813 
log diff. of long. = 1.74034 


Dif. of long. = 55’. 


Longitude reached = 33°11’ W. 
Course = N. 77° 9’ 38” W. 


6. A ship sails from latitude 
40° 28’ N., longitude 74° W., on 
an E.S.E. course, 62 mi. Find the 
latitude and longitude reached, 


Course = 67° 30’. 
Diff. of lat. = 62 cos 67° 30’. 


log 62 = 1.79239 
log cos 67° 30’ = 9.58284 
log diff. of lat. = 1.37523 


Diff, of lat. = 23.7267 
= 237 44” 
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Mid. lat. = 40°16’ 8”. 
Depart. = 62 sin 67° 80’. 
Diff. of long. = 62 sin 67° 80’ x 
sec 40° 168”, 


log 62 = 1.792389 
log sin 67° 30’ = 9.96562 — 10 
log sec 40° 16’ 8” = 0.11746 
log diff. of long. = 1.87547. 


Diff. of long. = 75.07’ 
mera lass ce 


Latitude reached = 40° 4 16” N. 
Longitude = 72° 44’ 56” W. 


7. A ship sails from latitude 
42° 20’ N., longitude 71° 4’ W., on 
a N.N.E. course, 80 mi. Find the 
latitude and longitude reached. 


Course = 22° 30’. 
Diff. of lat. = 30 cos 22° 30’. 


log 30 = 1.47712 
log cos 22° 80’ = 9.96562 — 10 
log diff. of lat. = 1.44274 


Diff. of lat. = 27.716’ 
= 27’ 43”, 
Mid. lat. = 42° 33’ 61” N° 
Depart. = 30 sin 22° 830’. 
Diff. of long. x sec mid. lat. 
= 80 sin 22° 30’ sec 42° 33’ 51”, 


log 30 = 1.47712 

log sin 22° 80’ = 9.58284 — 10 
log sec 42°33’ 51” = 0.13281 
log diff. of long. = 1.19277 
Diff. of long. = 15.587’ 
Sly Sa 


Latitude reached, 42° 47’ 43” N. 
Longitude, 70° 48’ 25” W. 


TEACHERS’ EDITION 
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‘Exercise 67. Traverse Sailing (Page 150) 


1. Leaving latitude 387° 16’ S., 
longitude 18° 42’ W., a ship sails 
N.E. 104 mi., then N.N.W. 60 mi., 
then W. by S. 216 mi. Find the 
position reached, and its bearing 
and distance from the point left. 


First course = 45°. 
Diff. of lat. = 104 cos 45°. 
Depart. = 104 sin 45°. 


log 104 = 2.01703 
log cos 45° = 9.84949 — 10 
log diff. of lat. = 1.86652 


Diff. of lat. = 78.54 N. 
Depart. = 73.54 E. 


Second course = 22° 30’. 
Diff. of lat. = 60 cos 22° 80’. 
Depart. = 60 sin 22° 30’. 


log 60 = 1.77815 
log cos 22° 80’ = 9.96562 — 10 
log diff. of lat. = 1.74377 


Diff. of lat. = 55.484 N. 


log 60 = 1.77815 
log sin 22° 30’ = 9.58284 — 10 
log depart. = 1.86099 


Depart. = 22.961 W. 


Third course = 78° 45’. 
Diff. of lat. = 216 cos 78° 45’. 
Depart. = 216 sin 78° 45’. 


log 216 = 2.83445 
log cos 78° 45’ = 9.29024 — 10 


log diff. of lat. = 1.62469 


Diff. of lat. = 42.14 8. 


log 216 = 2.33445 
log sin 78° 45’ = 9.99157 — 10 
log depart. = 2.82602 


Depart. = 211.85 W. 


Total diff. of lat. = 86.834’ N. 
= 1226750" N: 
Lat. reached = 35° 49’ 10” S. 
Mid. lat. = 36° 82’ 35”. 
Total depart. = 161.271 W. 


Diff. of long. = 161.271 sec 36°32’ 35” 
log 161.271 = 2.20755 


5 
log sec 36°32’ 35” = 0.09506 
log diff. of long. = 2.30261 


Diff. of long. = 200.73’ 
= 8° 20’ 44”. 
Long. reached = 22° 2’ 44” W. 


161.271 


tan COurse =. 
86.834 


log 161.271= 2.20755 
colog 86.834 = 8.06131 — 10 
log tan course = 10.26886 


Course = 61° 42’. 
Distance = 86.834 sec 61° 42’. 


log 86.834 = 1.93869 
log sec 61° 42’ = 0.32414 


log distance = 2.26283 


Distance = 183.16 mi. 


Course, N. 61° 42’ W.; distance, 
183.16 mi. ; latitude reached, 35° 
4910” S.; longitude, 22° 2’ 44” W. 
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2. A ship leaves Cape Cod 
(42° 2’ N., 70°3° W.) and sails S.E. 
by S. 114 mi., then N. by E. 94mi., 
then W.N.W. 42 mi. Find its posi- 
tion and the total distance. 

First course = 33° 45’. 
Diff. of lat. = 114 cos 33° 45’. 
Depart. = 114 sin 38° 45’, 
log 114 = 2.05690 
log cos 33° 45’ = 9.91985 — 10 
log diff. of lat. = 1.97675 


Diff. of lat. = 94.78758. 


log 114 = 2.05690 
log sin 38° 45’ = 9.74474 — 10 
log depart. = 1.80164 


Depart. = 63.334 E. 


Second course = 11° 15’. 
Diff. of lat. = 94 cos 11° 15’. 
Depart. = 94 sin 11°15’, 

log 94 = 1.97813 
log cos 11° 15’ = 9.99157 — 10 

log diff. of lat. = 1.96470 


Diff. of lat. = 92.194.N. 


log 94 = 1.97313 
log sin 11° 15’ = 9.29024 — 10 
log depart. = 1.26337 


Depart. = 18.339 E. 


Third course = 67° 30’. 
Diff. of lat. = 42 cos 67° 30’. 
Depart. = 42 sin 67° 30’. 
log 42 = 1.62825 
log cos 67° 80’ = § 
log diff. of lat. = 1.20609 


Diff. of lat. = 16.078 N. 


PLANE TRIGONOMETRY 


log 42 = 1.62325 
log sin 67° 30’ = 9.96562 — 10 
log depart. = 1.58887 


Depart. = 38.804 W. 


Votal diff. of lat. = 13.48’ N. 
= 13020 Ne 
Lat. of Cape Cod = 42° 2’. 
Lat. reached = 42° 15’ 29” N. 
Mid. lat. = 42° 8’ 44”, 
Total depart. = 42.869 E. 


Diff. of long. = 42.869 sec 42° 8’ 44” 


log 42.869 = 1.63214 
log sec 42° 8’ 44” = 0.12992 
log diff. lo. g. = 1.76206 


Diff. of long. = 57.817 E. 
= 57° 49” ii. 
Long. of Cape Cod = 70° 3’ W. 
Long. reached = 69° 5’ 11” W. 


42.869 


tan course = : 
13.48 


log 42.869 = 1.63214 
colog 13.48 = 8.87031 — 10 
log tan course = 10,50245 


Course = 72° 32’ 40”. 
Distance = 18.48 sec 72° 82’ 40”. 
log 18.48 = 1.12969 
log sec 72° 32’ 40” = 0.52293 
log distance = 1.65262 
Distance = 44.9389 mi. 
Course N. 72°32’ 40” E.; distance, 


44.939 mi.; latitude reached, 42° 
15’ 29” N.; longitude, 69° 5’ 11” W, 


TEACHERS’ EDITION 


3. A ship leaves Cape of Good 
Hope (34° 22’§8., 18°30’ K.) and sails 
N.W. 126 mi., then N. by E. 84 mi., 
then W.S.W. 217 mi. Find its posi- 
tion and the total distance. 

First course = 45°. 
Diff. of lat. = 126 cos 45°, 
Depart. = 126 sin 45°. 
log 126 = 2.10087 
log cos 45° = 9.84949 — 10 
log diff. of lat. = 1.94986 


Diff. of lat. = 89.096 N. 
Depart. = 89.096 W. 


Second course = 11° 15’. 
Diff. of lat. = 84 cos 11° 15’. 
Depart. = &4 sin 11°15’. 

log 84 = 1.92428 
log cos 11° 15’ = 9.99157 — 10 

log diff. of lat. = 1.91585 


Diff. of lat. = 82.586 N. 


log 84 = 1.92428 
log sin 11° 15’ = 9.29024 — 10 
log depart. = 1.21462 


Depart. = 16.388 HE. 


Third course = 67° 30’. 
Dik Ob late il 7 Cos61 30% 
Depart. = 217 sin 67° 30’. 
log 217 = 2.83646 
log cos 67° 30’ = 9.58284 — 10 
log diff. of lat. = 1.91930 


Diff. of lat. = 83.042 S. 
log he = 2.53646 


log sin 67° 30’ = 9.96562 — 10 
log ies = 2.30208 


Depart. = 200.49 W. 
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Total diff. of lat. = 88.440’ N 
== IO 26” N 
Lat. reached = 82° 53’ 84” S. 
Midi Lats = 838%3" 47/4 
Total depart. = 273.198 W. 


Diff. long. = 273.198 sec 88° 37’ 477 


log 273.198 = 2.43648 
log sec 83°37 47” = 0.07954 
log diff. of long. = 2.51602 


Diff. of long. = 328.11’ 
SSP SY Uo 
Long. reached = 18° 1’ 58” E 


’ 278.198 
tan course = = 6 
88.44 


log 273.198 = 2.48648 
colog 88.44 = 8.05335 — 10 
log tan course = 10.48983 


(COUneS Se PO SY EY 


Distance = 88.44 sec 72° 8’ 438”. 


log 88.44 = 1.94665 
log sec 72° 8’ 43” = 0.51147 
log distance = 2.45812 


Distance = 287.16 mi. 


Course N. 72°3’ 438” W.; distance, 
287.16 mi.; latitude reached, 32° 
53’ 34” S., longitude, 18° 1’ 58” E. 


4. A ship in latitude 40° N. and 
longitude 67°94’ W. sails N.W.60mi., 
then N. by W. 52 mi., and then 


W.S.W. 83 mi. Find its position 
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First course = 45°. 
Diff. of lat. = 60 cos 45°. 
Depart. = 60 sin 45°. 


log 60 = 1.77815 
log cos 45° = 9.84949 — 10 
log diff. of lat. = 1.62764 
Diff. of lat. = 42.427 N. 
Depart. = 42.427 W. 


Second course = 11°15’. 


Ditto lave 02, COSsm Loli. 
Depart. = 52 sin 11°15’. 


log 52 = 1.71600 
log cos 11° 15’ = 9.99157 — 10 
log diff. of lat. = 1.70757 


Diff. of lat. = 51 N. 
log 52 = 1.71600 
log sin 11°15’ = 9.29024 — 10 
log depart. = 1.00624 
Depart. = 10.145 W. 


Third course = 67° 30’. 


Diff. of lat. = 83 cos 67° 30’. 
Depart. = 83 sin 67° 30’. 


log 83 = 1.91908 
log cos 67° 30 = 9.58284 — 10 
log diff. of lat. = 1.50192 


Diff. of lat. = 31.763 S. 


log 83 = 1.91908 


log sin 67° 30’ = 9.96562 — 10 


log depart. = 1.88470 
Depart. = 76.683 W. 


Total diff. of lat. = 61.66’ N. 
= 1°)" 404N. 
Lat. reached = 41°1’ 40” N, 
Mid. lat. = 40° 30’ 50”. 
Total depart. = 129.255 W. 


Diff. of long. = 129.255 x 
sec 40°30’ 50”. 
log 129.255 = 2.11145 
log sec 40° 30’ 50” = 0.11904 
log diff. of long. = 2.28049 
Diff. of long. = 170.02’ W. 
== 201 IW. s 
Long. reached = 69° 54’1” W. 
The position reached is latitude 
41°1’40’N., longitude 69° 5471” W. 


5. A ship sailed S.S.W. 48 mi., 
then S.W. by S. 36 mi., and then 
N.E. 24 mi. Find the difference in 
latitude and the departure. 

First course = 22° 30’. 
Diff. of lat. = 48 cos 22° 30’. 
Depart. = 48 sin 22° 30’. 
log 48 = 1.68124 
log cos 22° 30’ = 9.96562 — 10 
log diff. of lat. = 1.64686 
Diff. of lat. = 44.347’ S. 
log 48 = 1.68124 
log sin 22° 80’ = 9.58284 — 10 
log depart. = 1.26408 
Depart. = 18.369 mi. W. 


Second course = 383° 45’. 
Diff. of lat. = 36 cos 38° 45’. 
Depart. = 86 sin 38° 45’. 
log 36 = 1.55630 
log cos 83° 45’ = 9.91985 
log diff. of lat. = 1.47615 
Diff. of lat. = 29.983’ S. 


log 86 = 1.55630 
log sin 88° 45’ = 9.74474 
log depart. = 1.30104 


Depart. = 20 mi. W. 
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Third course = 45°. 
Diff. of lat. = 24 cos 45°. 
Depart. = 24 sin 45°. 


log 24 = 1.88021 
log cos 45° = 9.84949 
fog diff. of lat. = 1.22970 


Diff. of lat. = 16.977 N 
Depart. = 16.97 mi. E. 


Total diff. of lat. = 57°19” S. 
Total depart. = 21.40 mi. W. 


6. A ship sailed S. } E. 18 mi., 
S.W. 43S. 37 mi., and then S.S.W. 
4 W.56mi. Find the difference in 
latitude and the departure. 

First course = 5°37 30”. 
Diff. of lat. = 18 cos5°37’30”. 
Depart. = 18 sin 5°37’30”. 
log 18 = 1.25527 
log cos 5°37 30” = 9.99791 
log diff. of lat. = 1.25318 


Diff. of lat. = 17.916’S. 
log 18 = 1.25527 


log sin 5° 37’ 30” = 8.99130 
log depart. = 0.24657 


Depart. = 1.764 mi. E. 
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Second course = 39° 22’ 30”. 
Diff. of lat. = 37c0s39°22’30”. 
Depart. = 37sin89°22’30”, 
log 37 = 1.56820 
log cos 39° 22’ 30” = 9.88819 
log diff. of lat. = 1.45639 
Diff. of lat. = 28.601’ S. 


log 37 = 1.56820 

log sin 39° 22’ 30” = 9.80236 

log depart. = 1.37056 
Depart. = 23.473 mi. W. 


Third course = 25° 18’ 45”. 
Diff. of lat. = 56 cos25°18’45”. 
Depart. = 56sin 2591845”. 


log 56 = 1.74819 
cos 25° 18’ 45” = 9.95617 
log diff. of lat. = 1.70486 


Diff. of lat. = 50.624’S. 


log 56 = 1.74819 
sin 25° 18°45” = 9. oe 
log depart. = 1.37918 


Depart. = 23.9438 mi. W. 


Total diff. of lat. = 1°37 87. 
Total depart. = 45.652 mi. W. 

Total diff. of lat. = 1°37’ 8” S. 
Total depart. = 45.652 mi. W. 


Exercise 68. Radians (Page 152) 


Express the following in radians : 
a: 


Le 2707 = 440 7 = 3 7. 
95 
2. 11.25° = 11.25 ree 
180 16 
3 56.25° = 004 == 
180 16 


Ae eee 
180 24 
96.5 9 
ROC ore ee 
180 120” 


6. 1440° = 134° 7 = 87 


7. 200° = #9 = 10 


8, 3000° = = 


39.00. T= 50 T 
3 : 


310 PLANE TRIGONOMETRY 


es the following in degree measure : 
9. ifm =270°. 11. ljr=210°. 18. r= 7°30. 15. 67 = 1080°. 
10. lh} = 240°. 12, 1} = 225°. 14, 34 = 540°. 16. 107 = 1800°. 


State the quadrant in which the following angles lie : 

17. 27 = 120°, quadrant IT. 21. 2.57 = 450°, quadrant II. 

18. $7 = 144°, quadrant II. 22. — 3.47 =— 612°, quadrant II. 
19. 13 7 = 247°30’, quadrant III. 23. 1 = 57°17 45”, quadrant I. 

24, —2=—114° 35’ 30”, quadrant III. 


20, 147 = 324°, quadrant IV. 


Express the following in degrees and also in radians : 


F a soa 3 
25. $ of fourright angles. 2 
radians. 
26. 2 of four right angles. 
radians. 
27. % of two right angles. 
radjans. 
28. 3 of one right angle. ¢ x 
radians. 


lonely 


2 
= 


)Q° = 33° 45 


x 360° = 216°; 0.017453 x 216 = 3.769848 


of 360° = 300°; 0.017453 x 300 = 5.2359 


2 of 180° = 120°; 0.017453 x 120 = 2.09436 


’; 0.017453 x 833 = 0.589039 


29. What decimal part of a radian is 1°? 1’? 


(a) P= 745 


(6) V= yko7X go= 


aw = 0.017453 radian. 
ioe007 = 0.0002909 radian. 


30. How many minutes in a radian ? How many seconds ? 


Aeradiani— tonne 4o 


= 3487.75’ = 206,265”. 


31. ae in radians the angle of an equilateral triangle. 
1 of 180° = 60°; 0.017453 x 60 = 1.04718 radians. 


32. ae what part of a radian does the minute hand of a clock move 


in 15 min. ? 


15 minute spaces = } of 360° = 90°; 


0.017458 x 90 = 1.57077 radians. 


Exercise 69. Sines and Small Angles (Page 154) 


1. Find four angles whose sine 


is 0.2756. 
§ 138, 
sin z = sin[nw + (—1)"z]. 
(eS Os 5 Ay Bi 

sing = sina, sin (7 — 2), 
sin (27 + 2), 
sin (8 7 — @). 

sin vw = 0.2756. 


“, & = 16°, 164°, 376°, 524°, 


2. Find six angles whose sine is 


0.5000. 


sine = sin [ma + (— 1)"@]. 
R= Ort oes ano. 
sing = sina, sin (4 — 2), 
sin (27 + 2), sin (87 — 2), 
sin (4a + @), sin(5a7 — 2). 
sinw = 0.5000. 
% = 80°, 150°, 890°, 510°, 750°, 
870°. 
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8. Find eight angles having the 4. Find four angles having the same 
same sine as } 7. cosecant as 37. 


im = 30°. esc @ = 


sin w 
From Ex. 2, six angles having 


the same sine as } 7 are 30°, 1509, _ From Ex.1,sinz=sina, sin(w—2), 
2 


390°, 510°, 750°, 870°; sin (2 wt x), sin (3 TT — &)). 
and sin 80° = sin (6a + 30°), CSC L = CSC, esc (w — 2), 
sin (7 7 — 30°). esc (2 7 + @), csc (3 7 — @). 


3 — B79 27 
: OU Trea eo) i 
Hence the required angles are 8 
DO LOOl SI02 OL O02 moO. Hence the required angles are 
1110°, and 1230°. 67° 80’, 112° 30%, 427° 80’, and 472° 30’. 

5. Find four angles having the same cosecant as 0.1 7. 

From Ex. 4, cscw = eseax, cse(7 — £), esc(2 7 4+ x), csc(8 7 — 2). 

(ily Ske 

Hence the required angles are 18°, 162°, 378°, and 522°. 

Given 7 = 3.141592653589, compute to eleven decimal places : 

6. cos 1’. 


The circular measure of 1 is 
mw _ 3.141592653589 


= 0.0002908882086 +, the next figure being 6. 


10800 10800 
Taking the value of sin 1’ as computed in the textbook, 0.00029088 +, 
we have cos 1’> V1 — (0.00029089)? 
> V1 — 0.000000084617 
> V0.999999915383 
> 0.999999957691. 
Also cos 1’ < V1 — (0,00029088)? 
<V1— 0,000000084611 
< V0.999999915389 
< 0.999999957694. 
Hence cos 1’ = 0.99999995769, correct to eleven decimal places. 
fo UNAS 
By § 187, sinz>2z cosa. 
By Ex. 6, at = 0.0002908882086, 
and cos £ = 0.99999995769. 
*, sin 1’>0.0002908882086 x 0.99999995769 


> 0.0002908882086 (1 — 0.00000004281) 
> 0.0002908882086 — 0.000000000012 
> 0.000290888196. 
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Therefore sin 1’ lies between 0.000290888196 and 0.0002908882087. 
Hence, to eleven places, 
sin 1’ = 0.00029088820. 
8. tan 1’. 
From the values of sin 1’ and cos I’ we have 
sin 1’ 
cos 1’ 
__ 0.00029088820 
~ 0.99999995769 
= 0.000290888212. 


tants = 


9. sin 2’, 


, eORLE 3.141592653589 
The circular measure of 2’ is = 


5400 5400 
= 0.000581776417 + . 


Hence sin 2’ lies between 0 and 0.000581776418. 


. cos 2’ > V1 — 0.0005817764182 
> V1.000581776418 x 0.999418223582 
> V0.999999661536199459089276 
> 0.999999830768. 

But sinzg>2 cose. 

. sin 2>0.000581776418 x 0.999999830768 
> 0.000581776418 x (10.000000169232) 
> 0.000581776418 — 0.000000000098 
> 0.000581776320. 


Hence sin 2’ = 0.00058177682, correct to eleven decimal places. 


10. From the results of Exs. 6 and 7, and by the aid of the formula 
sin 2% = 2sinz cosa, compute sin 2’, carrying the multiplication to six 
decimal places. Compare the result with that of Ex, 9. 


sin 2’ = sin (1’ + 1’) 
== 2 Simi COsians 
By Ex. 6, sin 1’ = 0,0002908 + . 
By Ex. 7, cos 1’ = 0.9999999 + . 
2 sin I’ cos 1’= 2 (0.0002908 x 0.9999999). 
sin 2’ = 0.0005790. 
By Ex. 9, sin 2’ = 0.0005817. 


The method of Ex. 9 gives a result larger by 0.0000018 than that 
ot Ex. 10. ; 
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11, Compute sin 1° to four deci- 12, From the formula 
mal places. cose =1—2sin?@, 
The circular measure of 1° is x2 
3.141592 show that cosxz >1— —. 
0.0820) 2 
180 180 an eed 
Hence 
cos 1° > V1 — (0.01746)? oy sine 
> V0.99969515 ae 
> 0.999847. pte 
‘ MS ese 
sing > cosa. y 
*. sin 1° > 0.017453 x 0.999847 Lo 
> 0.017453 (1 — 0.000153) 2 pe 
> 0.017453 — 0.0000027 é Z 
> 0.0174503. errs 0A 
Hence, to four decimal places, Re Q- 


sin 1° = 0.0175. 


Exercise 70. Angles having the Same Functions (Page 155) 


1. Find two positive angles that have } as their cosine. 
cos @ = cos (2 nm + 2). 
(i= OI 
cosx = cOS + &, cos (2m + 2). 
+ = cos 60°. 
Hence the required angles are 60° and 300°. 
2, Find two negative angles that have } as their cosine. 


From the formula in Ex, 1, 
n=O0-— 1. 


cos& = cos(— x) and cos(— 27 + 2). 
Hence the required angles are — 60° and — 300°. 
8, Find four angles whose cosine is the same as the cosine of 25° 


From Ex. 1, cos = cos(+ 2), cos(27 + 2), and cos(47 + 2), 
The other angles are 2 7 — 25°, 2m + 25°, 4a — 25°. 
Hence the required angles are — 25°, 335°, 385°, and 695°. 


4, Find four angles that have 2 as their secant. 


1 
secu 
COS & 
sec ® = sec(+ @), sec(27 + x), sec(47 + 2). 
sec 60° = 2. 


Hence the required angles are 60°, 800°, 420°, and 660°. 
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>. Find two positive angles that have 1 as their tangent. 
By § 140, tang = tan(n7 + 2). 
(ees {Uy The 
tane = tang, tan (7 + 2). 
tam45e— 1. 
Hence the recuired angles are 45° and 225°. 
6. Find two negative angles that have 1 as their tangent. 
tana = tan (nm + 2). 
n=—lor — 2. 
tanz = tan(— 7 + 2), tan(— 27 +4 2) 
tan 45° = 1. 
Hence the required angles are — 185° and — 515°. 
7. Find four angles that have V8 as their tangent. 
tan « = tan(n7 + 2). 
N= OM eos 
tana = tana, tan (7 4 2), tan (2742), tan(87 +4 2). 
tan 60° = v8. 
Hence the required angles are 60°, 240°, 420°, and 600°. 


8. Find four angles that have V 3 as their cotangent. 
By § 140, tan ® = tan (n7 + 2). 
' 1 
Since cot x = ——., 
tan x 


cot = cot (nm + 2). 
TOM Sean ase 
cota = cota, cot (m+ x), cot (27+ x), cot(37+ 2). 
cot 30° = V3. 
Hence the required angles are 30°, 210°, 390°, and 570°. 
9. Find four angles that have 0.5000 as their tangent. 
tang = tan (nm +4 2). 
Wie ON Meco 
tangy = tana, tan(7 + 2), tan’ >7 4 2), tan(8a7 42), 
OOOO tine Geos. 
Hence the required angles are 26° 34’, 2’ G° 54’, 386° 34’, and 566° 34’, 
10. Find four negative angles whose cotangent is 0.5000. 
cotx = cot (nm + 2). 
n=—1,—2,—3, —4. 
cote =(—1r+2), (—27+2), (—37+2), (—47 42). 
0.5000 = cot 638° 26’, 
Hence the required angles are —116° 34’, — 296° 34’, — 476° 84’, and 
— 656° 34’. 
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Exercise 71. 


Prove the following formulas : 


I. sins? @ -- coss ta 3 a7. 
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Inverse Functions (Page 156) 


2. tan-lz + cot-la@=}7. 


Let Sie Lars Let y=tan-lqe: 
then 90° — y = cos—1 a. then 90° — y = cot-14 

Add, Add, 

sin-la@ + cos-la = 90°. tan~1¢ + cot-lis = 90° 

“. sin-1g¢ 4+ cos-!g= 47 = an 

3. sec-1a + csc~!a = ha. 

Let i= SOCa ta 
then 90° — y = esce—1a. 

Add, seca! a -+ cscs!a = 90° = 3 mr. 

4, sin—1(— x) =— sin-1¢. 


sin-1(— z) = the angle whose sine is — a 
=— the angle whose sine is & 
= Sule it 


Find two values of each of the following: 


5. sin-1} V8, 

sing = sin (7 — a). 

sin-11}.-V/3 = 60° and (a — 60°). 
.. & are 60° and 120°. 


6. cse—1 V2, 


ese & = csc (7 — 2). 

ese 1/2 = 45° and (a — 45%, 
w. & are 45° and 135°, 

7, tan—14 V3. 


tan = tan (7 + 2). 


tan=1 1/8 = 80° and (7 + 380°). 


~. B are 30° and 210°, 


8. tan-lo, 


tan-1e = 90° and (7 + 90°). 
- A are 90° and 270°. 


9. secs 2. 
cos@ = cos(27 + 2). 
*, sec @ = sec(27 + 2). 
sec—12 = 60° and (2 7 — 60°). 
.. & are 60° and 300°. 
10, cos-!(— 4 V2). 
The A must be in second and 
third quadrants. 
cose = cos (2 7 + @) 
Since cos71 LD = 45°, 
cos~1 (— ty 2) = 135 
and (2 7 — 135°). 
. Aare 185° and 225°, 


11. Find the value of the sine of 
the angle whose cosine is }; that 
is, the value of sin (cos—!}), 

cos-!1 = 60°. 
< 


sin 60° = 1V38. 


2 


., sin(cos-11) = 1 V3, 
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Find the values of the following : 
12, sin (cos-1} V3). 
cos-1. V3 = 30°. 
sin 30°= }. 
. sin(cos-1} V3) = }. 
14, cos(cot-11). 


13. sin(tan-11). 
tan=11 = 45°: 
sin 45° = }-V2, 
“. sin(tan-11) = iv 
cot-11 = 45°. 
cos 45° = 4 v2. 
.. cos(cot-11) = LVv2. 


Prove the following formulas : 


15. tan(tan-!z 4+ tan-1y) 17. tan(2tan—12) = 22 he 
teey 1-2 
~ 1—ay Let tan-lz = y. 

By [26], tan (tan—1x% + tan-1y) then t= tania? 


__ tan (tan—12) + tan (tan—ly) 
1— tan (tan—1z) tan (tan—1 y) 


tan (2 tan-!z) = tan2y; 


2 tany 
by [381 pe 
=stt. [ }; 1— tan?y 
oe Lele 
16. tan-1(— Z ) == SINS a ai 
1—g? 
x 
Let tan-1 ( ) Sy) 
V1— 2? 18. sin(2 tan—1z) = aa F 
1+ x? 
then —_—— = tany. 
V1 — x? Let tans loys 
By [20], sec?y =1+ tan?y then x= tany. 
= ae 2 h sin(2 tan-lz) = sin 2y 
; V1—2? = 2siny cosy 
=e sin 
ow oe cos? y 
Cos: 
cos?y = Sp lmeonte ot: 
Y sect y a 2 tan y 
By [16], sin?y =1— cos?y = 22, sec?y 
A Sinope ae. _ 2tany 
SNe a 1+ tan2y 
ee tan-3( bd =| = sin-1g, = aS 
V1— 2? 14 a2 


Find four values of each of the following : 


19. cot—10.5774. cot—-10.5774 = 60°. 


“. The four values are 60°, r + 60°, 2a + 60°, 3a + 60°, or 60°, 240°, 
420°, and 600°. 
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20. cot—10.6249. 

cot—10.6249 = 58°. 

«. The four values are 58°, a + 58°, 
27+ 58°, and 37 + 58°, or 58°, 
238°, 418°, and 598°. 

21. sin-10.9613. 

sin—10.9613 = 74°. 

.. The four values are 74°, — 74°, 
2a + 74°, and 38a —74°, or 74°, 
106°, 434°, and 466°. 

22. sin—10.38256. 

sin—10.3256 = 19°. 

.. The four values are 19°, r—19°, 
27m + 19°, and 8a —19°, or 19°, 161°, 
379°, and 521°. 

23. tan—10.2756. 

tan-10.2756 = 15° 24’ 30”. 

.. The four values are 15° 24’ 30”, 
am + 15° 24’ 30”, 2a + 15° 24’ 30”, 
and 3 m 4+ 15° 24’ 30”, or 15° 24’ 30”, 
195° 24’ 80%, 875° 24’ 30”, and 555° 
24’ 80”. 

24, cos—!0.9455. 

cos—10.9455 = 19°. 

.. The four values are 19°, 2 7—a, 
27+, and 47 —a2, or 19°, 341°, 
379°, and 701°. 
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25. Solve theequationy=sin-14, 
siny = }=0.3383+4. 
By § 1388, 
siny = sin[na + (—1)ny]. 
y = 19° 28’ or [nm + (— 1)" 19° 28’). 
26. Find the value of 
sin(tan-1} + tan-1 4), 


Let tan-11=42, 

tan-tL=y; 

then tang = 4, 

and tany = i. 
By [20], sec?x =1+ tan?x = §, 


Mee 

V5 

al 
ByialiGiesinie: = ———. 
y [16], a 
Gos) ee 

V10 

oe ieee 

Vv 10 


sin (tan-!} + tan-1}) 
= sin (x + y) 
= sinew cosy + cosa siny 


1 3 2 1 
S05 == Fes => 
V5 V10 V5 VIC 
= ee =+ 12 
50 


27. If sin-1a = 2 cos—1@, find the value of a. 


sin-1z~ = 90°— cos—!z. 
+. 90°— cos-1a= 2 cos—1a, 
S.COSa Le: — 90. 
cos~!g = 30°, 150°, or 270°. 
e=+ 1/3, or 0. 

Prove the following formulas: 
28. cos (sin-!2) = V1 —a?. 
Let sin-!o = 7; 
iS UTE 


V1— 2? = cosy = cos(sin-12). 


then 
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29. cos (2 sin-1z) = 1— 227. 
Let sin-lg=y; 
then Le Sys 
cos (2 sin-!z) = cos 2 y = cos?y — sin?y = 1— sin?y — sin?y 
=1— 2sin*y =1 — 227. 


30. sin(sin-!z)=2. , ; anes 
sin-1a@ is an angle whose sine is z. 


= sin (sin>1g) = a. 


31. sin(sin-1z 4 sin-1y)=2 s/t yvV1 — £7, 
By [22], sin (sin-1z +4 sin-1ly) = sin (sin—!2) cos (sin-!y) + 
cos (Sin~1 2) sin (sin-1y) 
= £ cos (sin-ly) + y cos (sin-1z) 
By [16], =2V1—y+yV1— 22. 
32, tan-12 + tan-1h}= 17. 
By [26], tan (tan-12 + tan-1} 


tan (tan-1!2) + tan (tan-1 3) 
~ 1—tan(tan-12) tan (tan-1}) 


2+ 23 
SS De 
1-2-3} 0 
tan—1c = 90° = 4 7. 
.. tan-12 + tan-l}= 7. 
38. 2 tan-1e = tan-1[22 :(1— @?)]. 
2tan(tan-1%)  2@ 


By [81], tan (2 tan-!2) = 


1—tan2(tan-!2)  1—a? 


= tan-1[22:(1—2?)]. 


.. 2tan-1¢ = tan! 
84. 2sin-1¢% = sin-1 (2 x V1— a?). 
By [30], sin (2 sin~1z) = 2sin(sin—!2)cos(sin—12) =2eV1—2? 
-, 2sin-1¢ = sin-1(2z vi a”). 
35. 2 cos-la = cos—1(2 2? — 1). 
By [82] and [16], cos(2 cos-12) = 2 cos? (cos~!x) —1= 2a?—1. 
. 2cos—1a = cos—1 (2.47 — 1). 
36. 3 tan-!e = tan—![(8a% — v3) :(1— 82?)]. 
tan (3 tan-!@) = tan (tan-1z 4 2 tan-12) 
_ tan(tan-1¢) + tan (2 tan-12) 
~ 1— tan (tan-!2z) tan (2 tan-1 2) 
_ «+ tan (2 tan-12) 
~ 1—g@tan (2 tan-!2) 


2 


By [26], 


22 
we 1—2* 8 3 
By Ex. 33, Exercise 71, = 3 : x 5 zs 
ee eer ere” 


. 3tan-ly = tan-![(8 2 — w):(1— 3 22)), 
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37. sin-! Vary 


= tan-!Vz:(y —2). 


Let sin-14/" = 05 
y 


Then No SITs 


= 
y 
i 
= tan. 


yo =a 
i eta = 


= cosn. 


- sin-1 Va sy = tan-1Vz:(y—2). 


38. sin-1 V(x — y):(« — 2) 


= tana Va —y)iy—z —y):Y¥— Z). 


Let 
AD 
in-1 
sin NE 
aoe : 
Then Nes = Sint. 
L—z 
NS 
—2 
VE atid = tann 
—Z 


= tan-! . 
n= tan Noss 
- sin-1V (a — y):(« — 2) 

= tan-1 V (“2 — y):(y — 2). 


eae U: 
= 


=n. 


= cosn. 
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39. sin-1z = sec—! (1: V1 — 22). 


Let Sioa 77h, 


Then asia 
V1— x? = cosn. 
it 
ee = SECM, 
V1— x 
n =sec—1 4 
V1 — x? 


. sin-1g = sec—1(1: V1— 2?) 


40. 2sec—1z 


= tan-1[2Va?—1:(2—-29)], 
Let 2secsta =n. 
Then x=sechn. 
A 
. =cosin 
By [82] and [16], 
1\2 
2(+) —1=cosn. 
Hy 
2— x? 
—— = COSn. 
22 
Ape 
———- = sec n. 
By [20], 
72 \2 
( :) = (stan. 
ae 
4x2 4 : 
—_—_— = tan?n. 
@-2) 
2Ve—1 
tann = —— 
9 — 72 
2Var?2—-1 
n = tan—1 ——___ 
232 
ee SCCae 


41, tan-13}. 4 tan-li= }7a. 
iL Je } 
‘ = Cue ae 
By [26], tan (tan-13 + tan-14) = Sa Ss FL ile 
223 
tan-1} 4 tan-1}=tan-ll=Jjo 
42, tan-1} + tan-1} = tan-14, 
k+} 4 
By [26], tan (tan—14 4 tan-11) = eae =r] = a 
4X 5 
. tan-14 + tan-11 = tan-1#. 
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in-13 er Whe pe hreril (RES 
43, sin-13 4 sin-173 sin-163. 


By [22], sin(sin-13 + sin-1}2) 


= sin (sin—! 3) cos (sin—143) + cos eae 3) sin 
= xe te A 1s es 


we eines in-112 = sin-1 63 
. Sin-/2 + sin-*;4 =Ssin~ @z. 


44, sin-1 1, V82 + sin-1 gy V4l= Fa 
9 
By [22], ao —— + sin-! Fala x< e 
V41 Vea" sae V82 V4i 
4 S67 Rogol eee 
ave a 41V2 V2 2 
. sin-1 J, V82 + sin-! 4 V41 = sin-1} 3 V/2= la. 
45. sec-13 4+ sec-113 = 75° 45’. 
sec—18 + sec-113 = cos-13 + cos-1}32. 
By [24], cos (cos~1 3 z ee cos~1} 5) = 3 x 1 —~$#xX =U 
-. cos-13 + cos-112 = cos-138. 
ey + sec-113 = sec—1 $3 = 75° 45’. 


46, tan-1(2 + V3) — tan-1(2 — V3) = sec-12. 
Let tan-1(2 4 V3) —tamed( 2 — V3) i) 


QO ya) — Vs) 


By [27], tann = = cs 
1+ (2+ V8) (2— V3) 
be 2V3 eae 
= Signi 
oy 1002. 
secn = 2. 


, tan-1(2 4 v8) = tan-1(2 — V3) = sec-12. 


47, tan—14 + tan-1} + tan-1} 4 tan-1 t= ia 


Let . tan-1}4 4+ tan-11 =n, 
and tan-1} + tan-11] =», 
1 ik 
By [26], tann= #152 a 
1— 3x $ 7 
a: a 
tan — Sak Oe ae 
Wee lil 
2, ey 
tam (bs) ei 
a ES x ro 
7 Wl 
NEE = tans li ir. 


. tan-1} 4 tan-1} + tan-17 4 tan-1}4=1 7. 
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48. sin-iz4sin-1V1— 2? = ba. 
By [22], 
sin (sin-1¢ 4 sin-!-V1— a?) = sin (sin-1 a) cos (sin-1 V1 — 2?) 
+ cos(sin-12) sin (sin-1 V1— 2?) 
= x cos(sin~1- V1 —2?) + V1—2? cos(sin-12); 


by [16], = x cos(cos-1 V1 — (1 — 2”)) 
+ V1 — 22 cos (cos71 V1— 22) 
=e 1 — 7 
seal, 
sin-1]1 = 90°, 


. sin-lz + sin-1-V1— 22 = 90°= 47. 
49, sin-10.5 + sin-11-V3 =o al 
sin-10.5 = 30°, 


and sin-1} V3 = Ge, 
~, Sin-10.5 4+ sin-1} V3 = 90°. 
Slo Ole 


-. sin-10.5 + sin-14 V3 = sin~11. 
50. tan—13 = tan—11 + tan-12. 
By [26], tan (tan—11 + tan-13) = 


51, tan—10.5 + tan—10.2 + tan-10.125 = 1c. 


Let tan—10.5 + tan-10.2 =n 
and tans10.125 = ». so 7 
By [26 tann = : : 
28 DT Ob < 030.9 
i 
tany = —.- 
8 
Teer 
tan(n +0) = S78 <1, 
1 5x4 


n+ v= tan-11=45°= ta, 
.. tan-10.5 + tau—10.2 + tan-10.125 = I 7, 


52, tan~11 + tan-12 4+ tan-13 = 7. 


Let tan-11 + tan-12 =n 
and TaNmios— ve 142 
By [26 tan. = —— _ 
y [26], aur) 
TAM Vio. 3438 
5 tana) = = 0 
By [26], (n + v) ees) 


nm +» = tan-!0 = 180°. 
«, tan-11 + tan—!2-+ tan-18 = 180° = 7. 
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58. tan-12 + tan-11 4 tan-149 = Lr. 


Let tan—12 + tan-11—n, 
and tan-119 =v, 
41 11 
By [26 tann = —4__4 = 
veel: 13x} 10 
tanv= 19. 
1b+ 3 
By [26], tan (n + v) = Seis = G5: 
10 1 


7 
n+v0=tan-lo= 90° = do. 
. tan-12 + tan-1} 4+ tan-119 = $a. 


54, cos— 13, V10 + sin- 15 = in 
Let cos-1 {8 Vv N10 = Wah 
and sin-1) V5.=y. 


STAI 
cos x = zy V 10. 


SW re 
SLING == \ =(— =) = as V 10. 
10 10 


siny =} V5. 


cos y= ~ ee (v5)? = 2 V5. 


sin (« + y) = sinz cosy . cos x siny 


= 5 V10 x 2-V5+ Fy V10 x } VB 


= foo) 
e+ y= sin!) V2 = 45° =). 


. cos-1 V10 + sin-11}-V5= } x. 


10 


Exercise 72. Graphs (Page 158) 


1, Plot the graph of the function 22. 


Let (i) == a7, 
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2. Plot the graph of the function } z. 


Let Y= 3x. 


3. Plot the graph of the function — a. 


Let 


4. Plot the graph of the function zx 4+ 1. 


Let Op Sae sb Il, 
x y x 
0 1 
1 2 | =] 
2 3 —2 
3 4 | —3 


323 


[ 
Q 

BXte Ommx 
ee be 
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5. Plot the graph of the function x — 1. 


Let Y= — iA 


6. Plot the graph of the function 24+ 1. 
Let 


7. Plot the graph of the function 3 — a. 


Let y=3—dc. 
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§. Plot the graph of the function 4— } a. 
Let 


y=4— 2. 


9. Plot the graph of the function — 2 — a. 
Let 


10. Plot the graph of the function 22 + 3. 
Let 


326 PLANE TRIGONOMETRY 


11. Plot the graph of the function 2a — 3. 


Let y= 24 — 3; 


12, Plot the graph of the function 3 — 2a. 


Let 


xX 


M~ 


13. Plot the graph of the function 0.5 2 + 1.5. 


Let y=O0.5241.5. 


KX 


x 
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14, Plot the graph of the function 1.4” — 2.38. 


Let =A Bi OS. 


15. Plot the graph of the function — 15 a — 2}, 


5 


Let y=—1P2—-2 


29 


and let 1 space on the Y-axis = 2 units. 


16, Plot the graph of the function — 29 x + 33. 
Let y=— *2Pa + 33, 


and let 1 space on the Y-axis = 2 units. 


327 


Y] 


O lias 
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Exercise 73. Graphs of Quadratic Functions (Page 159) 


1. Plot the graph of the function z?. 


Let y = 22, and let 1 space on the Y-axis = 2 units. 


2. Plot the graph of the function 2 z?, 


Let y = 227, and let 1 space on the Y-axis = 
2 units. 


8. Plot the graph of the function } 2. 


Let y = } a”, and let 1 space on the Y-axis = 
2 units. 


= 


or Ww O 
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4, Plot the graph of the function «? 4 1. 


Let y = x? + 1, and let 1 space on the Y-axis = 
2 units. 


5. Plot the graph of the function #2 — 1. 


Let y = x? — 1, and let 1 space on the Y-axis = 


329 


2 units. 


6. Plot the graph of the function 2? + 2+ 1. 
Let y=r?+e4+, 


and iet 1 space on the Y-axis = 2 units. 


Y 


x 


xX 
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7. Plot the graph of the function 2? — «+41. Lv ae 
ate 
Let Y= — 1, he 
and let 1 space on the Y-axis = 2 units. 
| | 
H 
Xx , 
) 
74 
8. Plot the graph of the function 2? + «—1. 4 


Let Y= ol, 
| 
and let 1 space on the Y-axis = 2 units. : 
a 
D 


9. Plot the graph of the function 22? + 8a. 


Let Y= 222 + 3x, 
and let 1 space on the Y-axis = 2 units. 

y ! y 

0 —-} | -1 

2 —1 —1 

5 —1} 0 

) —2 2 

14 — 2} 5 
—3 9 
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10. Plot the graph of the function 322 — 42. 
Let y = 827 —42, 


and let 1 space on the Y-axis = 2 units. 


8 


ww Re O 
ll 


wu 


co 


12, Plot the graph of the function + V9 — 422, 


Let y =tV9— 422. 
y no y 
| 
43 
+ 2.8 —4 eee 
+ 2.24 —1 + 2.24 
Oe —1} Om 
}tV—7 —2 + way 
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O 


NK 
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13, Plot the graph of the function +V4— 32?. 
‘Let yY=tv4—32?. 


14, Plot the graph of the function +V5 — 227, 
Let y =+ V5 — 222. 


8 


a ba bud 
BT T 


Be ee O 


15. Plot the graph of the function +704 + 327. 


Let y= svat 8 22. 
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16. Plot the graph of the function 
+V5+ 222. 
Let y=+vV5 4 222. 


Exercise 74. Graphs of Trigonometric Functions 
(Page 161) 


1. Verify the following plot of the graph of cosa: 


Ve 


360° 270° 180° 904 OF 30-60" \9C° | 180° 270° | 360° 


SOF Abo GUMS 902 1052) 120°" 1352" 1502" 165°" 1802 
87 i 5 26 0-26 -5 -.7 —.87 —.97 =H 


210° 225° 240° 255° 270° 285° d15° 33 360° 
0 


—.87 —.7 —.5 =.26 26 x : Ole Ot 1 


te ole oO om nese a. 20 0 -.26 —-.5  —.87 —.97 1 
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2. What is the period of cosa ? 


Problem 1 shows that the values of the cosine repeat themselves after 
360°. The period of the cosine is therefore 360°, or 27. 


3. Verify the following plot of the graph of tang: 


z 
iB -_=—s 
i 
{ 
XV ‘ 
ie 360° 270° m=] 8) |—90° 0° 90° 180 270° 3605) 
+ 
= —— 
ini f 
i 


ge 
0 


15° 30° 45° 
27 6.08 1 


60° 
1.7 


135° 
—1 


150° 
—.58 


165° 
= 


—.27 


0 


195° 210° 225° 240° 


Wales 


800° 
-1.7 


360° 


-1 0 


0° —15° 


0 —.27 


380° —45° 
iyo) 1 


60° 


vom 


135° 
1 S208: 


90° —105° —120° 


150° —165° -180°... 


at 


Ola. 


4, What is the period of tana? 


Problem 8 shows that the values of the tangent repeat themselves 
after 180°. The period of the tangent is therefore 180°, or z. 


5. Verify the following plot of the graph of cot x: 


Y 


X|! 


360° 270° 180° 


904 


180°| 270° 360° 
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Let 1 space on the y-axis = 1, and 1 space on the z-axis = 30°. 


O52 3022452602 52 902 10525 12021352" 150° 35° 180° 
Coy Gail alr 5 safer ail Oran Sl Halkeie ESE See3 


195° 210° 225° 240° 255° 270° 285° 300° 315° 330° 345° 360° 
Sah | ibe pcos.) 8 0-27 —.58 =) =1.7 =3.7 00 


| 0° —15° —30° —45° —60° —75° —90° —105° —120° —135° —150° — 165° —180°.... 
1 —.58 —.27 OQ eee age ee Sl Moca i s=cOur ns 


6. What is the period of cot a ? 


Problem 5 shows that the values of the cotangent repeat after 180°. 
The period of the cotangent is therefore 180°, or 7. 


7. Verify the following plot of the graph of sec z: 


Y 


360°] 270°] 


mi 


Let 1 space on the y-axis = 1, and 1 space on the z-axis = 30°. 


v= | Cages oom Olm4 Oe OOlmioeumOOl mm Ob Om e208 apo 1502) 1652 1s02 


Of a alent O Sammi olen Lee: 2 3:9) x00 3.9 2 =-1.4 1.1 —1.03 1 
v= 195° 210° 225°° 240° 255° 270° 285° 300° 315° 330° 345° 360° 
y =| —1.03 -1.1 -14 -2 -3.9 +0 3.9 i elec leeds Oe 1 
oi | 0° —15° —30° —45° —60° —75° —90° —105° —120° —135° —150° —165° —180° | 
Ope | Oey thei ait 2—3.9 +0 —3.9 2 141d 103 —1 


8. What is the period of seca ? 


Problem 7 shows that the values of the secant repeat after 560°. The 
period of the secant is therefore 560°, or 27. 
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9. Plot the graph of escz, and state the period. Also state at what 
values of « the sign of csc x changes. 


Let 1 space on the y-axis = 1, and 1 space on the g-axis = 30°. 


¥ 


ia 270°] [-180°| |-90° oye 90° a 270° 360° 


; tail 


02 1525 13802) 745°" 602" = 75os 8902 1052 120° 1soc. | 1502 Taboo; 
co 3.9 2 Na Al OS: Liesl OS eal Tala: 23.9) EO 


195° 210° 225° 240° 255° 270° 285° 300° 315° 330° 345° 360° 
-3.9 —-2 -14 -1.1 -1.03 -1 -1.03 -11 -14 -2 -3.9 +0 


0° —15° —30° —45° —60° —75° —90° —105° —120° —135° —150° —165° —180° 
wo -3.9 —2 -1.4 -1.1-1.03 -1 -1.03 -11 -14 -2 -3.9 +o 


The period of the cosecant is 860°, or 27. The sign of the cosecant 
changes at 0°, 180°, 860°, — 180°, and — 360°. 


10. Plot the graphs of sinz and cosz on the same paper. What does 
the figure tell as to the mutual relation of these functions ? 


Let 1 space on the y-axis = }, and 1 space on the z-axis = 30°. 


Y 
COs x 
om 
sin /\ 60° 130°] Vaade 360° 
Xi 360 F270 =180" 90% | 0A 30° | 90" | 1p02 270° Xx 
t aN jet 
=| + 
Ro Lox 
a aan at. LH 
Y 


The figure shows that sing and cosa have the same period and that the 
curves are similar. For equal values of « the curves are 90 degrees 
apart, and therefore these functions of « are complementary 
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Exercise 75. Miscellaneous Exercise (Page 162) 


Find the areas of the triangles in which: 


1S Gh Pi, (0) 5 OSS 
S= }absin¢d 
= $(25 x 25 x 4 V3) 
_ 625 x V3 
Dig at 


log 625 = 2.79588 
log V3 = 0.23856 
colog 4 = 9.39794 

log S = 2.43238 


S = 270.63. 


2d 25, 0 — S84 Calas 
S =Vs(s — a) (s — 0) (8 —¢). 
s = } (334 + 413 +4 25) = 50. 


S— d= 2): 
s—b=163. 
s—c=8}. 


jog 50= 1.69897 
log 25= 1.39794 
log 162 = 1.22182 
log 84 = 0.92082 


2)5.23955 
logS= 2.61977 
S = 416.65. 


Seer 4a Oo On Canoes 
S=Vs(s — a)(s — 0) (8 — 0): 
s=43(74+4 75 + 92) = 120.5. 
s—a= 46.5. 
s—b = 45.5. 
8—c¢ = 28.5. 
log 120.5= 2.08099 
log 46.5 = 1.66745 
log 45.5= 1.65801 
log 28.5 = 1.45484 
2)6.86129 
= 3.480645 


4.a=24,0=34,c= 41. 
S =V3s(s — a) (s — b) (s —¢). 
s = 4(2.5 + 8.3883 + 4.25) 


= 5.0416. 
S— a= 2.5416. 
s—b=1.7086. 


8 —c = 0.7916. 
log 5.0416 = 0.70257 
log 2.5416 = 0.40510 
log 1.7086 = 0.23258 
log 0.7916 = —_9,.89851—10 
2)1.23876 
logS = 0.61938 
S = 4.163. 


5. Consider the area of a triangle with sides 17.2, 26.4, 48.6. 


17.2 + 26.4 = 43.6. 


.. the figure is not a triangle. 


6. Consider the area of a triangle with sides 26.3, 42.4, 73.9. 


73.9 > (26.3 4 42.4) 


:, the triangle is impossible. 
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%. Two inaccessible points A and 
B are visible from D, but no other 
point can be found from which both 
points are visible. Take some point 
C from which both A and D can 
be seen and measure CD, 200 ft.; 
angle ADC, 89°; and angle ACD, 
50° 30’. Then take some point EL 
from which both D and B are visi- 
ble, and measure DE, 200 ft.; angle 
BDE, 54° 30’; and angle BED, 


88° 30’. At D measure angle ADB, 
72° 30’. Compute the distance AB. 
A = B 
E 
D 
C 
nee a 
sinC AD 
— 200 sin 50° 30 
sin 40° 30° 
log 200 = 2.30103 
log sin 50° 80’ = 9.88741 
colog sin 40° 80° = 0.18746 
log AD = 2 2.37590 
AD = 237.638. 
BD =DE sin BED 
eee 
= 300 eee Sau 
sin 37° 


log 200 = 2.30103 

log sin 88° 807 = 9.99985 
colog sin 87° = 0.22054 
log BD = 2.52142 

BD = 332.22. 
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tan }(DAB— DBA) 


D5) 
DEA? ign d (DARE DBA 
BD+ AD 2 
Su sailing eg yy 
569.85 
log 94.59 = 1.97585 
colog 569.85 = 7.24424 


log tan 55° 45’ = a. 13476 
log tan } (DA B— DBA) = 1.35485 
4 (DAB — DBA) = 12° 45’ 21” 
3 (DAB + DBA) = 53° 45’ 
DAB = 66° 30024 
sin ADB 
sin DAB 
za9G oot oe ne 
sin 66° 80’ 21” 


AUB == ED 


log 382.22 = 2.52142 
log sin 72° 30’ = 9.97942 
colog sin 66° 80’ 21” = 0.03758 
log A B = 2.53842 
AB = 845.48 


Distance AB, 345.48 ft. 


8. Show by aid of the table of 
natural sines that sinw and & agree 
to four places of decimals for all 
angles less than 4° 40’. 

The circular measure of 4° 40’, 
or 280’, is 
2807 Tr _ 7x 3. 141592653589 
10800 270 270 : 

= 0.0814487. 

The circular measure of 4° 41’ i 
0.0814487 + 0.0002909 = 0.0817 6 

From the table, 

sin 4° 40’ = 0.0814, 
sin 4° 41’ = 0.0816. 

Hence singz and the circular 
measure of x agree for 4° 40’, and 
therefore for all smaller angles, to 
four decimal places ; but they differ 
for larger angles. 
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9. If the values of logz and log sinz agree to five decimal places, find 
from the table the greatest value « can have. 
Let z be expressed in seconds. Then its circular measure is 
and its logarithm is 
log x2” + (log 7 — log 648,000) = log @” + (0.49715 — 5.81158) 
= log 2” — 5.31443 
= logx” + 4.68557 — 10. 
But from the explanation preceding Table VII, if we remember that 
log sines are given in the table increased by 10, we have 
log sing + 10 = loga” 4+ 8. 
. log sing = logz” + S—10. 
Hence, if for five Rental places log sinz = logz, we have 
log a” + 4.68557 — 10 = log” + S— 10. 
*, S = 4.68557. 
But the greatest angle for which this value of S can be used is given 
in the table as 2409”, 
Hence the greatest angle for which logz and log sing agree to five 
decimal places is 2409” = 40’ 9”. 


mee 
648000 


10, Find four angles whose cosine is the same as the cosine of 175°. 
cos x = cos (2 nm + 2). 
she (Oi == Dy Ih A, 
COS = cOS(+ @), cos(2m + 2), cos(47 + 2). 
cos 175° = cos + 175°, cos (860° + 175 a cos (720° + 175°). 


Hence the angles are — 175°, 185°, 535°, 54 


11. Find four angles whose cosine is the same as the cosine of 200°. 
cosx = cos(2 nm + 7). 
hep, =A) als Pp 
cos@® = cos(+ x), cos(27 +2), cos(47 42). 
cos 200° = cos + 200°, cos (860° + 200°), cos (720° + 200°). 
Hence the angles are — 200°, 160°, 560°, 520°. 


12. How many radians in the angle subtended by an arc 7.2 in. long, 
the radius being 3.6in. ? How many degrees ? 


=— = 2 radians'= 114° 35’ 30”. 


13. How many radians in the angle subtended by an arc 1.62 in. long, 
the radius being 4.86 in.? How many degrees ? 
1.62 55”. 


radian = 1925705 
4.86 ° 
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Draw the following angles : 
14, —7. 
ST —— 1 S0zs 


15, — 2. 
— 2 radians =— (114° 85’ 80%). 


2 
= 4 of 57°17’ 45” = (— 28°38’ 52.5”). 


18, 2.77. 
Jali On. 


G 


19, 27 — 6. 


2m — 6 = 360° — 343° 46’ 30” 
SSG YSU 


20. 37 — 9. 
387 — 9 = 540° — 515° 89’ 45” 
fpf: | De Layee 
21. 4— 77: 


4 — mw = 229° 11’ — 180° = 49° 11° 
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22, Find four ang ‘s whose tangent is aN : 
tang = tan( r+ 2). 
Ly — OW 23s 
tang = tany#, tan (7 4+ 2), tan (27 4 2), tan(87 +4 2). 
tan-1 oe =802; 
v3 
tana = tan 80°, tan (180° + 80°), tan (860° + 30°), tan (540° + 30°). 
Hence the angles are 30°, 210°, 390°, 570°. 
23, Find four angles whose cotangent is = : 
1 V3 
cot-1— = 60°. 
8 
From Problem 22 it is evident that 
cotx = cotz, cot(7 + 2), cot(2m7 + x), cot(87 +4 2). 
cot c = cot 60°, cot (180° + 60°), cot (860° + 60°), cot (540° + 60°). 
Hence the angles are 60°, 240°, 420°, 600°. 


24, Plot the graphs of sing and cscz on the same paper. What does 
the figure tell as to the mutual relation of these functions ? 
Let 1 space on the y-axis = }, and 1 space on the z-axis = 80°. 


a 


igi 


clea 


4 
¢ si 180) —90° | 0f7 90° 180°|270° 380° WX 
360°|_| —270° 


at 


FH il 


Sie ya 


AS « increases from 0° to 90°, sinw increases from 0 to 1 and csce 
decreases from o to 1. From 90° to 180°, sin decreases from 1 to 0 and 
esca@ increases from 1 to o. In each quadrant esc. decreases as sing 
increases and vice versa. The sine and cosecant are mutually reciprocal, 


is, for any given value of a, sing = 
CSC L 
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25. Plot the graphs of cosz and sece on the same paper. What does 
the figure tell as to the mutual relation of these functions ? 
Let 1 space on the y-axis = }, and 1 space on the z-axis = 30°. 


y | ie i] | 
(DW thd Eee ma 
seca’ 
f Lt —_~— 
J {Up +f 4 imal L 
aces z 
+—-}-—+ | 
T 
Sate + ; SI ea 
7 | > = 
xi’ +3602 180° 0° 180°| 360°) LY 
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As «& increases from 0° to 90°, cosa decreases from 1 to 0 and seca 
increases from 1 to ©. From 90° to 180°, cosz is negative, increasing in 
absolute value from 0 to 1, while sec x is also negative and decreases in abso- 
lute value from oto 1. In each quadrant sec x decreases as cos z increases, 
and for any given value of z the cosine and the secant are reciprocal. 

26. Plot the graphs of tan x and cote on the same paper. What does 
the figure tell as to the mutual relation of these functions ? 

Let 1 space on the y-axis = 1, and 1 space on the z-axis = 30°. 
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As x increases from 0° to 90°, tanaz increases from 0 to o and cotz 
decreases from o to 0. In each quadrant this same relation obtains, 
cotangent decreasing with tangent increasing, and for any given value of 
x the tangent and the cotangent are reciprocals, 
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Exercise 76. Identities (Page 164) 


Prove the following identities : 


1. tanz = _2tan $a | 
1— tan? }e 
Let Wie Die 
2tany 
By [31], UENO 2) 7 Se 
1 — tan?y 
2 
Hence Anon tan 2 
1— tan? J ae LZ 
ene 2tan $ zc 
1+ 1+ tan? } 
By [36], | 
: (ere [1 = cos x 
Qitanuer Nis cose N+ cosz (Ue: edz) [1 — cosa 
eee 4 ee ee 
1+ tan? ta 1 1 — cosz 2 Nia 


1l+cose 14+ cose 
=v (1 + cos) (1 — cosa) = V1 — cosa 
By [16], sina =V1— cos?@. 
2tandez 


25, Fete SS 
2 tan z 
1+ tan2a 
2 tan x _2 tan x 


ee OMe COSen — os) GCOS MSN a 
ie aL ‘tan2a sec?z 


Saisie — 


2 sine x 
. ; 2° 
4. 2sinz + sin2¢= 


1 — cosz 
2sinz + sin2« =2sinzx + 2 sinz cosz 
= 2sina(1 + cos). 


By [16], 1 — cos*x = sin?x. 
sin? x 
1+ cose = ——— 
1 — cosa 
sin? 2 sine a 


- Qsinag + sin 2a = 2 sinz —— oh ae 
25 1 — cosz 1 — cosz 
: sin? 2a¢— sin? a 
5. sin3s2= = 8 


sine 
By [42], sin 2a + sina =2sin $xcos hz. 
By [48], sin 22 — sing = 2 cos an da. 
+, sin?2a¢ — sin?a = 2sin $acos 3a x 2sin kx cosha; 
by [80], iM an SUM 
‘ sin? 20 — sin? a 
. sin 8e¢ = —____— 


sing 
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Stanz — tan®s 
1--3tant2 
tan 3x = tan(2z + 2); 
_ tan2e¢+4 tang . 
~ J—tan2etane’ 
2 tans 


6. tansz= 


by [26], 


eet ee 
_ 1—tan?z 
‘= 2tanz 
1 — ————__ tan & 
1 — tan? 
_ 8tanz — tan®e 
mM O83 tanze 


by [31], 


tan2x+tang_ sin3z 
“tan 2 — tana sin x 


sind +sinB_ tan}(A +B) 
sind —sinB tan 4(A — B) ; 
By composition and division, 
sind _ tan }(4 + B)+ tan }(A — B) 
sinB tan 4(A + B)— tan }(A — B) 
sinde  tan2e2+4 tang 


Put 32 for A, x for B, — - 
sin x tan 2x2 — tang 


By [46]. 


38 cosx + cos8a 


.=— —— = cota. 
3sinz —sin38ez 


3 Cosa + cos 8u = 2 cosx + (cosz + cos 32); 


by [44], = 2 cosz + 2 cos 2% cosa 
= 2 cosz(1 + cos22); 
by [85], =4cos* ar. 
3sing — sin3x = 2sinz — (sin 3e— sina); 
by [43], = 2sinz — 2cos2asing 
= 2sinaz(1 — cos 22); 
by [84], = 4sin?@. 


_ 8cose+cos82 _ 4 cos?z 
“" 3sina—sin38a 4sin3a 
== C0t?2. 


sin3a2-+ sinda 
k Seger eee S1COu. 
cos 8a — cos5a 


By [42], 
By [45], 


sin8z2+sin5a¢=2sin4z2 cosa, 
cos3a@— cos6a=2sin4zsing, 
sindz2+sin5z cosz 


3 = - = cota. 
cos8%—cos5xz sing 
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0. SBC UE ee py 
sinz + sin3a 
By [42], sin3z2+4+ sin5z=2sin42 cosa. 
By [42], sing + sin 3a = 2sin2¢ cosa. 
: sindea+sin5a¢_ sin4a. 
‘ sing+sin82  sin2a’ 
_ 2sin 22 cos2@ 


by [30 
y [30], sin 2x 
=2 COs 20. 
2 
11. sing + sin38z2+4 sind5z2 = = oe 
sina 
By [42}. sing + sind5% = 2sin 3a cos 2a. 


. sine«4+sin8¢+4sin5¢e¢=sin8z2 +4 2sin32 cos2@ 
= sin 3a(1+ 2cos272). 


By [48], sin 8x — sing = 2cos2azsing. 
sin 3a 
— —1=2cos2z. 
sin & : 
sin3z - 
1+ 2cos2¢ = — : 
Showin 
; oats ; : sin 3a 
sing + sin38e@+sin5a@=sin32 — 
sing 
sin?3 a 
sina 
‘ cose + sina 
12, tan 2% + sec 2% = ——___—___—_.. 
cose — sing | 
sin 2a 1 


tan 2” + sec2a =- 
cos2e% cos2e 


_ sin2e2+1 
~~ cos2a 
_ 1—cos(2@ + 90°) - 
Haren (2ae100) 0 
2 sin? (x 4+ 45°) 
2 sin (x + 45°) cos (x + 45°) 
_ sin (w& + 45°) | 
~ cos (x + 45°) : 
__ sina cos 45° + cos@ sin 45° 


by [84] and [380], = 


2) and [24 = 
by ish cosa cos 45° — sin x sin 45° 


LV2sine + 4V2 COS © 
1V2 cose — 1 V2 sing 
cosz + sina 


cosz — sing 
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sin (« + y) 
COS Z COS Y 


13. tanez 4+ tany = 


tan’e + tan y= + any 
cos% © cosy 
__ sing cosy + cosxsiny , 
ra cosx cosy i 
_ sin(@ + y) 
~ Cosa@ COSY 


by [22], 


14, tan (eth) = sin2¢ + sin2y_ 
cos2xa%+ cos2y 
By [42], sin 2z + sin2y = 2sin(e + y) cos (x — y). 
By [44], cos 2a + cos 2y = 2 cos(x 4+ y) cos (x — y/). 
_ sn2e+sin2y  2sin(x + y)cos(x — y) 
“ cos2u4+cos2y 2cos(x + y) cos(x — y) 
= tan(% + y). 


sing +cosy _ tan[} (@ + y) + 45°] 


15. 
sing—cosy  tan[}(e—y) — 46°] 
sing + cosy = sina + sin(y + 90°); 
vy [42], = 2sin } («+ y + 90°) cos } (x — y — 90°) 
By [43], sinz — cosy = 2 cos h(x + y + 90°) sin } (a — y — G0°) 


_ Snz+cosy _ tan }(x + y + 90°) 

* sing — cos y tan $(@ — y — 90°) 

_ tan[} (e+ y) + 46°] 
tan [}(@ — y) — 45°] 


16. sin22+ sin4dz=2sin32zcosz. 


By [42], sin 2” + sindz = 2sin3 a cosa. 


17. sin4dza=4sinzcosz — 8sin®z cose. 


By [380], sin 4% = 2 sin 2% cos 2a ; 
wy [16], [80], and [82], = 4sin a cosz(1— 2 sina) 
= 4sinz cose — 8 sin®z cosa. 


18. sin4 zw = 8 cos?a sinew — 4 cosz sina. 


By [30], sin4de = 2sin2acos2a; 
by [82] and [16], = 4sin z cos x (2 cos? — 1) 


= 8 cos’z sing — 4sinz cosa. 
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19, cos4ze =1— 8 cos?x + 8 costz =1— 8 sin? x + 8sinta. 
By [16] and [82], cos4z% = 2 cos?24¢—1; 


by [16] and [32], 


Again, cos 4a 
by [30], 


20. cos2a” + cos4z = 2 


= 2(2 cos*x — 1)? — 1 

= 8 costz — 8 cos?a + 2—1 
= 1l— 8 cos?x + 8 costa. 
=l1—2sin?22; 

=1— 2(4sin?¢ cos? zr) 

= 1— 8 sin?x (1 — sin?2) 
=1— 8sin’z + 8sin‘a. 


cos 3x cosa. 


By [44], cos 2xz + cos4a = 2 cos 3a cose. 


Qi si ot Sle — COS eae Sine 


By [43], sin3a—singz 


= COS A ISI. 


22. sin’a sin 824+ cos? x cos 38a = cos? 2x. 


sin?z sin3a 
by [16], 


cos* x cos 8 x 


= sing sin?az sin 3a; 

= sina (1— cos?x) sin 3a 

= sing sin 3a — sin & cosa sin 3a. 
= cos az cos*x cos 38 a 

= cosa (1 — sin?z) cos 3a 

= cosz cos 8x — cosa sin? x cos 3x. 


~. sin’z sin 8a + cos?a cos 3x 


by [25], 


by [22], 
by [30], 
by [380], 
by [16], 
by [82], 


=singsin3z + cosxcos3a4 
— sin x cos? x sin 8x2 — cos2 sin?@ cos 3x; 
= cos (8a — 2) 
— sin® cosa (cos sin3x+ sing cos 32); 
= cos 2u — sin x cosx sin (Bx + @) ; 
= cos2e—tsin2zsin 4a; 
= cos 2% — sin? 2” cos2z; 
= cos 2¢(1— sin? 22) ; 
= cos? 2x. 


23. costa — sintx = cos 2a. 


cost — sintx 
by [16] and [82], 


24, costa + sinta = 1— 
costa + sinta 


by [16], 
by [80], 


= (cos? x + sin?@) (cos?.x — sin? 2); 
=1x cos2x 

= COS 2 @. 

1 sin? 2a. 

= (cos*w + sin? x)? — 2 sin? x cos*a: 
=1— 2sin’x cos*z; 

=1— }sin?2a. 
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25. cos’ — sin?s = (1 — sin®z cos*z) cos 2a. 
cos'a — sin® x = (cos? — sin? x) (cos*z + cos’z sin? x + sin*z) ; 
by [82], = cos 2a[(cos?x + sin?x)? — cos? sin? 2]; 
by {16}, = cos 2a (1— cos*z sin? z). 
26. coséx + sin's = 1— 3 sin®a cos? a. 
cos’ + sin’« = (cos?z + sin? x) (cost — cos*z sin? z + sin*z); 


by [16], = costa — cos?@ sin?z 4+ sin*z 
= (cos? + sin? x)? — 3 cos*z sin? a; 
by [16], =1— 8cos?z sin’. 
27. cscx — 2 cot2 xe cose = 2 sing. 
cos2 2% 
esc @ — 2 cot 2% cosx = esc x — 2 — COS 2 ; 
sin 22 
2 cos 2x cosxz 
by [80], = cs¢ £ — ——_____. 
2 sinz cose 
1 cos 22 
~ sina sin z 
1— cos2z, 
SS 
sina 
2 sin?a 
by [16] and [82], ———— 
sin « 
Sa ieinets 


28. (sin 2a — sin2y)tan(x# + y) = 2(sin?x2 — sin?y). 


By [43], sin 2@ — sin2y = 2 cos(x + y)sin(x — y). 
“. (sin 22 — sin 2y)tan(z 4+ y) = 2 sin(w + y)sin(a — y). 
By [42], sing + siny = 2sin L(w + y)cos } (x — y). 
By [43], sing — siny = 2cos }(@ + y)sin }(a@ — y/). 
. sin?a — sin?'y = 4 sin } (a + y) cos $ (x + y)sin $(x— y) cos L(a— y); 
by [80], = sin(x + y) sin (x — y). 


. 2(sin?x — sin?y) = 2 sin (@ + y) sin (@ — y) 
= (sin 2x — sin 2y) tan( + y). 
29, sin3a = 4 sinw sin (60° 4 x) sin (60° — 2). 
By [22], sin (60° + 2) = 3 V3 cose + }sina. 
By [23], sin (60° — z)= 4 V3 cosa — Z sing. 
*, sin (60° + z) sin (60° — x) = 3} cos?” — I sin@a; 
3(1— sin?z) — sin?a 
by [16], ae) ; ) 
_ 8—4sin?e 
i 4 
4sin x sin (60° + z) sin (60° — x) = sina (8 — 4 sin*z) 
= 8sing — 4sin®a ; 
by Ex. 15, Exercise 44, = sin 3a. 
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80. sin4dz=2sinzcos3z2+ sin2z. 


By [43], sin 4a — sin2¢=2cos3asinza. 
* sin4dz=2cos8zsing + sin 2g. 


81. sinz + sin(z — 27)+ sin({7—2)=0. 
By [42], sin(a — 37) + sin(} a —2) 
= 2sin(— 37) cos(z — 37) 
= — 2sindmsing 
=— sing. 
*, sing + sin(xw — 27) + sin(}7—2z)=0. 


32. cosx sin (y — z) + cosy sin(z — 2) + coszsin(z — y) = 0. 
By [23], cosa sin(y — z) = cosxsiny cosz — cosz cosy sing, 
cos y sin (Zz — ) = cosy sing cosa — cosy cosz sing, 
cosz sin(x — y) = cosz sing cosy — cosz cosa siny. 
*, coszx sin (y — z) + cosy sin(z — 2) + cosz sin(x — y) = 0. 


33. cos(x + y) sin y — cos(x + z)sinz 


= sin(x + y) cosy — sin(x + z) cosz. 
By [22] and [24], ond) y Gy) 


sin(« + y) cosy — cos(« + y)siny = sina (cos*y + sin?y) = sing, 
sin (x + z) cosz — cos(# + z) sing = sing (cos?z + sin?z) = sing. 


. sin (x + y) cosy — cos («+ y)siny = sin(« + z)cosz — cos(z + z)sinz. 
. cos(x + y)siny — cos(« + Z)sinz = sin(x + y) cosy — sin (x + Z) cosz. 


34. cos(x + y + 2) + cos(« + y — 2) + cos(x@ — y + Zz) + cos(y + Z— 2) 
= 4cosz cosy cosz. 


By [44], cos[(x + y) + 2] + cos[(x + y) — 2] = 2 cos(x + y) cosz, 
cos[z + (« — y)] + cos[z — (« — y)] = 2 cosz cos(x — y). 
*. cos(z + y + 2) + cos(x + y— 2) + cos(u—y + 2) + cos(y+2z—2) 
= 2 cos(x + y) cosz + 2 cos(x — y) cosz 
= 2 cosz[cos(x + y) + cos(x — y)] 
= 2 cosz(2 cosz cosy) 
= 4cosz cosy cosz. 


35. sin(x + y)cos(x — y) + sin(y + z) cos(y — 2) 
+ sin(z + 2) cos(zg — @) = sin 2@ + sin2y + sin 2z. 
By [42], sin(@w + y)cos(z — y) = }(sin2@ + sin2y), 
sin (y + z)cos(y — z) = }(sin2y + sin 22), 
sin (z + 2) cos(¢ — 2) = } (sin 2z + sin22). 
-, sin(z + y)cos(a — y) + sin (y + z) cos(y — 2) + sin (z + @) cos(z — &) 
=sin2x2+sin2y + sin 2z. 
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36. sin (x + y) + cos(« — y) = 2sin(@ + }m)sin(y + $7). 
By [22], sin (z + y) =sin@ cosy + cosa siny. 
By [25], cos (« — y) = cosx cosy + sing sin y. 
*. sin (x + y) + cos (« — y) = (sing + cosz) cosy + (cosz + sing)sing 
= (sinz + cosa) (siny + cosy). 
But sing + cosz = V2(4V2sina + 1 V2 cosa) ; 
by [22], =V2sin(x +17). 
Similarly, siny + cosy = V2sin(y + 17). 
-. sin(z + y) + cos(e — y) = 2sin(x + } 7)sin(y + $7). 


87. sin(w + y) — cos (x — y) =— 2sin(@@— }7)sin(y—t7). 


By [22], sin (x + y) = sing cosy + cosxsiny. 
By [25], cos (x — y) = cosx cosy + sing siny. 
*, sin(x + y) — cos(x@ — y) = (sinz — cosa) cosy + (cos xz — sin x) sin y 
= (sin — cosz) (cos y — sin y) 
=— 2sin(« — 17) sin(y—}7). 


38. cos(w + y) cos(« — y) = cos?a — sin? y. 


By [24] and [25], cos(« + y) cos(x — y) 
= (cosz cosy — sina sin y) (cosx cosy + sin z sin y) 
= cos? x cos? y — sin? a sin? y; 
by [16], = (1— sin? 2) (1— sin? y) — sin? sin? y 
=1—sin?x2 — sin? y + sin*a@ sin? y — sin’ a sin? y 
=1—sin?z — sin?y; 
sy [16], = cos? — sin? y. 


39. sin (x + y)sin (x — y) = sin?a — sin?y. 
By [22] and [23], sin( + y)sin(# — y) 
= (sinz cosy + cosg sin y) (sinw cos y — cosa sin y) 
= sin’? x cos? y — cos? x sin? y; 
by [16], = sin?a (1 — sin?y) — (1— sin? a) sin? y 
= sin?z — sin?a sin? y — sin?y + sin?z sin?y 
= sin?a — sin? y. 


40. sina + 2sin3a2+ sin 5a = 4 cos’a sin 3a. 


By [42], sing + sin5z = 2sin32cos2a. 
* sing +2sin8a¢+4 sin5c¢ =2sin382+4+ 2sin32 cos 22 
= 2sin3x(1+4 cos22); 
by [82], = 2sin 82 (cos*x — sin?# + 1); 
by [16], = 2sin 3a (cosa —1+4 cos*z + 1) 
= 4 cos*z sin 3a, 
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If A, B, C are the angles of a triangle, prove that: 
41. sn2A+4sin2B+4+sin2C=4sinA sinBsinC. 
A+B+C=180°. 

By [42], sin24+4sin2 B=2sin(A + B)cos(A — B) 
= 2sin C cos(A — B). 

By [80], sin 2C = 2sinC cosC. 

«. sin2 A + sin 2 B + sin 2C = 2 sin@ cos(A — B) + 2sinC cosC 
= 2sin C[cos(A — Bb) — cos(A + B)]; 

by [45], = 2sinC[— 2sin A sin(— B)] 

=4sinCsinA sin B, 


42. cos2 A + cos2B+ cos2€ =—1—40c0s4 cosB cosC. 
By [44], cos24+4 cos2B = 2cos(A + B) cos(Al — B) 
=— 2cosC cos(A — B). 
“. cos 2.A + cos2 B+ cos2 C =— 2 cosC cos(A — B) + cos2C; 
by [82], =— 2cosC cos(A — B) + 2 cos?C — 1 
= 2 cos C[cos C — cos(A — B)] — 1 
= 2cos C[—cos(A + B)— cos (A— B)]—-1. 
by [44], = 2 cos C (— 2 cos A cos B) — 1 
=— 4cosA cos BcosC —1. 


43, sin3.A + sin3 B+ sin38C =— 4cos3 A cos3 Beos3C. 
By [42], sin3 4 + sin3 B= 2sin3(A + B) cos (4 — B) 
= 2 sin $ (180° — C) cos $(A — B) 
=— 2cos$Ccos$(A— B). 
By [80], sin3 C = 2sin $C cos 3C 
= 2 sin $ (180° — A — B) cos3C 
=— 20s 3 (A + B) cos $C. 
» sin3 A +4 sin3 B+ sin3 C =—2cos 3 C[cos 3(A — B) + cos 3(A + B)]; 
by [24] and [25], =— 2c0s 3 C (2 cos 3 A cos 3 B) 
=— 4 cos 34 cos 3 Bcos 3C. 


44, cos? A + cos? B + cos?C = 1—2 cos A cos B cos C. 


By [35], 
- COS 2 2 os 2B s2C 
cos?.A = TS aes cos? B= Meany oe cos? C0 = k ee 2 a 
: s2A s2 B } J 
cos? A + cos? B+ cos?C = petacees Le — ec os 
By Ex. 42, Exercise 76, 
cos2A + cos2 B+ cos2C =—1—4cosA cosBecosC, 
38 —1—4cosA cos Beos 
». cos*.A + cos? B + cos?C = ae = ecoeucosC 


=1—2cosd cos BcosC. 
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IfA+B+C= 90°, prove that: 
45. tan A tan B + tan BtanC +4 tan CtanA =1. 


tan A tan B+ tan BtanC + tan C tana 
= tan 4 tan B + (tan A + tan B) tanC 

tan A + tan B_ 

tan (A + B) ’ 

tan A + tan B 

tan A + tan B 
1— tandA tanB 
= tandA tan B+1—tanAtanB 
Se 


= tan A tan B + 


by [26], = tan A tan B + 


46. sin2?A + sin?B+ sin?C = 1—2sinA sinBsinC. 


sin C = cos(A 4 B); 
by [24], =cosd cos B— sind sin B. 
sinC + sinA sin B= cosA cos B. 
sin?C + 2sinA sin BsinC + sin2A sin? B 
= cos?A cos? B. 
sin?C + 2sin A sin BsinC = cos?A cos? B— sin2A sin? B; 
by [16], = (1— sin?.A) (1— sin? B)— sin? sin? B 
=1— sin?dA — sin? B. 
+, sin24 + sin?B+ sin?0 =1— 2sin Asin BsinC. 


47. sin2A+ sin2B+4+ sin2C=4cosA cosBeosC. 


By [42], sin24 + sin2 B=2sin(A + B) cos (A — B) 
= 2 cos C cos(A — B). 
By [80], sin 2C = 2sinC cosC. 
*, sin2A + sin2B + sin 2C = 2 cosC cos(A — B) + 2sin€ cosC 
= 2 cosC [cos(A — B) + sin C] 
= 2 cosC [cos(A — B) + cos(A + B)J; 
by [44], = 4cosA cos B cosC. 


48, Prove that cot-13 + cse~1V5 = 17. 
cot-1 3 = 18° 26’ 7” 
esc-1-V'5 = 26° 33’ 58” 
cot-13 + ese-1-V5 = 45° 
=lin. 


TEACHERS’ EDITION 308 


49. Prove that z + tan—1(cot 2x) = tan—1 (cot). 


Let tan—1(cot 2%) = y. 
tany = cot2 72. 
By [26], tan (e+ y) = ae 


— tanztany 
= ea cot2a | 
~ J—tana cot22’ 


tana + 


tan 2x 
by [12], = 


tan x 
tan 22 
tang tan2e+41_ 
tan2e@—tang ’ 
AN 2 tan x ne 
1—tan2z 
2 tan « 
—_ — tana 
1 — tan? z 
7 1 + tana 
~ tan x(1+ tan? z) 
1 
> 
tan x 
by [12], = COUR. 
*.g + tan-1(cot 27) = tan-1 (cot), 


by [31], = 


Prove the following statements : 


50. sin 75° + sin 15° = tan 60°. 
sin 75° — sin 15° 


sin 75° + sin 15° — tan 45° 
By [46], = 


a, FRO 


sin 75° — sin 15° tan 30° 
= tan 60°. 

61. sin 60° + sin 120° = 2 sin 90° cos 30°. 

By [42], sin 120° + sin 60° = 2 sin } (120° + 60°) cos $ (120° — 60°) 
= 2 sin 90° cos 30°. 

82. cos 20° + cos 100° + cos 140° = 0. 

By [44], cos 20° + cos 100° = 2 cos 60° cos 40° 
= cos 40°. 

Also, cos 140° = cos (180° — 40°) 
=— cos 40°. 

*, c0820°+ cos100°+ cos 140° = 0. 
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53. cos 36° + sin 36° = V2 cos 9°. 


By [25], cos(« — 17) =cosacos}m+sinzsinj@ 
= 1} V2cos¢ + }V2sing 
= }V2(cose + sing). 
* sing + cosa = V2 cos (x —1n). 
cos 36° + sin 36° =-V2 cos (36° — } 77) 
= V2 cos( — 9°) 
= V2 cos 9°. 


54. tan 11° 15’ + 2 tan 22°30 +- 4 tan 45° = cot 11° 157 


ose sing cos?*—sin?x 2cos2z 
int cosx  sinzecosx  sin2a 
cot 11° 15’ — tan 11° 15’ = 2 cot 22° 30’. 
2 cot 22° 30’ — 2 tan 22° 30’ = 4 cot 45°. 
.. cot 11° 15’ — tan 11° 15’ — 2 tan 22° 380’ = 4 cot 45° = 4 tan 45°. 
tan L152) tan.222 307-1 4 tani4o° — cot Llats. 


cote — tanz = 


2 = 2 cot 2a. 
Ss 


Exerci.e 77. Trigonometric Equations (Page 166) 
Solve the following equations : 


1. sing = 2sin(}7 + 2). 
sing = 2sin(ia + 2); 


by [22], = 2sin }acosx + 2cosiarsing 
—=V3 cose + sina. 
V3 cosa = 0. 
COs 108 
=id7or 3m. 


PA, an Bap ss eon 
Simla = 2icosms 
2 sing cosa = 2 cosa. 


By [80], 2 cos x (sing — 1) = 0. 
(i) Zcos ye = 0! 
cosa = 0. 


Sy HN One AO 


(ii) sing—1=0. 
ebay) = 1h, 
Fo HS eS 


B= VO ore Ae 
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3, cos2z% = 2sing. 
cos 2% = 2'sin x. 
1—2 sin?7¢=2 sing. 
By [16] and [82], 2 sin?’a + 2sing =1. 
4sin’e2 + 4sinz++1= 83. 2 
Qsing +1=4+V3. 
2sine == 1! +V38. 
—14V3 
2 
ale 167220 
& 2 
= 0.8660 or — 1.3660. 
Ob SS PAO cone Ite BY. 


sings = 


4. sing + cosr=1. 
sinz + cosx=1. 
sin?” + 2singz cosz + cos?x=1. 
DisinvcOsw:— Ov 
(i) sing = 0: 
he OTe SOc. 
(ii) cos ai — 0) 
ena 90 2 OT 2 10c. 
-. @ = 0°, 90°, 180°, or 270°. 
But the values « = 180° and 2 = 270° do not satisfy the given equation 
2 1 SS One OE, 


5. sing -- cos 2a — 4)sin2a:. 
Slat) COS 2a Aes“ 
By [16] and [82], 
sina -+ 1— 2sin2a = 4 sin2a. 
6 sin2a — sing —1=0. 
(2 sinz — 1) (8sinz + 1)=0. 


(i) Zsine— 1 =O; 
DESI le 
Sone = ate 


2, SSN oie AO, 
(il) 3sine+1=0, 
8sing =— 1. 
sing =—}. 
* @ = 199° 28’ or 340° 32’. 
ag = 307% 150° 199° 28", or 340° 32’. 
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6. 4cos22+ 8cosx7=1. 
4cos22+ 8cosx=1. 
By [16] and [82], 
8 cos?a —44+ 3cosz =1. 
8 cos?a + 3cosx—5=0. 
(cosa + 1) (8 cosz — 5) = 0. 


(i) coszx +1=0, 
cosz =—1. 
OU ve 
(il) 8cosx —5=0. 
8cosx = 5. 


cosx = 3 = 0.6250. 
*, & = 61°19’ or 308° 41’. 
*, @ = 51°19’, 180°, or 308° 41’. 
sinz = cos 2a. 
By [16] and [82], sing =1—2 sina. 
2sin2?a + sing—1=0. 
(sing + 1) (2sing —1)=0. 


7, Sime) == COS 2s 


(i) sinte+1=0. 
sins = —1. 
ee 
(ii) 2sing —1=0. 
2S 
sing = }. 


os Pes SUE Ve AUK NSS 
Cis 02 LOOs, Oral Oo. 
8. tang tan2¢ = 2. 
tan x tan 27 = 2. 


2 tan x 
By [81], RG eeepc Sn, 
2 tan?a = 2 — 2 tan2a. 
Artane ei aae 
Cane eae 


tane= Hit =+ v2 =-1 0.7071. 
+, @ = 35° 16’, 144° 44’, 215° 16’, or 324° 44’. 
9) secxr = 4 csez. 
Seca = csc: 
1 4 


cose sing 
sing = 4cosz. 
sin? = 16 cos?a, 
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1— cos?xz = 16 cos*a. 
eCOSe eal = 
cos@ = + yy V17= + 0.2425, 
. © = 75° 58’, 104° 2’, 255° 58’, or 284° 2’. 
But the values z = 104° 2’ and z = 284° 2’ do not satisfy the given equation 


. c= fo / 7 fo} te 
HOP eos Gre cone OO. . & = 75° 58’ or 255° 58’. 


cos6 + cos26=0. 

By [82], cos6 + cos?6— sin?@= 0. 
cos 6 + cos?@— 1+ cos?@=0. 

2 cos?@+ cosd—1=0. 

(cos6 + 1) (2 cos@—1)= 0. 


(i) cos6@+1=0. 
cos6 =— 1. 
Cal SOoe 
(ii) 2cosé—1=0. 
Zicos Gia. 
cos6 =} 


. 6 = 60° or 300°. 


. 6 = 60°, 180°, or 3002, 
11. cot 6 + csc = 2. 


cot 36 + csc = 2. 


1+ cosé ae ee 
By 18%; sit cos 8 = sing 


fit cos@_ 5 _ 1 


= 1—cos0 sind 
1+ cosé epee Re Ae 
1— cos@ sing sin?@ 
Melzi0s e008 Cee eee 
1— cos? 6 sin@  sin?@ 
1+ 2cosé + cone 4 wel 
ee ; uv 6 sin?6@ 
-++ cos 
Extract square root, anee = 2— Bae 


1+cos@=2sin@—1. 
2+ cosé=2siné. 
By [19], 2 + cos = 2V1— cos? 6. 
4+ 4cos6 + cos?6 = 4 — 4cos?. 
5 cos?@ + 4cosé = 0. 
cos @ (5 cos@ + 4) = 0. 
.. cosé = 0 or — 0.8. 
.. 8 = 90° or 148° 8”, 
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12) cota tan 2-3. 
cota tan 2 vis. 


1 2 tang 
x 


Byileah tang - 1— tan?a = 
2 — 
1—tan2a 


Dc SR = Bieraeae, 
3 tangy ele 
tanta = 4. 5 
tang =+Vi=4 1V3. 
20 — 0 1 b0CS 210? or 3302s 


Sein sinew — SiMe 


sire + sin 2% = sin 3a. 


By [80], sing + sin2v%= sing + 2sinz cosz. 
sin8e¢=sin(2a + 2); 
by [22], = sin 2x cosx + cos2zsin x; 
by [80] and [32], = 2sinz cos?x + (cos? — sin? z) sin g 
= 8sinz cos*z — sin’z; 
by [16], = 3sina(1—sin?z) —sin’z 


= 8sing — 4sin’e. 

*, sing + 2sinzcosx = 8sing — 4sin®a. 
4sin®e — 2 sing + 2sinz cosa = 0. 
sinaz(2sin?2 — 1+ cosx) = 0. 
sina(1— 2 cos?x% 4+ cosz) = 0. 
sinz(1— cosa) (1+ 2 cosz) = 0. 


(i) sing = 0. 
co Hoes WO Kon altetne 
(ii) 1— cosa = 0. 
COS ale 
C5 Hi eh IO 
(iil) 1+2cosx=0. 
2 cosx% =— 1. 
cosa =— }. 


. @ = 120° or 240°. 
Py SP, PADS, RUS, Gre OH 


14. sin 22 = 8 sin?a — cos*z. 


sin 2% = 3 sin?a — cos*a, 
By [80], 2sin x cosa = 8 sin?a — cos*®x. 
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8 sin?x — 2 sinz cosxz — cos*x = 0. 
(8 sinz + cosa) (sinz — cosa) = 0. 


(i) 3sinz + cosa = 0. 
8tanz+1=0. 
tang =— i, 


. @ = 161° 34 or 341° 34, 


(ii) sin z — cosz = 0. 
Shih == Coser, 
Die 450 Or225°. 
*, @ = 45°, 161° 34’, 225°, or 341° 34’. 
15. cot@ = i tan. 
coté@ = } tané. 


1 __tand 
tand 3 
tamr2g@=3. _ 
tan@ =4+ V3. 


“. 6 = 60°, 120°, 240°, or 300°. 
16. 2 sin 6 = cos 6. 
2sin@ = cosé@. 
4 sin? = cos?é. 
4sin?@ =1— sin?6. 
5 sin?@ = 1. 
sine Gi) es 
sind =+ 1} V5 =+4 0.4472. 
o. 6 = 26° 84’, 153° 26’, 206° 34’, or 333° 26’. 
But the values 6 = 158° 26’ and 6 = 333° 26’ do not satisfy the given 
sage “. 0 = 26° 34 or 206° 34’. 
17. 2sin2z -+- Ssinag = 3. 


Q2sin?a + 5sina = 3. 
2 sin22 + 5sing —3=0. 
(sina + 8) (2sinz—1)=0. 


(i) sng +3=0. 
sing =— 3. 
‘. x is impossible. 


(ii) 2sing—1=0. 
DSI oi ile 
Sine 


*, & = 30° or 150°. 
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18. tana seca = V2. = 
tanz seca =V2. 


tan?a sec?a = 2. 

By [20], tan?a2 (1+ tan?z) = 2. 
tan?” + tant = 2. 

tantx + tan?z —2=0. 

(tan? — 1) (tan?x + 2) = 0. 


(i) tan?a —1=0. 
fang. 
fannie te 
*, & = 45°, 135°, 225°, or 815°. 
(ii) tan?x +2=0. 
tan?z =— 2. 


tang =4V— 2. 
+, w@ is impossible. 
i= 4be 7 L3bo, 2200, OL S152. 
But the values « = 225° and w = 815° do not satisfy the given equation 
40 Ol SO. 


19. cosa —cos2a=1. 
cosa — cos2u% = 1. 
By [82], cose — cos*x + sin?a =1. 
cos® — cos*a + 1 — cos*a = 1. 
2 cos?a — cosz = 0. 
cosa(2cosx — 1) =0. 


(i) cosa = 0. 
sre = 902 or 2702: 

(ii) 2costx—1=0. 

COND ae 

cosx = }. 


lt =260" or S002, 
*, £ = 60°, 90°, 270°, or 300°. 
20. cos8a + 8cos8a = 0. 
cos8a+ 8 cos? = 0. 
By Ex. 16, Exercise 44, 
4 cos?” — 3 cosa + 8 cos?a = 0. 
12 cos?s — 3 cosx = 0. 
cos x (4 cos*x — 1) = 0. 


(i) cosa = 0. 
Pei OO ar Oe 


TEACHERS’ EDITION 361 


(ii) 4 cos*a —1= 0. 
4cosa = 1. 
cos?z = } 

cosx =+ 4 


. & = 60°, 120°, 240°, or 300°. 
*. & = 60°, 90°, 120°, 240°, 270°, or 300°. 
21. tanz + cotz = tan 2z. 
tanz + cotzx = tan 2¢. 


1 2 tan x 
By [31 tan az + = 5 
y [81], tang 1— tan? 
tan*-zx+1  2tang 
tan « 1— tan?z 


tan 2 2itan22. 
tan?*2 --.2'tan*7,— t- 
tan? x ++ 2tan2e-+4 1 = 2. 
tan eto ay 
tanta =—14V2. 
tan? 2 = 0.4142 or — 2.4142. 
tanz = + 0.6436. 
. & = 82°46’, 147° 14’, 212° 46’, or 327° 14 
22, tana + secxv=a. 
tang + secx =a. 
secz = a— tang. 
sec? = a? —2atanaz + tan’z. 


By [20], 14 tan?x = a? — 2atange + tan?e. 
2atane = a? —1. 
a? —1 
tanec = = 
2a 
ci 
i= tans 


23. cos24 = a(1— cosa). 
cos 24 = a(1— cos@). 
By [82], cos?a — sin? = a(1— cos2). 
cos?a — 1+ cos?z = a — acos2. 
2 cos?a2 + acosx=a+1. 
16co®x2+()+a=a?48a4+8. 
4cosvy+az= +Va24+8a4+8. 
—G@eVatise Ss 
F ; 
ee ay 
2 = cos = Ee 


COSe = 


4 
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24, sin-1}.¢ = 380°. 25. tan-12 + 2 cot-1z = 135°. 
sin! £2 = 30°. tan-le + 2 cot-1z = 135°. 
sin (sin-1 } a) = sin 80°. But tan—!x2 + cot-!z = 90°. 
ta =. Subtract, cot-l¢ = 45°. 
ohm Ue ootees i. 


26. secx — cotz = esc az — tang. 
sec x — cotx = csc x — tana. 
1 cose I sin x 
cost sing sing cosz 
sin x — cos?% = cosx# — sin?z. 
(sina — cosa) + (sin?% — cos?) = 0. 
(sin — cosx) (1+ sing + cosz) = 0. 
(i) sin z — cosx = 0. 
sin ® = cosa. 
2 0 462-0F 225°: 
(ii) 1+ sinz + cosx = 0. 
sinz + cosx =— 1. 
sinta + 2 sina cosz + cos?a = 1. 
1+ 2sinz cosx = 1. 
2siniw cosa — 0: 
By [80], sin2z2= 0. 

.. 2% = 0%, 180°, 360°, or 540°. 
pi SOL SOS orm Oe. 
st — 10 400 S02. 2 eben OZ T0G 

tan 2¢ tanz = 1. 


Qimtanic eta nye ne 


( aun ) tana == Il 
1— tan2x 
2 tanzx = 1— tan2e. 
Sig si 
tan =i Vv 


re SO H027 211025 or8302: 
28. tan?e 4+ cot?” = 12. 
tan? + cot?x = 10, 
0 
tanze 3 ; 
8 tanta + 3 = 10 tana. 
3 tanta — 10 tan?’¢ + 3=0. 
(tan? — 8) (3 tan?z — 1) = 0. 


tan? + 


(i) tan?z —8=0. 
tantz= 3. | 
tang =-— V3. 


. &@ = 60°, 120°, 240°, or 300°. 
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(i) Bee ll (0) 
Svan y — ie 
tan*e = 2. 


tan x =4+V1i =+4 1/3. 
. @ = 80°, 150°, 210°, or 330°. 
= 802, 60°, 12025 150°) 2102) 2402. 300°) or 880°. 


29. sinz + sin 22 =1 — cos 22. 


Slat ele2 tr 1 COS Ze 


By [80], sing + 2sing cosx =1—cos2a. 
By [82], sing + 2sina cosa = 2 sin? a. 
sine (1+ 2 cosx — 2sinz) = 0. 
(i) sing = 0. 
35 SS? Ore UENO. 
(ii) 1+ 2cosx7—2sinz=0. 


sinc — cosa 
sin?a + cos*z — 2sinz cosz = 
1— 2sinz cosz = 
ZS COs Li oe 
By [80], sin2” = 3 = 0.75. 
. 2% = 48° 36’, 181° 24’, 408° 36’, or 491° 24’. 
*, % = 24° 18’, 65° 42’, 204° 18’, or 245° 42”. 
*. @ = 0°, 24° 18’, 65° 42”, 180°, 204° 18”, or 245° 42’. 
But the values x = 24°18’ and x = 245° 42’ do not satisfy the given 


equation. “. © = 0°, 65° 42’, 180°, or 204° 18’, 


[Se Ht Pal Op 


30. 4cos2xz+4+ 6sing = 5. 


| 


A EN SE 


4 cos 20) -- 6 sina = 

By [82], 4(1— 2sin?x)+ 6sing = 
4—8sin?7+ 6sinz = 

Sisin27 — 6'sina + 1 = 0: 

(2sinz —1)(4sing —1)=0. 


(i) sings —= il S(0), 
Bisa i 
sing = }. 

os i SIS ope aliss0 er 
fil) Asing —1=—0. 
4A-sing =1. 


sing =} = 0.25. 
ea OM GD OL. 
aide 14 29") 307, 150%, or 165° 3] 
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81. sin4 2 — sin2e=sin7e. 


sin 4a — sin2a = sing. 
By [48], 2cos3asinz = sing 
sin 7(2 cos8a%—1)=0. 


(i) sing = 0. 
ti 2 Ole L802, 

(ii) 2cos3%—1=0. 

2COS Se se 

COSS Mies. 


- 3a = 60° + n 360° or 300° + n 360°. 
*, © = 20°, 140°, or 260°; or 100°, 220°, or 340°. 
- ¢ = 0°, 20°, 100°, 140°, 180°, 220°, 260°, or 340°. 


32; 2:sin2a -- sin? 2a = 2. 


2 sin?a + sin? 27 = 2. 

By [80], 2sin?x + 4sin?a@ cos?z = 2. 
sin?z + 2 sin?2(1— sin?z) =1. 

sin?z + 2sin?2 — 2sintz =1. 

2sinte — 8sin?¢+1= 0. 

(sin? — 1) (2 sin?2 — 1) = 0. 


() sin?g7— 10% 
Sing) le 
SiN Giese le 


esr Us Ole ase 


(ii) 2 sin?a—1= 0. 
OUST Giles 
sin?'a = 1. 


sing =tV}=4 LV2. 
0) ==) 45°" VB5O 22 bo. OL aloe, 


* & = 45°, 90°, 135°, 225°, 270°, or 315°. 


33. sing sec 2 a= 1. F 
sinwseea— 1s 


sing 
cos2a 
sin ® = cos 22. 
By [82], sing = cos*x — sin?a. 


sinc = 1— 2sin?¢. 
2sin22 + sina —1=0. 
(sinw + 1)(2sing —1)=0. 
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(i) sing +1=0. 
sing =— 1. 
ee oT Oos 
(ii) 2sine—1=0. 
Qisiniee—als 
sing = }. 


a= SOTO OOo 


ee LOOT ONe2 Ors 


446. sin?z + sin22 =1. 


sin?a + sin2” = 1. 
By [380], sin?a + 2sinxcosx =1. 
sintx + Ysing V1— sin2?x = 1. 
2 sina V1 — sin?2 =1— sin2a. 
4sin?¢ —4sintg = 1 —2 sin?” + si 
5sintg — 6 sin2z2 + 1 = 0. 
(sin?a — 1) (5 sin?x —1)=0. 


(i sinta —1=0. 
SIM aace—alls 
Sunes Sele 


PO ror 2 0cs 


(ii) Ssin?g —1= 
5 sin? = 


SNe — 


wt. @ = 26° 34’, 153° 20’, 206° 34’, or 338° 26’, 


nz, 


“, @ = 26° 34’, 90°, 153° 26’, 206° 34’, 270°, or 333° 26’ 


264 


Vi=4+1V5=+ 0.4472. 


But the values 7 = 153° 26’ and z = 338° 26’ do not satisfy the given 


oss 7. & == 26° 34’, 90°, 206° 34’, or 270°. 


85. cosxz2sin 2a cscx =1. 
cosesin 2acsex = 1. 


: 1 
By [380], cos “(2 sin x cos”) x —— = 1. 
sin @ 
ZiGOseti—— le 
cos?a = 1. 


, or 815° 
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86. cotz tan 2z=sec2z. Soke tan 2a neo 2 ee 


1 2 tan x 1 
By [81] and [82], x SS 
tanz 1—tan?x cos*r%—sin*z 
2 1 
1—tan?x cos*x — sin?g 
ae) 
pee sin? x 
2 cos?x — 2 sin?z = 1 — ——. 
cos?.x 
2) 
wed Pibe sin? 
2 —2sin?x — 2sin?z = 1 — ——__. 
1— sin?z 
-9 
= sin? x 
1— 4sin?z =— ——_—_. 
1— sin*z 
1— 5sin?z + 4sintz =— sin?a. 
1— 4sin?a + 4sintz = 0. 
Extract root, 1— 2sin?z = 0. 
2Sine el 
sin2e = lL. 
sing——- V5 = 4/2. 
* % = 45°, 135°, 225°, or 315°. 


5 nwa — 4a. : 
$7. sin 27 = cos sa sin 2” = cos 4x. 


By [82], sin 2x = cos?2.a — sin?2 2. 
sin 2% =1— sin?2a — sin?2¢. 
2sin?2x2+sin2%7—1=0. 
(sin 2% + 1)(2sin22—1)=0. 
(i) Sime? el =: 
sin2% —=—1. 
2 Oo ZO LOTIOSOe. 
SS Ss ISN Ore sls? 


(ii) 2sin2~%—1=0. 
QSL) le 
Sine ss L 


-, 20 = 80°, 150°, 390°, or 510°. 
-. © = 15°, 75°, 195°, or 255°. 


. — Le) Oo 1QFO (eo) |< 

Shino ete = ee . @ = 15°, 75°, 185°, 195°, 255°, or 815° 

sin 22 cotz — sin?z = I. 
: COSZ ; 
By [80], 2sinzcosz x ———sin?z= }. 
sin z 

2 cos*z — sin?z = 4. 
2—2sin?z —sin?z = $. 
8sin?z = 3. 
sin?z = 3 


sing =4+VE =4 1 V2, 
, % = 46°, 135°, 225°, or 815°. 


TEACHERS’ EDITION 


89. tan?z = sin 272. 


By [80], 


By [20], 


tan?z = sin 22. 
tan?x% = 2 sina cosz. 
tan? = 2 tang cos?a. 


2 tan 2 
tan“oi— : 
sec? x 
2 tan 
tan?2 = mee 
1+ tan?a 


tan? + tante = 2 tanz. 
tana (tan? x + tana — 2) = 0. 


tan x (tan © — 1) (tan?2 + tana + 2)=0. 


(i) 


(ii) 


(iii) 


tans = 0: 
43 SOP ore 


tanx—1=0. 
tang = 1 
Ei toe OL 22oe. 


tan?a + tang +2=0. 
4tan’2+4tane+1=—7. 
9tane +1=+V—7. 


tame Mey 7). 


. & is impossible. 


EL OA ee LOO Ol a2 Ds 


40. seec224+1=2 cosa. 


By [82], 


(i) 


(ii) 


(iti) 


sec2z2+1=2 cose. 


1 
— =o == 2'COsiat. 
cos 24 


ie cos 2a = 2 cosa Cos 2a, 
1+ cos?w — sin? z = 2 cosa (cos?@ — sin?2). 
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1+ cos?z — 1+ cos?a = 2 cos x(cos?x — 1+ cosa). 


2 cos?a = 2 cosa (2 cos?x — 1). 


cos x (2 cos?z — cosx —1)=0. 
cosa (cosz —1)(2cost+1)=0. 


COS 02 
P20 0° 0T 2702 


cosz —1=0. 
COs ie 
oe te (Ie 


2. cosa -+- 1= 0. 
cosa =— f. 
mee lZ0-.or 240c: 


er = 07, 90°, 120°, 240°. or 270° 
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41 tan2z7+ tan3z2=0. 
tan 2% + tan3a = 0. 


tan 22 =— tan3a = tan(— 32). 
“. 24 =— 32 or 180° — 3a. 
(i) 5a = 0° + n360°. 
se Cie OS eo. 144° 2162. On 288c. 
(ii) 5a = 180° + n 860°. 


-, & = 86°, 108°, 180°, 252°, or 324°, 
*, & = 0°, 36°, 72°, 108°, 144°, 180°, 216°, 252°, 288°, or 324°. 


42. esc x = cota + V3. = 
CSC = COEs NS: ¥ 
ese22 = cot2?2 + 2-V3cotz + 3. 


By [21], 1+ cot?z = cot?z + 2 V3 cota + 3. 
2-V3 cotz =— 2. 
1 
cote =— —=-=- 1 V3. 
Weir et 


*. & = 120° or 800°. 
But the value z = 300° does not satisfy the given equation. 
ee L208 


48, tana tan 38a =— 2. 
tanz tan32 =— 2. 
By Ex. 6, Exercise 76, 


8 tanz — tan?z 


eee 
aly 1— 8 tan?z =i 
3 tan? —tantze _ > 
Siataneee oe ee: 

15 tan?2 — 5 tanta =— 2 + 6 tan?a. 


5tantz — 9 tan?¢ —2= 0. 
(tan?« — 2) (5 tan?a + 1)=0. 
(i) tan?2 —2=0. 
tang = 2: 
CAN eo — Lao 
*. @ = 54° 44’, 125° 16’, 234° 44’, or 305° 16" 


(ii) 5tan2x+1=0. 
§ tanta =— 1. 
tan27— 


tang =4+V—}]- 
.. & is Impossible. 
*. © = 54°44’, 125° 16’, 234° 44’, or 805° 16’ 
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44. cos5x44+ cos3a2+ cosx = 0. 


cos5x% + cos3a + cosx = 0. 
By [44], 2cos4z cosx + cosx = 0. 
cosz(2 cos4z + 1)=0. 


(i) Cosa — 0: 
er — 100 OT 202. 
(ii) 2cos4x+1=0. 
2cos4z% =—1. 
cos4z2=— h. 


“. 4a = 120° + n360° or 240° + 360°. 
-. x = 80°, 120°, 210° or 300°; or 60°, 150°, 240°, or 330°. 
-. & = 80°, 60°, 90°, 120°, 150°, 210°, 240°, 270°, 300°, or 38¢° 


45. sin’x — cos*z = k. 
Sin2- = C0S“2 "ks 
sin?z — 1+ sin?a =k. 
DSi — lee 
2sin?¢ = & +1. 


sina =4 [tt 


; k+1 
ast eee Aa 
= 2 


46. sing + 2cosz = 1. 


simi) 1-12) cosa — 1. 
sing + 2V1—sin?a =1. 
2V1— sin? =1— sine. 
4—4sin?2 =1— 2sinz + sing. 
5sin2?a —2sineg —3 =0. 
(5sinz + 3)(sinz —1)=0. 
i) 5sing =— 38. 
sing = — $. 
% = 216° 52’, or 323° 8’. 
(ii} phen = ale 
= 90°. 
% = 90°, 216° 52’, or 323° 8. 
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47. sin4dc — cos8z%=sin2¢a. 


sin 4a — cos3z% = sin 22. 
sin 42 — sin2z% — cos3z=0. 


By [43], 2 cos 3asinz — cos8z%= 0. 
cos 3a(2sinz—1)=0. 
(i) cos8a= 0, 


*. 8x2 = 90° + n860° or 270° + n360° 
~ © = 30°. 150° or 27025701 9025 2102. onsale. 


(ii) 2sing—1=0. 
2 sinew. 
sing = 3. 


pio OorOmlioOrs 
seu S00 O02 O02. 21 Oo 827025 Ol ooUe. 


48. sinz + cosxz = seca. 
sinc + cosx = seca. 


sing + ee 

cos x 
sinz cosx + cos?a = 1. 
sinz cosz + (cos?z —1)=0. 
sin z cos — sin?z = 0. 
sin x (cos « — sinx) = 0. 


(i) Sino 08 
Sse wie HE 
(ii) cos@ — sina = 0. 
cose = sing. 
tt 4 5. 0r 22508 
OOo ml SOovOleaors 
49. 2cosxcos8474+1=0. 


2coszcos38% +1=0. 
By Ex. 16, Exercise 44, 
2 cosz (4 cos?z — 3 cosz) +1=0. 
8 costz — 6 cos?a# +1=0. 
(4 cos?” — 1) (2 cos?a — 1) = 0. 


(i) 4co’«2—1=0. 
4 costa = 1. 
cos?g = }. 

cosz = + 3. 


-. & = 60°, 120°, 240°. or 800°, 
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(ii) 2co2?a2—1=0. 
2 cos*a = 1. 
cos? = 4}. 


cosa =4+v} =+ v2, 
. & = 45°, 185°, 225°, or 315°, 
*, © = 45°, 60°, 120°, 135°, 225°, 240°, 300°, or 315°. 


§0. cos3z — 2cos2z 4 cosa = 0. 


cos 84 — 2 cos 2a + cosx = 0. 
(cos 38a + cosz) — 2cos2%= 0. 


By (44], 2 cos 2x” cosa — 2cos2z= 0. 
cos 2x (cosx —1)= 0. 
(i) cos2z=0. 


. 2a = 90°, 270°, 450°, or 630°. 
*, & = 45°, 135°, 225°, or 815°. 


() cose —1=0. 
COsa@==alr 
505 Hapa VEE 


. & = 0°, 45°, 135°, 225°, or 315° 
51, sin (@ — 30°) = 1/3 sin @. 


sin (x — 30°) = 4 V3 sin a. 
By [23], sin z cos 80° — cosxsin 80° = } V3 sin g. 
i-V3sinz —}cosz = } V8 sing. 
— i cosx=0. 
cosx = 0. 
= ¢ = 90° or 270°. 
52. sin-1” + 2. cos-!a@ = 27. 
sin-1z + 2cos-1% = 27. 
But sin-!z +.cos-!a =47. 
Subtract, cos-1%@ = ha. 
oh iV3. 


58. sin-12 + 3 cos-12 = 210°. 


Sine ge Sicose te = 210°. 
But sin-12 + cos-1z = 90°. 
Subtract, ZiCOSme wa 207. 
COSs ae ='602. 
Ries 


372 PLANE TRIGONOMETRY 


1— tang 


54, 1+ tans = COS 22. 
ee 1— tang 
————— = cos 2a. 
1+ tanz 
osx — sing : 
By [82], el omced = cos?z — sin? a. 
cosz + sing 
osx — sing : : 
ween = (cosx — sin Z)(cosz + sin 2), 
cose + sina 
cosx — sin = (cosc—sin z) (cose + sin z)?. 
(cose — sing) [1-- (cosa + sinz)?] = 0. 
(i) cosx — sinz= 0. 
cos’ = sin @. 
ati OF 220e., 
(ii) 1— (cosa + sina)? = 0. 


1— (cos*x + sin?a + 2sinz cosz) = 0. 
1— (1+ 2sinz cosz) = 0. 
2sinz cosxz = 0. 
By [380], sin2z = 0. 
a. 20 = (0°, 180°, 360°.) 540°: 
.. & = 0°, 90°, 180°, or 270°. 
.. & = 0°, 45°, 90°. 180°, 225°, or 270°. 


55. tan(}7 + 2) + tan(} r—2)= 4. 


tan (} 7 + 2) + tan(L a7 —2)=4. 
By [26] and [27], Ts tanzg l1l—tang a 
l1—tanze 1+tang 
1+ 2tangz 4+ tan?z + 1— 2tana + tan?2 = 4 — 4 tana. 
6tan2q7— 2" 
tan?x=}. 
tan © =e vd =+ 1V3. 
a = 502, 150°. 210°. or 8802. 


56. V1+ sing —V1— sing = 2 cosz. 


V1 + sing —V1— sing = 2 cosa. 
Square, 1+ sing — 2V1—sin22 +1— sina = 4 cos?a. 
2 —2V1— sin2x = 4 cosa. 
1—Vcos?a = 2 cos?a. 
1— cosa = 2 cosa. 
2 cos?z + cosx—1=0. 
(cosz + 1)(2cost—1)=0. 
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(i) cos¢+1=0. 
cosx =—1. 
tows NIE 

(ii) 2cose—1=0. 
cos’ = 4. 


RS CU GETS, 
, & = 60°, 180°, or 800°. 
But the values 2 = 180° and x = 300° do not satisfy the given equation. 
Ay al oh Oe 
57. sin (45° + x) + cos (45° — 2) = 1. 
sin (45° + a) + cos (45° — «) = 1. 
45° + ~ = 90° — (45° — a). 
-. cos (45° — x) + cos (45° — x) = 1. 
2 cos (45° — x) =1. 
cos (45° — x) = f. 
45° — x = 60° or 800°. 
. &@ =— 15° or — 256°. 
. & = 105° or 345°. 
58. (1— tan z) cos2% = a(1 + tanz). 
(1 — tan z) cos 2a = a(1 +4 tan2z). 
gl tang, 
1— tana 


COS i= ¢ 


cos — sing 
By [82] cos?z — sin?z = ChCOat Ne) 
¥ cose — sing 
(cosa — sin x)? (cos@ + sinx) — a(cosx + sing) = 0. 
(cos + sin x) [(cosx — sina)? — a] = 0. 
(i) cosz + sing = 0. 


sinz =— cosa. 
2, Heels? Ope GIS 


(ii) (cose — sinz)?— a= 0. 
cos?@ + sin?a — 2 sina cost = a. 
1— 2sinz cosx=a. 
2sinzcosx=1l—a. 
By [30], sin2%@=1—a. 
(2% = sin-1(1— a). 
2% = $sin-1 (1— aq). 
ECO LO OT J sin-1(1— a) 
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59. sin?a + cos’e = 75 sin? 2a. 
sinés + cos’e = y’5 sin® 2g, 
(sin?a + cos? z) (sin*a — sin?« cos*x + cos*£) = 75 sin? 2 x. 
sintz — sin?x cos*x + costa = yy sin? 2a. 
By [80], 
(sinta + 2 sin?a cos*x + costx) — 3 sin?« cos*z = § sin?« cos? x. 
(sin?2 + cos?x)? = 16 sin? x cos*a. 
1= 18 sin*z cos". 
1G:sin2@cos*a—"3. 
4 sin?x cos?a = #. 
By [80], sin? 22> 


ws: 
. 2% = 60°, 120°, 240°, 300°, 420°, 480°, 600°, or 660°. 
*, & = 80°, 60°, 120°, 150°, 210°, 240°, 300°, or 330° 

60. sec (« + 120°) + sec (x — 120°) = 2 cosa. 

sec (x + 120°) + sec (x — 120°) = 2 cosa. 

1 1 
—— = 2cos@ 
cos (x + 120°) cos (@ — 120°) 
cos (« — 120°) + cos (a + 120°) _ 
cos (x + 120°) cos (@ — 120°) 
2 20° 
By [44], cos x cos 120 Bears 
cos (x + 120°) cos (« — 120°) 

By [24] and [25], 


2 cos x. 


2 cos x cos 120° 


: : = = 2iCOSa 
(cos @ cos 120° — sin a sin 120°) (cos x cos 120° + sin x sin 120°) 
2 cos x cos 120° 
2 ; eT = 2 cosa, 
cos? x cos? 120° — sin? x sin? 120° 
But sin 120° = 4 V3 and cos 120° = — i. 
— cosz 


== 2 COS. 


* 1 cos?x — 3 sina 
— cosx = } cosa (cos*?v — 8 sin? x). 
— 2 cost = cosa (4 cos?a — 8), 
cos x (4 cos?z — 1) = 0. 


(i) cos x = 0. 
cS, an SUS one Pes 
(ii) 4cos’’a@—1=0. 
AS OOS Sl, 
cos?y = 1. 
COsn) sab 8 


. @ = 60°, 120°, 240°, or 300°, 
1 & = 60°, 90°, 120°, 240°, 270°, or 300° 
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61. sin?z cos? — cos?x — sint?a+1=0. 
sin? cos?” — cos? — sin?a+1=0. 
sin? cos*# — (cos?& + sin?z) +1=0. 
sin? cos?a —1+1=0. 
sin2% cos?7'= 0, 
sina cost =0. 
2sinz cosz = 0. 
By [80], Sony Ges 0, 

. 2e = 0°, 180°, 360°, or 540° 


; ; ; “. © = 0°, 90°, 180°, or 270° 
62. sinz + sin22+4+ sin3z2=—0. 


sing + sin2%+ sin3z2=—0. 
(sin 32 4+ sinz) + sin2z2=0. 


By [42], 2sin2zcosx + sin2z%=0. 
sin 2x(2 cosz + 1) =0. 
(i) sin 27 = 0. 


“. 2a = 0°, 180°, 360°, or 540° 
“. & = 0°, 90°, 180°, or 270°. 


(ii) 2cos¢+1=0. 
2 COS@i=— I 
cose =— 1. 


“. £ = 120° or 240°. 
. 2 = 0°, 90°, 120°, 180°, 240°, or 270°. 

63. sing + 2sin264+ 3sin3d=0. 

sin@ + 2sin2@4 3sin3d0=0. 
By [80], and Ex. 15, Exercise 44, 

sing + 4sin@ cos@ + 9sin# — 12 sin? @ = 0. 
10 sing + 4sin@ cos@ — 12 sin? @= 0. 
sin 6 (5 + 2 cos@ — 6 sin?) = 0. 


(i) Selle) == O), 
Soe SO OF ied? 
(ii) 5-1 2'cos@ — 6 sin?'= 0. 


5 + 2cosé — 6 + 6cos?6 = 0. 
6 cos?@ + 2cosé@=1. 
86 cos?@ + 12 cos@+1=7. 
6cos6 +1=+4V7. 
6cos@ =-—1 EDEN) Te 
cos 6 = }(— 1+ 2.64575) 
= 0.2748 or — 0.6076. 
. 0 = 74° 5’ or 285° 55’; or 127° 25’ or 232° 35’. 
.. 9 = 0°, 74° 5’, 127° 25’, 180°, 282° 85’, or 285° 55’. 
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64. sin3z = cos2a—1. in Sr Siete Sib 
By Ex. 15, Exercise 44, and [32], 
3sinz —4sin?2 =1—2sin?a¢—-1. 
4sin's — 2 sin?z — 38sinz=0. 
sing (4 sin?x — 2sinz — 3)=0. 


(i) Sune 0s 
Cut tO OTE S02: 
(ii) 4sin?a —2sing —3=0. 


16 sin?x — 8sing4+1=13. 
4sinz — i+ Vis. — 
Sinise 1a +V18) 
= 1.1514 or — 0.6514. 
= 2202 BO Or o1g2 ice 
7; © = 0°, 180°, 220°'397, or 819° 21" 
65. sin( + 12°) + sin(x — 8°) = sin 20°. 
sin (@ + 12°) + sin (w — 8°) = sin 20°, 
By [42], 2 sin (@ + 2°) cos 10° = sin 20°. 
By [80], 2 sin (x + 2°) cos 10° = 2 sin 10° cos 10°. 
2 sin (x + 2°) = 2 sin 10°. 
sin (x + 2°) = sin 10°. 
EE =i Oo OTs: 
See OT LOB os 
66, tan (60° + x) tan (60°— zx) =—2, 
tan (60° + x) tan (60° — x) =— 2. 
By [26] and [27], 
tan 60° + tana ‘ tan 60° — tana eas 
1—tan60°tanz 1+ tan60° tang 
tan? 60° — tan?& _ 
1—tan260° tan?z 
3—tan?x _ 
1—S8tan?z 
8 — tan2a =— 2-+ 6 tan22, 
Ttan22 = 5. 
tan?z = 3 = 0.71428571. 
tan 2 = + 0.8451. 
*, % = 40°12’, 139° 48’, 220° 12’, or 319° 48’, 
67. tanz + tan2z2=—0. 


tanc + tan22% = 0. 
2tane _ 
1—tan22 
tan@ — tan®s + 2 tana = v. 
tan x(tan?z — 3) = 0. 


By [381], tana + 
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(i) tang = 0. 
ete 10 Orel acs 

(ii) tan?z — 3 = 0. 

tan? = 3. 


tang =+ V3. 
*, & = 60°, 120°, 240°, or 300°. 
*. & = 0°, 60°, 120°, 180°, 240°, or 300° 
68. sin (c + 120°) + sin(x + 60°) = 2. 


sin (x + 120°) + sin (x + 60°) = 3. 
By [42], 2 sin (x + 90°) cos 30° = 3. 
2 cos cos 80° = g. 
2 cosa(i V8) = 3. 
cosa = ae L/S; 
2V8 ~ 


. ® = 80° or 880°. 
69. sin (x + 30°) sin (@ — 30°) = 3. 


sin (x + 80°) sin (x — 30°) = 3. 

By [45], — (cos 2% — cos 60°) = }. 
cos 2% — cos 60° =— 1. 
cos22—}=—1. 
eee =— i. 


Bid 120°, 240°, 480°, or 600°. 
. & = 60°, 120°, 240°, or 300° 
70. sin 26 =cos3@. an DP & 6088 6 
By [30], and Ex, 16, Exercise 44, 
2 sin @ cos 6 = 4 cos? 6 — 8 cos @. 
4 cos? @ — 8 cos@ — 2sin@ cosé = 0. 
cos 6 (4 cos? @ — 38 — 2 sin @) = 0. 


(i) COS GE—10s 
re ==) OO ote 20. 
(ii) 4 cos?@ —3 —2siné@=0. 


4—4sin?9@ —3—2sin@=0. 
4sin?9 + 2sing=1. 
16sin?@+ 8sind+1=5. _ 
4sin9 +1=+4V5. 
4sing=—1 +V65. 
sin # = 4(— 1+ /5) 
= 1(—1+ 2.23606) 
= =, 8090 or — 0.8090. 
Oj 18> OF 162° or 284° or 306°. 
+. @ = 18°, 90°, 162°, 234°. 270°, or 306° 
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71, sinta + costa = 3. 
sinta + costx = 8. 
sinta + 2 sin?z cos?x + costx = 2 sin?x cos?x + 8. 
(sin?a + cos?)? = 2 sin?@ cos? + 8. 
1= 2sin?a cos*a + 3. 
2 sin?a cos*a = 
4sin?z cos?2 = 
By [30], sin?2¢ = be 
sin2a4=+ 4 V3. 
*, 2x = 60°, 120°, 240°, 300°, 420°, 480°, 600°, or 660° 
-. & = 80°, 60°, 120°, 150°, 210°, 240°, 300°, or 330°. 


RIOD ILO ao|oo 


72, sintx — costx = y's. 

sintz — costz = 5/5. 
(sin? + cosa) (sin?a — cos?z) = 5/5. 
sin?z — cos*z = 
cos?a — sin?z =— 5f.. 

By [82], cos 24 =— g's. 
*, 2% = 106° 16’, 258° 44’, 466° 16’, dr 613° 44’. 

*, & = 58° 8’, 126° 52’, 238° 87, or 306° 52’. 


ly tol_, to 


73. tan (x + 30°) = 2 cosa. 
tan (w + 80°) = 2 cosa. 


Let £4 30° =y- 

Then x= y— 380°. 

Substitute, tan y = 2 cos(y — 380°). 

By [25], tan y = 2 cosy cos 80° + 2siny sin 80°. 
sin y ~ 


— V3 cosy + siny. 


COs Y 
sin y =V8 cos*y + siny cosy. 
sin y(1— cosy) = V3 cosy. 
sin?y (1 — cosy)? = 3 costy. 
(1— cos*y) (1 — 2 cosy + cos?y) = 3 costy. 
1— 2cosy + 2 cosy — costy = 8 costy. 
4 costy — 2 cos?y + 2 cosy —1=0. 
(2 cosy — 1) (2 cosy + 1) = 0. 


(i) 2cosy—1=0. 
2COS alle 
cosy = $. 


oY —=100c1OT BOOS. 
Df BLU! one POs 
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(ii) 2cos?y +1=0. 
2cossy =— 1. 
cos’ y =— f., 


cosy =V— b. 
The two other roots of equation (ii) are complex. 


cosy =— 0.7937. 
Se US IDO DS Or BLP BYx, 
Pati 28 aon2022 326 
Bo = BOS OO Msi, AD SYN, one P(e. 
But the values 7 = 97° 28’, ¢ = 202° 382’, and x = 270° do not satisty 
the given equation. ALAC: 
74, seca = 2 tana + }. 
secz = 2tanz+ 1. 
sec?z = 4tan?x + tang + yy. 
By [20], 1+ tan?x2 = 4 tan?z + tang + ye. 
3 tan?a + tang— 1? =0. 
48 tan2a24+ 16tanz—15=0. 
(4 tauz + 3) (12 tang — 5)=0. 


(i) 4tanz+3=0. 
4tane =— 3. 
tang =— 3 =— 0.75. 
2, fp SS ESE iy Ore GYRO 
(ii) 12 tang —5=0. 
12 tanec = 5. 


1 
Gp 2 DIOS ie PAUP SY, 
= @ = 22°37, 143987, 202°377, or 823° 8? 
But the values 2 = 202°37’ and z 


eae ‘, @ = 22°87 or 143° 8” 


r = 323° 8’ do not satisfy the given 


75. sinllzsin4z2 4 sindasin2z=0. 


sin lla sin4z2 +4 sin5zsin2¢= 0. 
By [45], sin lla sin4dz =— }(cos15z2— cos72), 
and sin 5a sin22=— }(cos7#— cos82). 
*. — }(cos152— cos7z) — } (cos 7x — cos 32) = 0. 
cos 15a — cos7x+ cosTx— cos8a=0, 
cos 15a — cos8a = 0. 
By [46], — 2sin9xsiné6éa=0. 
sin 9asin6a=0. 
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By Ex. 15, Exercise 44, sin9xe=3sin32— 4sin?3z, 


1 — cos12 a 
and by [84], sin6a= + Sy Se 
1— cos12 a. 

Substitute, @sinB2— 4sin88.2)( x i S"*)= 0. 
(1— cos12a@ 

sin 828 4sin?8.)( a Heo ES en 


(i) sin 38¢ = 0. 
*, 8a = 0°, 180°, 360°, 540°, 720°, or 900°. 
c= OomO0% e202 eI S0rn 240-000 a00e, 


(ii) 8—4sin?32=0. 
4 sin? 32 = 3. 
2sinsxe2= + V3. 
Sin oe 1 V3. 
-. 84% = 60°, 120°, 240°, 800°, 420°, 480°, 600°, 660°, 780°, 840°, 960°, 
or 1020°. 
*. @ = 20°, 40°, 80°, 100°, 140°, 160°, 200°, 220°, 260°, 280°, 320°, or 340°. 


(ii) +4/ ee = ae: 
1— cos12z 
2 
1— cos12z2 = 0. 
COs LZ 
*12¢@ = 0°, 360°, 720°, 1080°, 1440°, 1800°, 2160°, 2520°, 2880°, 3240°, 
8600°, or 3960°. 
. = O°, 80°, 60°, 90°, 120°, 150°, 180°, 210°, 240°, 270°, 800°, or 330°. 
* @ = 0°, 20°, 30°, 40°, 60°, 80°, 90°, 100°, 120°, 140°, 150°, 160°, 180>, 
200°, 210°, 220°, 240°, 260°, 270°, 280°, 300°, 320°, 330°, or 340°. 


= 0h 


76. cosz + cos3a+4+ cos5a+ cos7z% =0. 


cosz + cos8x2+ cos5x + cos7zx#= 0. 
(cos 7x + cos 52x) + (cos38z¢ + cosz) = 0. 


By [44], 2cos6xacoszx + 2cos2xcosx = 0. 
cos x(cos 62 + cos 2x) = 0. 
By [44], cosa (2 cos 4% cos 2x) = 0. 


cosz cos2z%cos4zu = 0. 


(i) cosx = 0. 
~ x = 90° or 270°. 
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(ii) cos 2x = 0, 
1. 2a = 90°, 270°, 450°, or 63u°. 
-. @ = 45°, 185°, 225°, or 316°, 


(ili) cos4x = 0. 
«. 4% = 90°, 270°, 450°, 630°, 810°, 990°, 1170°, or 1350°. 
*, © == 22) 674°, 1124°, 15749, 2024°, 24749, 2922, or 33749. 
*. © = 224°, 45°, 674°, 90°, 1124°, 135°, 157 5°, 2023°, 225°, 247 4°, 270°, 
292°, 815°, or 83749. 


77. sin (x + 12°) cos (% — 12°) = cos 33° sin 57°. 
sin (x + 12°) cos (x — 12°) = cos 88° sin 57°. 
By [42], 3 (sin 2% + sin 24°) = 3 (sin 90° + sin 24°), 
sin 2x + sin 24 = sin 90° + sin 24° 
sin 2” = sin 90°. 
. 2% = 90° + n 360°. 
*. @ = 45° or 225°. 
78. sin-!@ + sin-? a2 = 120°. 
sin-L¢ + sin-1 La = 120°. 
sin (sin-!a + sin-1 Fo) sin 202=—1C0s;302 = 1 V3. 
By [22], sin(sin—!z) cos(sin-! }z) + cos(sin-12) sin (sin-! }z)= Lv8 
aV1— ta? a laV1l—2?= 1V3. 
eV4—e24aV1— 2 = V3. 
aV4 — 2? =V8—2vV1— 2. 
x? (4 — 7?) =38— 2V8a0V1— a2 + x? (1—2?). 
4e? — et = 38 —2V38aV1— 2? 4 a? — ot, 


322 —3=— 2V38aV1— 22. 
Square, 9a* —1842 + 9 = 12a? — 1244. 


1 
2124 — 8002 4+ 9=0. 

Tat — 1027 + 3=0. 
(x2 — 1) (722 — 8) =0 


(i) ee 0. 
Cas 
ete te 
(ii) 722 —38=0. 
722 = 3. 
a? = 3, 
aie gy 9 ese 1/21. 
OS Hi El Opy ye 1V21, 
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79, tan-1a” + tan-12¢ = tan-} 3-73. 


tan-!e + tan-12% = tan-13 V3; 
tan (tan-1¢ + tan-122)=3 V3. 


g+2a 
By [26], os =3v3. 
A Bae ES 
1— 22? 
oe EX 
1— 22° 
2 =V3—2V82%. 


2V3802+2—V3=0. 

07 LV8e— $=0. 
(a — 4-V8) (a + 18) = 0. - 
ee 1V3 or — Lv. 


80. tan-1(a + 1) + tan-!(@ — 1) = tan! 272. 


tan—1 (x + 1) + tan-1(@ — 1) = tan-12¢, 
tan [tan-1(@ + 1) + tan-!(@ — 1)] = 2a. 


e+l+a-—1 
pose ion eon 
20 
a 
v= 20 —23 
xe — ei 0) 
x(a? — 1) =0. 
ee Or OLOTE=tool's 


81. (3 — 4 cos? x) sin 2a = 0. 


(8 — 4cos* x) sin 2a = 0. 


(i) 8—4cos*a = 0, 
4 cos?a = 3. 
2 COS 2 = V3. 


cose =a bys: 
.. © = 80°, 150°, 210°, or 830° 
(ii) sin 2z = 0. 
“2a = 0°, 180°, 360°, or 540°. 
Se = OO, LOE, TRO, Ore Ae. 
“. © = 0°, 30°, 90°, 150°, 180°, 210°, 270°, or 880°. 
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82. cos2Asecd + sec8+1=0. 


cos 26 sec@ + sec8 +1=0. 
cos? 6 — sin? @ 


By [82], +sec6+1=0. 
cos@ 
2 cos?6@ —1 1 

cos 6 Ee ee 

2 cos?6 + cos6 = 0. 

cosd (2 cosé +1) = 9. 

(i) cosé = 0. 

Ci DOO 2002. 

(ii) 2cosé+1=0. 
2cos@ =— 1. 
cos#é =— } 


=. 6 = 120° or 240°, 
.. 2 = 90°, 120°, 240°, or 270°. 

But the values @ = 90° and @ = 270° do not satisfy the given equation 
“14 = 120° or 240°. 

83, sing cos 2% tan x cot 2x seca csc 2a7=1. 


sin x cos 2% tanz cot 2% secxz csc 2a = 1. 


By [82], cos 2a@ = cos? x — sin?x. 
cos? 
By [33], ree sta cot? —1 A sin? = cee — sin?e 
2 cotax 9 COS & 2 sin z cosx 
sing 
By [14] and [380], ese 27= — E = — : . 
sin2z2 2sinz cosa 


Substitute, 


GF snl a} 
: ee sinz\ /cos?z — sin?x i! 1 
sin x (cos? @ — sin? 2) —_—__— 2) ( ) ( — ) =k, 
COS & 2sinz cosa / \cosa/ \2 sinzx cosz 


(cos?x — sin?@)? _ 


Ie 
4 costx 
(2 cos?@ — 1)? __ 1 
4 costa wos 
2 cos?a — 1 1 
“ 2Qo0sta 


“. 2cos?a —1=-+ 2 cosa. 
ACOs ail. 
cos*z = 1. 
cose =+ i. 
». & = 60°, 120°, 240° or 300°. 
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84. tan (9 + 45°) = 8 tand. 
tan (9 + 45°) = 8 tan é@. 
tan @ + tan 45° 


= Stan 6. 

By [26], 1— tan 6 tan 45° 
tand +1 _ 8 tan 6. 

tan? 


tané + 1= 8 tand — 8 tan?6. 
8 tan2?6 —7tané =—1. 
256 tan?é —()+49=17. | 
16 tang — T+ 11, 
16 tan@ =74+V17. 
tan @ = +). (7 + 4.1281) 
= 0.6952 or 0.1798. 
* @ = 84° 48’ or 214° 48’; or 10° 12’ or 190° 12’. 
, 6 = 10° 12’, 84° 48’, 190° 12’, or 214° 48’. 
85. tan (6 + 45°) tan # = 2. 
tan (@ + 45°) tan @ = 
tan 6 + tan 45° fear 
1— tan @ tan 45° . 
(tan @ + 1) tan é 
1—tan@ 
tan?6 + tané _ 
1—tand 
tan?@ + tan @ = 2 — 2 tané. 
tan?@ + 3 tan@ = 2. 
4tan?64+()+9=17. _ 
Ztand@+3=4V17. __ 
2tang6 =— 384v17. 
tan? = $(— 8 + 4.1281) 
= 0.5616 or — 3.5616. 
*, 6 = 29° 19’ or 209° 19’ ; or 105° 41’ or 285° 41’. 
- 6 = 29° 19’, 105° 41’, 209° 19”, of 285° 41’, 


86. sing + sin38z2 = cosz — cos 8a. 


By [26], 


4 


sing + sin3a¢ = cos% — cos$@a. 
By Exs. 15 and 16, Exercise 44, 

sinew + 8sing — 4 sin’ = cose — 4 cos’a + 8 cosa. 

A sin’e — 4cos?w — 4sinz + 4cosa = 0. 

(sin®.c — cos’) — (sina — cos@) = 0. 
(sin — cos) (sin?z + sine cose + cos*x) — (sing — cos2) = 0, 
(sin z — cos x) (1 + sin & cos zx) — (sing — cosa) = 0. 

(sin z — cos@) (1+ sinw cosz —1)= 0. 

(sin @ — cos z) (sin z cos) = 0. 
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(i) sing — cosz = 0. 
sing = cosa. 
Ei 450 226°) 


(ii) sing = 0. 
 & = 0° or 180°. 
(iii) cosz = 0. 


Bae — 902 or 2702, 


38 


oO 


. © = 0°, 45°, 90°, 180°, 225°, or 270°. 


87. sin }.@(cos 2a — 2) (1— tan?z) = 0. 
sin 3 Z(cos 2% — 2) (1— tan?z) = 


(i) sintz=0. 
42x = 0° or 180°. 

Rar) os 

(ii) cos2z—2=0. 
cos 2a = 2. 

.. & is impossible. 

(ili) 1— tan?z = 0. 
tan?z = 1. 

tang =+1. 


* @ = 45°, 135°, 225°, or 315° 


*. £ = 0°, 45°, 135°, 225°, or 315°, 


88, tanc + tan2z = tan 3z. 
tanz + tan2x2 =tan38z. 


2 tana 3 tana — tan’a 

By [31] and [26 tan x = 2 

Ae (261, an 1— tan2z 1— 3 tan2z 

2 3 — tan2z 
tan z{ 1 
’ ( Srna 1— 8 tan®z -)= 
(i) tanz = 0. 
ators ies 
2 3 — tan? z 

il 1 1) 

(i) af 1—tan?z 1—8tan2z 


1— 4 tan?e + 3 tants + 2 — 6 tan?x — 3 4 4 tan2a2 — tantz = 0. 
2 tant — 6 tan?z = 0. 
tan?a (tan?a~ — 3) = 0. 
tan22 = 0 or 3. 


If tang = 0, 
x = 0° or 180°. 
If tang =+ V3, 


x = 60°, 120°, 240°, or 300°. 


. &@ = 0°, 60°, 120°, 180°, 240°, or 300° 
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89. cotz — tanz = sing + cosa. 


cotz — tanz = sing + cosa. 
cose sing 


sing cosz 
cos?” — sin? « 


=sinz + cosa. 


- = sing + cosa. 
sin Z Cos @ 


cos?a — sin?a = sinw cosa (sing + cosz). 
(sing + cos) (cosz— sina — sin x cos x) = 0. 


(i) sinz + cosz = 0. 
sing =— cosa. 
ces ODOR OL Os. 


(ii) cosz — sing — sinz cosz = 0. 
cosa — sing = sin z cosa. 
Square, cos? + sin?a — 2 sing cose = sin?z cos?a. 
1— 2sin x cosx = sin’?g cos?a. 
sin?z cos?a@ + 2 sina cosx = 1. 
sin?z cos?x + 2sinz coszx +1=2 


Extract the root, SIMeicosa a V2. 
sin 2 cos’ = — I +72, 
2Sin'g COS = —2 = 25/2: 
By [380], sin22=— 242V2. 


sin 2a = 0.8284 or — 4.8284. 
2a = 55° 56’, 124° 4’, 415° 56’, or 484° 4’. 
“© = 27° 687, 62° 2°, 207° 58%, 07) 242°'2°. 
2 i= 2087, 622 20 13821207 o86 242297 or S152 
But the values 62° 2’ and 207° 58’ do not satisfy the given equation. 


“1. @ = 27° 58’, 185°, 242° 2’, or 815°. 


Prove the following identities : 
seca csce 


esce2a@  sec?z 


90. (1+ cotx + tan 2) (sing — cosz) = 


By [18] and [19], 
cose sing 


(14+ cotz + tanz)(sina—cos z) = ( + ——+ ) (sin « — cosa) 
sing cosa 


cos?a@  sin?a 


= sinz— cosxz+ cosr— — sing 


sin x COS2 


sin?x cos?z 


cos & sing 
secre cscx 
esc?x2 sec?x 
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91. 2csc2z2cotz =1+4 cot?a. 
By [14] and [19], 


2 cos 
Diesen wcotg — . a 


sin2a¢ sing’ 
cos & 
sin? z cos x 


by [80], 


1 5 
= = Gen 
332: 
sin?x 


by [21], =1+4 cot?a. 


92. sina + sinb + sin(a + b) = 4cos }acos dbsin }(a + Dd). 
By [42] and [38], 
sina + sinb + sin(a@ + 0) 
= 2sin }(a+6) cos }(a—b) +2 sin } (@+h) cos } (a+b) 
= 2sin 3 (a + dD) [cos }(a + b) + cos }(a—b)] ; 
By [24] and [25], = 2 sin }(a + 6) [cos }acos $6 —sin Jasin bb 
35 cos }acos $b of sin }asin } 6] 
= (2 costa cos 4 +b) [2 sin 3 (a ‘ b)] 
a lkors Ness Toca) 4 0). 
93. tan (45° + x) — tan (45°— x) = 2 tan 22. 
By [26] and [27], 


tan (45° + 2) — tan (45° — 2) = tan 45° + tana tan 45° — tan x 


“1 — tan 45° tanz oa + tan 45° tan e 
1 + tans 1] — tanz 

oo — tan a 1+ tang 

_ (14 tan z)? — (1 — tana)? 


1— tan?z 
4tanz . 
— a s ) 
1 —tan? a 
by [31], Sales 
94, cot?x — cos*z = cot? x cos? x. 
‘ ; Cc os? 07 
By [19], cot? « — cos?x = ——— — cos*x 
sin? x 


cos?a — sin? 27 COS? & 


sin? 2 
(1 — sin?.r) cos? x 


sin? 
cost x 


sin? x 
COSA), 
= —— cos? & 
sin? 


= cot? x cos* a. 
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95. tan2a — sin?a = tan? xz sin?z. 


By [18], tan?x — sin? x 


sin? x AP 
= ——— — sin’ zr 

cos? x 

sin? xz — sin?z cos? 

cos? x 
(1 — cos? a) sin? x 
cos? & 

SIN? eo 

= sin? x 


cos? x 
= tan?2 sin? x. 


96. cottx + cot?” = escta — csc? az. 


By [19], cotta + cot?a 


97. cos? + sin? cos? 
cos?z + sin? a cos? y 


costx | cos?x 


sintg ‘sin? zs 
_ costz + sin?z cos? 


sintz 
(1 — sin? x) (1 — sin?r) + sin?a(1— sin?) 
= =a 
; sint Zz 
_ 1—sin?x 
~ sinta 
iL i 


“sinte  sin2x 

= (086.0) ONE 

= cos? y + sin? y cos? x 
=(1— sin? x) + sin? x cos? y 
= 1 — (1— cos? y) sin?z 

= 1— sin?y (1— cos?2) 

= cos?y — sin?y cos? x. 


Exercise 78. Simultaneous Equations (Page 170) 


Solve the following systems for x and y: 


1. sing + siny =sina. 


cosx + cosy =1+ cosa. 


Transform (1) by [42], 


Transform (2) by [44], 
2 cos h(x + 


Divide (8) by (4), 


2sin (z+ y)cos }(« — y) = sina. 

y) cos } (a — y) =1+4 cosa. 
sn}d(@+y) sina 
cos}(e+y) 1+ cosa 

sin a 


By [18}, 


tan L(x a ea 
a +) 1+ cosa 


(1) 
(2) 


(8) 
(4) 
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+2 ean 

Square, tan? 3 (2+ y)= a aap On 

(1+ cosa)? (1+ cosa)? 

is 

= SS tan? ta. 
1+ cosa 
tan }(@+y)= tan ha. 
5 0}, 


Substitute a for (x + y) in (8), 
2sindacos}(e—y)=sina. 


1 sin a 
cos 4 (z — y) = —____; 
2sin ha 
wd 2sin kacosha 
by [88], = a = costa, 
2sinba 
G—Y == a. 
w— Yr=u a. 
ory =a. 
2=aor0, 
1 = OlOTeGe 
2. sin?x + sin?y = a. (1) 
cos*x — cos?y = b. (2) 
Subtract (2) from (1), 
sin? — cos?.x + sin?y + cos?y? = a—b. (8) 
Add (1) and (2), 
sin? z + cos?x + sin?y — cos?y¥ = a+ b. (4) 


From (8) by [16], sin? — cos?a@=a—b—1. 
sinta —l-t sint?a =a —b—1. 
2 /sin27' = a— 0. 


: Vl" aap 
sing =-+ : 
2 ———— 
sites Ne ad 
2 


From (4) by [16], sin?'y — co*y=a+b—1. 
sin? —14 sinty=a+b—1. 
2 sin2y = a + 6. 


: a+b 
siny= ++ [eee 
Tes 2 


a+b 
2 


tides Soe ‘e a b 


y = sin-1 ++ [o a Q 
- 2 


y =sin-! 4 


TT 
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3. sing — siny = 0.7038. (1) 
cosa — cosy == — 0.7245. (2) 
Expand (1) by [43], 
2 cos} (a + y)sin 3 (c — y) = 0.7088. (8) 
Expand (2) by [45], 
— 2sin }(¢@ + y) sin } (@ — y) =— 0.7245. (4) 


sin }(@ + y) _ 0.7245 
cos}(©+y) 0.7038 
sink(w+y)  _ 0.7245 
Vi—sin2?}(@+y) 0.7038 
sint@b(a+y) _ 0.7245? 


Divide (4) by (3), 


1—sin?baw+y) 0. 70382 
0.7038? sin? ! 1 D(a + y) = 0.7245? — 0.7245? sin? 3 (a + y). 
(0.7038? + 0.7245?) sin? } 1 L(e@ + y) = 0.72487. 
-/ 0.70382 + 0.7245? sin }(« + y) = + 0.7245 
UO Yee ies + 0.7245 
0.70382 + 0.72452 
+ 0.7245 
sme (z - y) === =F, 
be +) =F o100667 
sin }(@ + y) =+ 0.7172. (5) 


Substitute in (4) the value of sin }(x +4 y), 
2(+ 0.7172) sin 3} (@ — y) = 0.7246. 


Silene cea) ies : 

a Ss mere 

sin } (« — y) =+ 0.5051, (6) 
From (5), L(@ + y) = 45° 50’, 134° 10’, 225° 50’, or 314° 10’. (7) 
From (6), (x — y) = 30° 20’, 149° 40’, 210° 20’, or 329° 40’. (8) 
Add (7) and (8), a = 76° 10’, 283° 50’, 436° 10’, or 643° 50’. 


Subtract (8) from (7), y = 15° 30’, 344° 30’, 15° 380’, or 344° 30’. 
I) (OOMOn 2es a5 0e 
y = 15° 80’ or 344° 30’. 
But the values « = 283° 50’ and y = 844° 30’ do not satisfy the given 
system of equations. 


oy == 1G? NOY 

y = 15° 30’. 
4, wsin 21° + y cos 44° = 179.70. (1) 
@ cos 21° + y sin 44° = 232.30. (2) 
0.3584 @ + 0.7193 y = 179.70. (8) 
0.9336 2 + 0.6947 y = 232.30. (4) 
3584 @ + 7193 y = 1,797,000. (5) 


9836 « + 6947 y = 2,323,000, (6) 
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Multiply (5) by 1167, 


4,182,528 « + 8,394,231 y = 2,097,099,000. 


Multiply (6) by 448, 


4,182,528 x + 3,112,256 y = 1,040,704,000. 
Subtract (8) from (7), 5,281,975 y = 1,056,395,000. 


=) 200. 
Substitute the value of y in (5), 
3584 x + 1,488,600 = 1,797,000. 
3584 2 = 358,400. 


‘—h00: 
een; 
y = 200. 


5. sin?a + y =m. 
cosa +y=n. 


Add (1) and (2), sin?x + cos?” + 2y =m 4+ n. 
By [16], 1+2y=m4+n. 
mtn—1 
ae 
2 
Subtract (2) from (1), sin?a — cos?.e = m—n. 
By [16], sin?g —1+4 sin?z = m—n. 
SC =) hss Ile 


r 


sina = + 1/ 5 


Ap = a SE 


m+tn—1 
P= aa =o 
6. sing + siny =1. 
sing — siny =1. 
Add (1) and (2), Zsin g = 2. 
Sint te 
Dia 902" 
Subtract (2) from (1), 2siny = 0. 
Shi = 0% 
y = 0° or 180°. 
+ SMe 


y = 0° or 180° 


m—n+1 


alt 


= y 


: lim—n+1 
oh SSNS ty 


ey 
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(7) 


(8) 


(1) 


(2) 


(1} 
(2) 
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Y. cose + cosy =a. (1) 
cos2x% + cos2y=b. (2) 


Transform (2) by [82], 
cos?a — sin?z + cos?y — sin?y = b. 
cos?a — 1+ cos?a + cos?y —1+ cos*y = b. 
2 cos?x + 2 cos?y = b 4+ 2. (3) 
From (1), COS © = 4 — COSY. 
cos?z = a2 — 2acosy + cos? y. 
Substitute in (8), 
2a? —4acosy + 2 cos?y + 2 cos?y =b + 2. 
4 cos*?y — 4a cosy =b— 2a? + 2. 
Complete the square, 
4cos?y —4acosy + a2 =b—a? 4 2. 
2cosy —a=+vb—a?+2. 
cosy = Lia aN) Pieesaaet 2): 
From (1), cosy = a — cosa. 
Substitute in (8), 
2 cos*a + 2a2—4acosz + 2 cos*z% =) 4 2. 


4cos?a —4acost =) — 2a? + 2, 
Complete the square, 


4cos?a —4acosx+ a?#=b)—a?+42. 
2cose— a= +Vb—a2?42., 
cos ® = 3 (a+ Vb — a? +2). 
i cos-1} (a +Vb— a? + 2). 
y = cos“! h(a tv 0 G22): 


8. sing + siny = 2msina. (1) 
cosx® + cosy = 2n cosa. ~(2) 


Square (1) and (2) and add, 
2cosx cosy + 2 sina sin y = 4m? sin2 a + 4n? cos?a — 2. 
By [25], cos (x — y) = 2m? sin? a + 2n? cos*a — 1 
= 2m? — 2m? cos?a + 2 n? cos?a — 1 
= 2m? — (2m? — 2n?)cos?a — 1. 


x — y = cos—![2m? — (2m*— 2n?) cos? a — 1]. 
Transform (1) by [42], 


2sin }(@ + y)cos 3} (e — y) = 2msina. (3) 
Transform (2) by [44], 
2 cos } (a + y) cos} (« — y) = 2ncosa. (4) 


m 
— tana, 
n 


a+ y =2tan-1”” tana, 
nN 


Divide (8) by (4), tan}(@+y)= 
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f--y= aes (2m? — 2n?) cos?a — 1]. 


@ = tan-) "tana + 4. cos-1[2 m2 — (2m* — 2n?) cos?a — 1]. 
n 


m 
y = tan—!— tana — } cos—1[2m? — (2m? — 2n?) cos? a— 1]. 
n 


9. Find two angles, « and y, knowing that the sum of their sines is a 
and the sum of their cosines is b. 


sinew + siny=a. (1) 
cosx + cosy = b. (2) 
Transform (1) by [42], 
2sin} (7+ y)cos}(w@—y) =a. (8) 
Transform (1) by [44], 
2cos}(x + y)cos} (xq —y) =0b. (4) 
Divide (3) by (4), tan} (e+ y) = * (5) 
sin $(@ + Ue a 
By [18 Sat ee 6 
y [18], cosd(a@+y) b (°) 
sin }(a@ + y) _@ 
Vi-sintia@+y) 9 


sin? t(z+y) _ a? 


Square ——— 
5 : 1—sin?$(x+y) 0 
b? sin? t(e@ + y) =a? — a? sin? tet y). 
(a? + 0?) sin? L(@+ y) =a’. 
aa a 
sin?t(@+y)= pasaiat 
sin } (2 + y) = —__. (7) 
Veto + 0 
Substitute in (8) the value of sin }(x + y), 
2 
ee cos$(x—y) =a, 
Ve + b? 
cos }(« —y) =} Va? 4 0 (8) 
a 
From (5), r+y=2tan-1 a (9) 
From (8), 7 y= 2 cos=! on Va? + v2. (10) 


Add (9) and (10) and divide by 2, z= tan-1{ . + cos! ey, a? + b?. 
Subtract (10) from (9) and divide by 2, e, 
y = tan-1 : —cos-1} V a2 + 62, 
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Solve the following systems for r and x: 


10. r sina = 92.344 (1) 
r cosa = 205.809 (2) 
92.844 
ivide (1) by (2), tang =———— = 0.4498. 
Divide (1) by (2) an ORG 
*, @ = 24° 13’ or 204° 13’. (8) 


Brat 92.344 92.844 
~ sina + 0.4102 
et 24S AS aye, leis 
- 


From (1), = + 226.12. 


or 0 20423. 22D. LZ. 
11. r sin(w — 19° 18’) = 59.4034 (1) 
r cos (& — 80° 54’) = 147.9347 (2) 
Expand (1) by [28], 
r sina cos 19° 18’ — r cosz sin 19° 18’ = 59.4034. (3) 
Expand (2) by [25], 
r COS £ COS 80° 54’ + r sin aw sin 80° 54’ = 147.9347. (4) 


Multiply (8) by sin 80° 54’, 
r sin @ sin 80° 54’ cos 19° 18’ — r cos @ sin 19° 18’ sin 80° 54’ 
= 59.4084 sin 30° 54’. (5) 
Multiply (4) by cos 19° 18’, 
r sin a sin 30° 54’ cos 19° 18’ + r cos x cos 19° 18’ cos 80° 54’ 
= 147.9347 cos 19° 18’. (6) 
Subtract (5) from (6), 
7 COS & (cos 19° 18’ cos 80° 54’ + sin 19° 18’ sin 30° 54’) 
= 147.9847 cos 19° 18’ — 59.4034 sin 30° 54’, 
By [25}, r cos x cos (30° 54’ — 19° 18’) 
= 147.9347 cos 19° 18’ — 59.4034 sin 30° 54’. 
147.9347 cos 19° 18’ — 59.4034 sin 80° 54’ 


PCOS = = ; (7) 
cos 10° 36’ 


Multiply (8) by cos 80° 54’, 
y sin @ cos 80° 54’ cos 19° 18’ — r cosa cos 80° 54’ sin 19° 18” 
= 59.4034 cos 80° 54’. (8) 
Multiply (4) by sin 19° 18’, 
r sing sin 80° 54 sin 19° 18’ + r cosa cos 30° 54’ sin 19° 18” 
= 147.9347 sin 19° 18’. (9) 
Add (8) and (9), r sin x (cos 80° 54’ cos 19° 18’ + sin 80° 54’ sin 19° 18’) 
= 147.9347 sin 19° 18’ + 59.4034 cos 80° 54’. 
By [25], r sin x cos (30° 54’ — 19° 18’) 
= 147.9347 sin 19° 18’ + 59.4034 cos 80° 54’. 
147.9347 sin 19° 18’ + 59.4034 cos 30° 54’ 
cos 10° 36’ 


2, (Pan = 


(10) 
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Divide (10) by (7), 
tang — 147-9347 sin 19° 18” + 59.4034 cos 30° 54’ 
147.9347 cos 19° 18’ — 59.4034 sin 30° 54’ 
_ 147.9347 x 0.3305 + 59.4034 x 0.8581 
~ 147.9347 x 0.9438 — 59.4034 x 0.5135 
__ 48.89241835 4 50.97405754 
~ 139.62076986 — 30.50364590 
_ 99.86647589 
~ 109.11712396 
= 0.9152. 
+, @ = 42° 28 or 222° 28’. 
Substitute in (1) the values of x found in (11), 
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(11) 


r sin (42° 28’ — 19° 18’) = 59.4034 or r sin (222° 28’ — 19° 18’) = 59.4034 


r sin 23° 10 = 59.4034 or rsin 203° 10’ = 59.4034. 


59.4034 59.4034 
(= = ==> Of Ps See 
sin 23° 10’ sin 208° 10’ 
59.4034 59.4034 
(Pee Ore 
0.8984 — 0.3984 
pr lod Obi — lols 
5, ap ae OS (Ps nls 
oy Li 2222287, p= hint 


Exercise 79. Simultaneous Equations (Page 171) 


1. Solve for ¢ and cz: 
versin @ = wv 
1—sing=0.5 
sin dé =1—"0.5 = 0.5. 
¢ = 80° or 150°. 
x = versin¢d =1— cos¢ 


= 1— cos 380° 
= 1 — 0.8660 
= 0.1340; 
or x =1— cos 150° = 1+ 0.8660 = 1.866 


2. a = 0.134 or 1.866. 
¢ = 80° or 150°. 
2, Solve for 6 and «x: 


t—sind=a 
1+ sindé=a 
Add (1) and (2), %=2— a. 
From (J), sin? =1—e%=1—2+a=a—1. 


6 =sin—-1(a—1). 


(1) 
(2) 
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8. Solve for \ and p: 
sind = Vz sin Me 


tan =V3 tan & 


By [18], sin Ee sin a 
cos COS mM 
V2 sin _ 3 sin be 
cosr COS wu ; 
Pan tee V2 sin 4 cos = V2 COS 
V3 sin uw V3 


cos?\ = 2 cos* yp. 
sin?\ = 2 sin? yu. 
By [16], 2sin?u + 3 cos*u=1. 
6sin?z + 2(1— sin? yu) = 3. 
4)sin =a, 
sinu =+ 3. 
w=sin-1+4 } = 380°, 150°, 210°, or 330°. 
sink =V2 sin gp =+ es 
A= sin-14 $-V2 = 45°, 185°, 225° or 316°, 
4. Solve for 6 and ¢: 
sin@ + cos¢=a (1) 
sing + cosé =b (2) 
Square (1) and (2) and add, 
sin?6 + cos?@ + sin? + cos*@ + 2 sin @ cos ¢ + 2 cos@sin gd = a? + b?. 
By [16] and [22], 2sin(6 + ¢) = a?+ b?— 2. 
a2 + b?-— 2 
at as 
Subtract square of (2) from square of (1), 
sin? 6 — cos?@ — sin? ¢ + cos?¢ + 2 sin 6 cos ¢ — 2 cos@ sin ¢ = a? — b? 
By [82], — cos24+ cos2¢ + 2sin(@ — ¢) = a? — 0. 
— (cos 29 — cos 2) + 2sin (6 — ¢) = a? — b?. 
By [45], 2sin(@+ ¢)sin(@— ¢) + 2sin(@— ¢) = a®— b?. 
Substitute the value of 2 sin(@+ ¢), 
(a? + b? — 2)[sin(@— ¢)] + 2sin(@ — ¢) = a?— b?. 
sin (6 — ¢) (a? + 0? — 2 + 2) = a®— b, 


sin(@ + ¢) = 


2__ 2 
in@—¢)\ == 
sin ( ?) Pie 
Pye 
Uy hey eas at, 
Se 
g— @ = sin-2 2 f 


a? + 02 
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OY ee as aa eee, ee Ys 
2 a? + b2 
12 2__ 72 
9= ysin-3( .- —1)+ } sin-! yi 
2 2 
2% = sin-12 sta ener oe 
2 2 62 
24 2 2_ 72 
@=tsin-1 ied —1)— }sin-1 ge 
24 b2 


5. Solve for 6 and ¢: 


asinté@— bsintd =a 
acos*@ — bcos*¢? = b 


Subtract (2) from (1), 


a sin*@ — a cost@ — bsint¢ + bcost¢ =a— b. 


a(sin*@ — cos*@) — b(sint @ — cost ¢) = a— b. 


397 


(1, 
(2) 


a(sin?@ — cos? @) (sin? + cos?@) — b (sin? @ — cos? ¢) (sin? + cos? ¢) 


=a—b. 
a (sin? @ — cos? @) — b(sin? ¢ — cos? ¢) = a— bd. 
a(1— 2 cos?@) — b(1— 2 cos?) =a— b. 

2a cos? 6 = 2b cos? ¢. 


b cos? 
cos? @ = 2) 


Substitute in (2), 


From (3), 


6. Solve for 6: 


b? 
— cost ¢ — b cost¢ = b. 


a 
b? — ab 
ra Sa 44 — 
a 08 o=i0; 


cost ¢ = 


b= 4a hiea 
= cos! + «| —e 
2 b—a 


cost = —cos!¢ 
a? 


us a 
gee pb =o 
b2 
~ a(b—a) 


Bey ates ee 
Ore a(b — a) 


sin?@ + 2 cos@ = 2 
cos 6 — cos?6@ = 0 


Subtract second equation from first, 


By [16], 


sin?@ + cos?@ + 2 cos@ — cos@ = 2. 
1+ cos@ = 2. 
cos@ = 1. 
Be) UO 


(3) 
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Exercise 80. Elimination (Page 172) 


Find the eliminant with respect to a, 8, , u, or ¢ of the following equations: 


1. singdg+l=a 
cos¢—1=b 
Square (1) and (2) and add, 
sin?¢ + cos?¢ = a2? —2a4+1+40?4+ 2041. 
By [16], 1=a2?+0?—2(a—b) +2, 
* a? + b? — 2(a — b) =—1 is the eliminant. 


2. tank —a=0 


cotA —0=0 

tanA = a 

: = (0) 

tan r> 1 
tanA =—- 

b 

1 
— 

b 


-, ab = 1 is the eliminant. 
8. sn~a~tm=n 


cosa+p=y¥ ee : 
sin?a@ =(n—m)?. 


costa = (¢ — p)?. 
sin? w + cos?@ = (n — m)? + (¢ — p)*. 
By [16], (n — m)? + (q — p)? =1. 
“. (1 — m)? + (¢ — p)? = 1 is the eliminant. 


4,a+secg?=) 


p+cotg=q 
secd=b—a. 
cot ¢ =, 
q 
tang = 4. 
p 


Square (1) and (2) and subtract, A 
sec? @ — tan? ¢ = (b — a)? — ue 
p? 


2 2 
By [20], es ae, 
p 


UES Re Sein 
“b— a= —V p+ 7 is the eliminant. 
P 


(1) 
(2) 


(1) 


(2) 
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5. csin2¢ + cos2¢=1 (1) 
bsin 2¢ — cos2¢=1 (2) 
Add (1) and (2), (0 +¢)sin2¢=2. 
sin2¢= 5 
a b+c¢ 
By [16], pene s 


2 
cos2o = vives rae 


Substitute these values in (1), 


2¢ a ae 
b+e°N +0)? 
ae ge Be 
NO G46? be 
Ae ae eee’ 4c? 
(b + c)? b+e (b+c)? 
(b+¢?—4 (b4c)?—4c(b +c) + 4c? 
(b + ¢)? (b> +c)? 
b+c)2—4=(b4 02—4be— 40? + 402, 
4be = 4, 
., be =1 is the eliminant. 
6. c= r(6 — sin @) (1) 
y = 1r(1— cos) (2) 
@ = versin-1%. (8) 
r 
From (2), 1—cosd=%. 
r 
1—Vin sid =". 
1—*= aa. 
2 
Square, Petes cee 
oe 


0 24 y2 Ary — x2 
sintg = -” 4° == a ig 
ip y2 2 


6 Sig) Se LAS ry — y?. (4) 
i 


Substitute in (1) the value of 6 given in (8) and the value of sin 6 
found in (4), . 
a = rversin-1” 4/2 ry — y?, 
i 


at ae, 3 y. ho 
or g=+V2ry — y? + rversin~} Y is the eliminant. 
Yr 
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7. sing +sin2¢=m (1) 
cos¢ + cos2g~=an (2) 


Square (1) and (2) and add, 
sin?¢ + 2singsin2¢ + sin?2¢ = m?. 
cos? + 2 cos cos 2p + cos?2 9 = n?. 
1+ 2(cos¢ cos2¢ + sing sin 2¢) + 1 = m? + ni. 
By [25], cos¢ cos2 ¢ + sing sin 2 ¢ = cos(2 ¢ — ¢) = cos¢. 
- 14+2cos¢+1=m? + n?. 
m2 + n? — 2. 


cos ¢ = 3 
2 2__ 9)2 
By [82], cos 2 ¢ = 2 cos? — 1 SSSR 5) 


Substitute these values for cos ¢ and cos 2 ¢ in (2), 
TN es (m? + n? — 2)? | 
2 2 
Clear of fractions, combine, and factor, 
[m? + n? — 2] [1+ m? + n? — 2] =2n+42. 
(m? + n? — 1)? —m?— nr? +1=2n4 2. 
v(m? + n? — 1)? = (n + 1)? + m? is the eliminant. 


I= 5). 


8. a+ sind = cscé 
b+ cosé = sec 


j 1 1 : 
Putting j for esc 6, and F) for sec, the cquations become, 
cos 


on clearing of fractions, 


asin@ + sin?@=1. ae (65) 
b cos @ + cos?@ = 1. (2) 
Subtract (1) from (2), 
b cos@ — asin @ + cos?6 — sin?@ = 0, (3) 
From (1), asin @ =1— sin?6 
== CORE. 
32 
Shag Sued 
Substitute this value for sin @ in (8), e 
4 
& cos 8 — cos*6 + cos?é — = g = (Ok 
a 
4 
bcos@ — °°* te 0 
a 


cos? @ = ab, 
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cos @ = (ab), 
cos? 6 = (a%b) 3. 
sin?@ = 1— cos?6 
=1—(a%)3. 
sin @ = (1— (a2)3)4. 
Substitute in (1) for sin @ and ee 
a(1— (a2b)3)2 +1— (a2b) 3 = 


a(1— a3b3)3 = cit 
2.1 se 
(1 — a3b3)2 = a3b3. 
By squaring, we have 1— ab? = abs. 
 asb3 + asb3 =1 is the eliminant. 
9. tanw+sina=m 
tan a — sin m= n 
Add (1) and (2), 2tana=m+n. 
m+n 
tan a = —__- 


Subtract (2) from (1), 2sina=m—n. 


0 m—n 
sin a= . 


cos @ =V1— sin?a 


5 i (m =A n)? ° 
4 
m—n 
wane sina _ 2 
COSA /4 — (m — n)? 
2 
— m—n 
V4—(m—n)? 
m+n _ m—n 


2 ~ Va=(m— ny 


~ (m+n) V4—(m— n)? = 2(m — n) is the eliminant. 


10. psin? un. — p cos*yu = 
p’ cos* yu -- p’ sin? y, = 1” 
— p(cos*4, — sin?) =r. 
p’ (cos? 4 — sin?) = 1’, 
Divide (3) by (4), ae 
Pp r 
*. p'r =— 7’p is the eliminant. 
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(1) 
(2) 


(1) 
(2) 
(3) 
(4) 
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11. sin2 @+tan2 ¢=k (1) 
sin 2 ¢—tan2¢=1 (2) 
Add (1) and (2), 2sin2g@=k+l. (3) 
Subtract (1) and (2), 2tan2 @=k —l. 
From (3), 2cos2 P= V4— (k+1)?. 
2sin 2 _ 
SOE eh 


a EN Ge ce eC 
Substituting, 5 — (kh +0? 2 °4—(k+1)? 4 
2 
Ae 


(k — 1)? 
A+)? , (k+)? _ 
(k— D2 =o 4 Si. 
Simplifying, (k2 — 1?)24+ 16 kl = 
12. p=acos 8 cos (1) 
q= bcos @sin d (2) 
r= c sin 0 (3) 
From (8), sin 6 = eS 


2 9 
er 
cos 0= | — 
c 


Substitute in (1) the value of cos 0, 


a? _ =< re 
Dp /*= cos ¢. 
cos ¢ = == age 


es ee, ao epee 
sin @= oS face a?(e2 — 72) 
Substitute in (2) the values of cos @ and sin @, 
= =P a2(c? — 72) — & ) — cp? 
qg=b a2(c2 — r2) ) 
~ c sa a2 (c= 72) EIcepa 
ean | eae 
a ACE — r?) (a? (c? —— me) — cp? ] 
- ac? (2 — 7?) 
= a*b? (c? es 72)2 &= b2ezpel(e2 =) 3 
nat a*c?(c2 — x?) 
20208 = a2b2 (c? — 3) ~ b262078 
.. @2b?7? + a2c2q? + b2c?p? = a?b2c? is the eliminant. 
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Exercise 81. Roots of Unity (Page 176) 


1, Find by De Moivre’s Theorem the two square roots of 1, 


If cos @ + isin @ = 1, the given number, 
then ¢=0, 27, 47,- 
Also (cos @ + isin $)? = 1? = the two square roots of 1. 
But (cos @ + isin )2 = ey a + AR ee mt? us ee 
where iis OLOra Sy eens 
Therefore 12 = cos 0 + isin 0 = 1, 
it = cos7 + ising7 =—1. 


2. Find by De Moivre’s Theorem the four 4th roots of 1. 


If cos ¢ + ising =1, the given number, 
then ¢=0,27,47,-- 
Also (cos ¢ + isin yt — 14 =the four 4th roots of 1. 
k(2 2 
But. (cos @ + isin $)* = cog TES mete, 
where k=0, 1, 2, or 3, and ¢=0, 27, 47,--- 
Therefore 17 = cos0 +isin0=1, 


Then cog eer ct ee / 1, 
4 4 
1 4m 4a 
14 = cos— + isin — = —1 
4 "hee 4 : 
1 OEP on a Oye . 
[eS hota eh eS ee I 


8. Find three of the nine 9th roots of 1. 


If cos¢? + ising =1, the given number, 
then ¢=0, 27, 47,-- 

Also (cos @ + isin $)? —19 = the nine 9th roots of 1. 

2 5 k(2 

But (cos @ + isin ¢)9 = = cos — By ast 2: wa sin sin 87) + ix 
where it Omale 2 rot tom) Ow OL Os 
and Pi O22 ty ere. 

Therefore 


oo = cosv0+isin0 =1, 
274 27 : ous 
19 = é0s < + isin ars = cos 40° + isin 40° = 0.7660 + 0.6428 7. 


4 4 . 
13 = cos ~ + isin = = cos 80° + isin 80° = 0.1736 + 0.9848 2. 


be 
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4. Find the five 5th roots of 1. 


If cos¢ + isin @ =1, the given number, 
then ¢=0, 27, 47,---. 
Also (cos¢ + ising)? = 15 = the five 5th roots of 1. 


k(2 : 2 
But (cos @ + isin $)> = cos AGES + isin cad Bask 2 
o oO 
where i= 05, b. 238, on 4. 
and ¢ = 0, 24, 47, 
Therefore 


al ais) 
15 = cos 0°+ 7sin 0° =1, 


2 . 
13 =1C0S8 = + isin pth cos 72° + isin 72° = sin 18° + 7 cos 18° 


eNb a1 1 vO evs 
= —~, 


4 
13 = cos 5 + isin = = cos 144° + isin 144° = — cos 36° + isin 86° 


14-V5. . V10—-2V5 
= i -~+2 


4 
6 
+ isin —— = cos 216° + isin 216° = — cos 386° — isin 86° 
VB) ./10—-2V5 
=_— — & —_—_ 5 
: : 4 4 
13 = cos + isin = cos 288° — i sin 288° = sin 18° — 7 cos 18° 
_V¥b-1_ ,V10+2V5 
4 4 : 


t 


13 = ee 
5 


5, Find the six 6th roots of + 1 and of —1. 


If cos @ + isin @ = 1, the given number, 
then b= OND aR ate 


Also (cos @ + 7 sin $)8 = 16 = the six 6th roots of 1. 


But (cos ¢ + isin o)8 = COS “Crit¢ + isin Ents, 


where [0 oe te Olu, 
and ¢=0, 27, 477, +++. 
Therefore 


a 
a — te) 7 Q) (Oy es 
16 = cos 0° + ¢7sin 0° =1, 


2 meee 
18 = cos" * + isin“ = cos 60° + isin 60° = pa en 
5 2 


diate ee oe Seeks ve a 
18 = cos + isin —* = cos 120° + isin 120° =— $+ V8, 
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1¢ = cos 7 4 isin $7 = cos 180° + isin 180° =— 1, 


18 = cos = 4 isin S™ = cos 240° + isin 240°=— } —1 V_—3, 


1 Prod 
18 = cos “27 4 isin C7 = cos 300° + isin 300° = 3 — 3-V_3. 
If cos ¢ + isin ¢ =—1, the given number, 
then p=, 387, S57, ++. 
Also (cos ¢ + isin g)® = (— 1) = the six 6th roots of —1., 
But (cos @ + isin $)8 = cogs te + isin oe 
where k= 0, 1, 2, 8, 4, or 6, and ¢=7, 37, 57,---. 
Therefore one PIA 
(cos @ + isin g)$ = he + isin a, 
where i= 05 5-25.35, 4, 015, 
Therefore 


(— 1)8 = cos™ + isin = cos 80° + isin 80°= $V3 + JV—1, 
(= 1)8 = cos + isin >™ = cos 90° + isin 90° =V=1, 
5 oa — 
(= 18 = cos *™ + isin? = cos 150° + isin 150° =— V8 + 4V=1, 
) 
(= 1) = cos 2 + isin 7 = cos 210° + isin 210° =— V3 — yV=1, 
1 Mie a. Ser ee tae tae 1 2 lm 
eS SCOR ae egumecue nu + isin 270° =—V—1, 


(~ 1)6 = cos + isin” = cos 380° + isin 830° = 13 iv—-1. 


6. Find the four 4th roots of — 1. 


Tf cos ¢ + isin ¢ =— 1, the given number, 
then g=7,37, 57,-+>. 

Also (cos¢@ + isin o)t =(- 1)t = the four 4th roots of — 1. 

k (2 . k(2 

But (cos ¢ + isin yt = (os! <Cai¢ +isin ete ’ 

where k= 9, 1, 2, or 8, and ¢=7, 37, d7,---. 
: 2k +1 .. (2k4+1)7r 
Therefore (cos ¢ + isin ¢)4 = cos ea + isin — us 
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Therefore 
(— 1)2 = cos™ + isin? = cos 45° + isin 45° = v2 +iv—-2, 


(= 1 = cos a: isin" = cos 135° + isin 135° =— }-V2 4 iV— 2, 


1 Mgt Go oe ON ke ae 5s a 
(—lt= Cos +4 = cos 225° + isin 225°= — 1V2 —tv-2, 
1 as Re les es rey PS 
— |= cos —— + 4 sin —— = cos. 315° + 7 sin 315° = FV 2— by — 2 
4 2 2 


7. Show that the sum of the three cube roots of 1 is 0. 


In § 157 the three cube roots of 1 are given: 


By addition, t—to4Ve-8= 4 — Ly ae ea 
8. Show that the sum of the five 5th roots of 1 is zero. 


In Ex. 4 the five 5th roots of 1 were found to be 
Vb =1 VO poVv5) tvs _V(10— 2-5) 
ip +74 1 +i ’ 


4 4 4 4 
1+¢V5_ , V10-2(V5) V5-1 _V G0 +2V5) 
4 4 Pas 4 i 


and the sum of these numbers equals zero. 


9, From Exs. 7 and 8 infer the law as to the sum of the nth roots of 1 
and prove this law. 

The sum of the n nth roots of 1 is 0. 

As shown in § 157, if we have the binomial equation 

oe — 0; 
x = the nth root of 1. 

But the second term, br” 1, does not appear in the equation z”— 1 = 0, 
that is, b= 0. The absolute value of b is the sum of the roots of the 
equation, that is, the sum of the n mth roots of 1 is zero. 


10. From Ex. 9 infer the law as to the sum of the nth roots of k and 
prove this law. 

The sum of the nth roots of k is equal to zero, 

The binomial equation eG 


has for its roots the n nth roots of k. The second term, ba”—-1, does not 
appear, hence b= 0. The absolute value of b is the sum of the roots of 
the equation, that is, the sum of the n nth roots of k is zero. 
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11. Show that any power of any one of the three cube roots of 1 is 
one of these three roots. 
From § 154 the three cube roots of 1 are 


cos 27 + 7sin 2 7 = cos 360° 4 isin 360°, (1) 
2 
cos = + isin 97 = cos 120° + isin 120°, (2) 
A ee TT rt 
cos —— + isin —— = cos 240° + isin 240°. (8) 
oO oO 


If one of these roots, say the second, be raised to the nth power, we 
have 


2 5 2m \” : ere tars ; 
(cos + isin =) = cos — isin” a ™ = cosn- 120° + isin n+ 120°. 
o 


If n= 2 we get root (8), if n= 3 we get root (1), if n=4 we get 
root (2), and as we increase the value of n, by making it 5, 6, 7 etc., 
the roots keep repeating. 


12, Investigate the law implied in the statement of Ex. 11 for the four 
4th roots and the five 5th roots of 1. 
From Ex. 2 the four 4th roots of 1 are 1, 7, —1, and —i. 


Any power of 1 =41. 
Any even power oft =—lor+l1. 
Any odd power of i =—ior+i4, 
Any even power of —1=+41. 
Any odd power of —1 =—1. 
Any even power of —i =—1 or 41. 


Any odd power of —i =+70r—4, 
From Ex. 4 the five 5th roots of 1 are 


cos 0° + isin 3 Sis ak (1) one ran Om (4) 
cos — + isin—, (2) 5 5 
5 5 Arr vee tele ; 
dee bag cos — + ¢sin-—.- (5j 
cos — + isin—, (3) 5 5 
5 5 


If we raise (2) to the nth power we have 
Die ene ea ENG GORGE ee WPS 
cos + 7sin — } = cos—— + ?¢sin . 
5 5 5 5 


If n = 2 we get (38), 
n = 38 we get (4), 
n = 4 we get (5), 
n= 5 we get (1), 
n = 6 we get (2). 
By giving n the values 7. 8 9.---. the values repeat. 
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Exercise 82. Roots of Numbers (Page 177) 
1. Find the three cube roots of 125. 


Let w, w”, w® be the three cube roots of 1. 
Then, by § 158, the three cube roots of 125 are 


5w, 5w?, Sw. 
But w=—}t+4v— 
w=—}-—Iv—- : 
Coe—ain 
. bw=— § + §V—8, 
5w=— §-— §V—3, 
iO? is 


2, Find the four 4th roots of — 81 and verify the results. 
— 81= 81(—1). 
Then, by § 158, the four 4th roots of — 1 may be represented by w, w?, 
w3, w*, 
Then the four 4th roots of — 81 will be 3w, 3 w?, 3 w3, and 3 wf. 
From Ex. 6, Exercise 81, the four 4th roots of — 1 are 


TV OV 2 Sev oad L/—2, Soe by V—2, and eee Gv aes 
cen ng ny fe! Se VaR By oe. 
80% =— 8-V2 4 3V—2, 3 wt Seve ens 


Verification : 


(8u)* = (§)*(V2)" (1+ Of = Fh. 4. (2H? = Fh. 4. (— 4) =— 81. 
(3 w?)t = (8)#(-V2)*(— 14 t= 81-4.(— 212 = 81.4.(—-4) = 81 
Bah stn (Vite ey cy ee 
(8 wt) = (3)4 (V2)4 (1 — #)4 = 84. 4.(— 2)? = 81.4.(—4) = 81 


3. Find three of the 6th roots of 729 and verify the results. 


Let w, w?, w? denote three of the 6th roots of 1, then 3 w, 3 w?, 3? will 
denote three of the 6th roots of 729. 
From Ex. 5, Exercise 81, three of the 6th roots of 1 are 


Hence 80=8+4+2V—8, 
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Verification : 


(3 w)8 = (5a +i1v3)°= oh + 3iV3 4 312(V3)*+ 03(V3)°P 


= e (— 8)? = 729. 
cowry = (2) 1 4 vay = Br sive + se OVA) 
729 
= (- 8)? = 120. 


(3 w3)6 = (— 3) = 729. 


4, Find three of the 10th roots of 1024 and verify the results. 


Let w, w?, w? denote three of the 10th roots of 1; then 2, 2 w?, 2 #3 will 
denote three of the 10th roots of 1024. 

It will now be necessary to find w, w?, and w?, 

If cos @ + isin d = 1, the given number, 
then ¢=0, 27,47,---. 

Also (cos¢ + isin )t0 = 110 = the ten 10th roots of 1. 


2 k (2 
But (cos @ + isin ¢)10 = eons ate + isin ( ahs se 
where k= 0,1, 2,>--,.or 9, and ¢= 0, 2a, 4ar,«--. 
Therefore 110 = cos a + isin = = cos 86° + isin 36°. 


4 ; 
4, te = cos 4a + isin us = cos 72° + Vsin. 72°. 
10 10 


6 és 
110 = cos be + isin ~ 7 — cos 108° + isin 108°. 
10 10 


*. 2w = 2(cos 36° + isin 36°), 
2w? = 2(cos 72° + isin 72°), 
2 w3 = 2(cos 108° + isin 108°). 
Verification : (2 w)!0 = [2 (cos 36° + isin 36) ]!° 
1024 (cos 860° + isin 860°) 
1024. 
(2 w?)10 = [2 (cos 72° + isin 72°)}!° 
1024 (cos 720° + isin 720°) 
= 1024. 
(2 w3)?0 = [2 (cos 108° + isin 108°) ]!® 
= 1024 (cos 1080° + isin 1080°) 
= 1024 


ll 


lI 


lI 
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5. Find three of the 100th roots of 1. 


If cos ¢ + ising = 1, the given number, 
then ¢=0,27, 477, ---. 
Also (cos @ + isin $)T00 = 1700 = the hundred 100th roots of 1. 
oe k(27)+@ ,.. k27)+¢ 
But 00 = cos —__—_— + isin ———_—_., 
ut (cos ¢@ + isin ¢)T 100 + 100 
where k= 0,1, 2, ---,) or 99, and ¢ = 0, 22, 47, ->-. 
2 2 
Therefore {ToT = cos polls + isin Ne 
100 100 


= cos 8.6° + isin 3.6° 
= cos 3° 86’ + isin 38° 36’ 
= 0.9980 + 0.0628 i, 
1 4a 4a 
1100 = cos —— + sin —— 
100 100 
cos 7.2° + isin 7.2° 
=FCOS 1 Lee Silene 
= 0.9921 + 0.12534, 


ll 


= cos 10.8° + isin 10.8° 
= cos 10° 48’ + isin 10° 48’ 
0.9823 + 0.18741. 


6. Show that, if 2 is one of the complex 7th roots of 128, two of the 
other roots are 2 w? and 2 w 


Let w, w?, w® denote three of the seven 7th roots of 1. Then 2, 2 w?, 
2 w® will denote three of the seven 7th roots of 128. 
Then (2 w?)7 = 27 wit = 128, 


and (2@8)T = 27 2" = 128. 


7. Show that either of the two complex cube roots of 1 is at the same 
time the square and the square root of the other. 


From § 157, we have given the two complex cube roots of 1, } 
cos 120° + isin 120°, @h) 
cos 240° + 7sin 240°. (2) 
(cos 120° + isin 120°)? = cos 240° + isin 240°. 
“. (2) is the square of (1). 
(cos 120° + isin 120°)? = + (cos 60° + isin 60°). 
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But cos 240° + isin 240° =— cos 60° — isin 60°. 
.. (2) is the square root of (1). 
In like manner, 
(cos 240° + isin 240°)? = cos 480° + isin 480° 
= cos 120° + isin 120°. 
. (1) is the square of (2). 
(cos 240° + isin 240°)? = + (cos 120° + isin 120°). 
. (1) is the square root of (2). 
8. Show that a result similar to the one stated in Ex. 7 can be found 
with respect to the four 4th roots of 1. 


In Ex, 2, s\xercise 81, the two complex 4th roots of 1 are given: 


2a ese Se 
cos eal + isin id i, (1) 
ood iererin ee (2) 

4 4 

eat 

(— i =i 

(— is =i 

(—ie =1 


9. Show that the sum of all the nth roots of 1 is zero. 
a = 1, or «” —1=0, contains the n nth roots of 1. In this equation 
the term ba” —1 is wanting, hence b = 0, and 0 in absolute value equals the 
sum of the n nth roots of 1. 


10. Show that the sum of the products of all the nth roots of 1, taken 
two by two, is zero. 

The equation «” —1=0 gives the n nth roots of 1. In this equation the 
term ,2”~7 is absent, hence b, = 0, and 0, is the sum of the product of 
all the nth roots of 1, taken two by two. 


Exercise 83. Properties of Logarithms (Page 183) 


Prove the following properties of logarithms as given in § 159, using b as 
the base : 
1. Properties 1 and 2. 
The logarithm of 1 is 0. 
Since ) 0 = 1, from the definition of a logarithm, log, 1 = 0. 
The logarithm of the base itself is 1. 
Oe—70. 
seelOo; Oral, 
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2. Property 3. 

The logarithm of the reciprocal of a positive number is the negative 
of the logarithm of the number. 

Let WV be any positive number and n its logarithm. 


life IN 

us = ine b-” 
N ie 

1 


a logs 5; =— n =— log, N. 


8. Property 4. 

The logarithm of the product of two or more positive numbers is found 
by adding the logarithms of the several factors. 

Let A and B be the numbers and « and y their logarithms. 


Let C—O ope 
y = log, B. 
Then pAN 10% 
B= vy. 
AB Oo 


lox AB=x+y 
= log, A + log, B. 
4, Property 5. 
The logarithm of the quotient of two positive numbers is found by 
subtracting the logarithm of the divisor from the logarithm of the 
dividend. 


Let x = log,.A, 
y = log, B. 
Then A = be, 
B= 0Y, 
A 
.. logs—=a2—y 


= log, A — logy B. 
5. Property 6. 
The logarithm of a power of a positive number is found by multiplying 
the logarithm of the number by the exponent of the power. 
Let A be the number and z the logarithm, Find A?. 


Let NO Spee 
then Ar O%; 
Raise both sides to the pth power, 
LAD 3 1D2. 


se) LOD APIs pe 
=p log, A. 


TEACHERS’ EDITION 413 


6. Property 7. 
The logarithm of the real positive value of a root of a positive number 
is found by dividing the logarithm of the number by the index of the root. 


Let i nlOS TEAS 
then Yak ret (0, 
1 2% 
Take the rth root, Ar=0'. 
1 
los, Ar 
r 
a log, A 
Pay 


Find the value of each of the following : 


7. 5! 
ayes Se ey Se GN Ne GE Se 5) IAN) 
8. 7! 
(VEN Seo 6 4510 G OSX 7 = 50405 
9. 6! 
Oil OW se GI SK ENS e le CO AU) 
10. 8! 
SX Ora OO GS) = 14.0,320: 
ky ION 


NOs These Bese BY Se CESS liye Se 1K be ORS IM CHOPA SND 
Simplify the following : 


1 
ree 
3! 
! ie 7 
Be ppt SUS Os TOS ONO 7004, 800. 
3! 1x2x3 
! 
ule 
8! 
WO! _1x2x38x4x5x6x7x8xIx10_ 
8! HK ois a Ox TCS 
! 
1 
5} 
TW _ix2x38x4x5x6x7_ go 
Bl "tix 28x 4x6 , 
! 
pee 
14! 
5! ! 5 
HERG Se 
14! 14! 
if 
iene. 
17} 


O!: 17!x 18x19 x 20 


= me = 6840. 
6 17! 
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2 
17, Find to five decimal places the value of ( +14 s + Pa a ‘ - 
1.00000 
2) 1.00000 
3} 0.50000 
4/| 0.16666 
5| 0.04166 
6} 0.00833 
7|0.00138 
0.00019 
0.00002 
2.71824 (2.71824)? = 7.38883. 


lee) 


teed + 
18. Find to five decimal places the value of (2 ~ Fi oa a +.-- ‘) : 
From Prob. 17, (2 + Be a - Bs ‘ — 2.71824. 
(2.71824)? = 1.64871. 
By the use of the series for cos x find the following : 
19. cos 4. 
E: Ge He ae 
cose =1— : av ET CAE 
cos } = 1— 0.125 + 0.0026 — 0.00002 = 0.8776 = cos 28° 39” 
20. cos } 
cos = 1— 0.0078 + 0.00001 = 0.9922 = cos 7° 10’. 


21. cos 2. 
cos 2 = 1— 2 4+ 0.66666 — 0.08888 + 0.00634 — 0.00028 


=— (0.41616 
= cos (180° — x) = cos [180° — (65° 24’ 28”) ] 
= cos 114° 85’ 32”. 
22. cos 0. ; 
cosO=I—S +P. j= l= cos 0" 
By the use of the series for sin x find the following : é 
23. sin 1. 
oe Come Commo 
pobae 31 See 
f il 1 1 
sin 1 Seat ee aries 
= 1 — 0.16666 + 0.00833 — 0.00019 
= 0.84148 


= SIMO Teal aoe 


TEACHERS’ EDITION 415 


24. sin 3. 
1)3 1)5 
cae els 
Ze e2 3! 5! 
= 0.50000 — 0.02083 + 0.00026 
= 0.4794 
= sin 28° 88’ 40”. 
25. sin 2. 
: ES ND OO) 
Sin Zicee2 Sear orn 
= 2— 1.833383 + 0.26666 — 0.02539 + 0.00141 
= 0.90935 
= sin 65° 24’ 45” or sin 114° 35’ 15”. 
26. sin 0. 


-=0=sin 0° or sin 180°. 


sind =0—2 + Y a 
oO: ‘ 


! 


By the use of the series for tana find the following : 


27. tan 0, 
. 225 : il epee 
15 815 
0 0 
tan 0 = 0 Sool) 
= 3 a as 315 
= ance 
28. tan 1. 
tanl=1+41] pte oie A AL 
= 1 0) "33333 + 0.133383 + 0.05396 + 0.02186 
= 1.5206 
=anoos 404124 
29. tan }. 
LG re 2A) ea) 
tan = 
ae oa Gam Re Uae 
= 0.5 + 0.04166 + 0.00416 + 0.00042 
= 0.54614 
= tan 28° 387 207. 
30. tan 2. 


WEY Sop ANT See Me 
a ian TT 315 
— 2 4 2.6666 + 4.2666 + 6.9079 
= 15.8411 
= tan 86° 29’ 16”, 
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Prove the following statements : 


STIG Cae ile 
From § 163, e= = cosx + ising. 
Let = 2 Mn. 
em = cos2m7 + isin27 = cos 860° 4 isin 360° = 1. 
Tee 33. em =V— 1, 
it 
sped os From § 164, 
From § 164, Gua 
Gere — Il Take the ith root of this 
a oes equation —- 
Then e2 =V—1=i : Tt Ee 
or ene ae 34, @ = V— 1. 
as 24 — e€ 27 
‘ 4 From § 164, 
7 « 
e@ 2t=j, Cl 
1 Take the wth root of this 
eel ati a i 
-€ v equation, Ny 


Given loge 2 = 0.6931, find two logarithms (to the base e) of: 


35. 


36. 


37. 


2. 
log N = log. N + 2k7i. 
log 2 = 0.6931 + 2 kai = 0.6931 4 27i or 0.6931 4 4 7i. 
4, 38. — 2. 
log N = log, N + 2 kai. —2= 2[cos(k 27+ m)+ 
log 4 = log 2? = 2 log 2 isin(k 2a +4 7)]. 
= 2(0.6931) + 2 ki vo, @l0g(—2) = cloge2 . @@k+1)ri 
= 1.3862 + 2 mi = elog.2 + (2k +1)nt, 
or 1.3862 + 4 zi. .. log (— 2)= log. 2 + (2k + 1) wi. 
V2. log (— 2) = 0.69314 (2k $1) zi. 
log N = log, N + 2k7i. Give k the values 0 and 1. 
log V2=1 log 2 Then 
= 3 (0.6931) + 2 ki log (— 2) = 0.6931 4 i 
= 0.8465 4 2 7i or 0.6931 + 3 zi. 


or 0.8465 + 4 vi. 


Given loge 5 = 1.609, find three logarithms (to the base e) of: 
39. 5. 
log N= log, N + 2k7i. 


log 5 = log. 5 + 2k7i = 1.609 + 2 wi, or 1.609 + 4 7i, or 1.609 + 6 wi. 


40. 25. loo N= log, N + 2kri. 


log 25 = log 5? = 2 log 5= 2 (1.609) + 2kai = 8.218 + 2 mi, 
or 8.218 + 477i, or 3.218 + 677i. 
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41, 125. 42, — 5. 
log N = loge N + 2kzi. — 5=5[cos(k2 7 + 7) 
log 125 = log 5 + isin(k27+7)] 
=8 log 5 .. elog—5 — elog,5 . e(2k+1)ni 
= 8 (1.609) + 2kzi = elogeS + Qk +1)ni, 
= 4.827 4 27i, . log (— 5) = loge5 + (2k + 1) zi 
or 4.827 + 4 zi, = 1.609 + zi, 
or 4.827 + 6 zi. or 1.609 + 3 zi, 


or 1.609 + 5 wi. 
Given loge 10 = 2.302585, find two logarithms (to the base e) of : 


od al log N = log. N + 2kmi. . 
log 100 = iog 10? = 2 log 10 
= 2(2.302585) + 2 kai 
= 4.605170 + 277i or 4.605170 + 4mri. 


Bee taes —10 =10[cos(k2a4 + 7) + isin(k2r +47). 
+, elog(—10) — elog,10 , e@k+1)7t 
— elog, 10 +(2k +1)m, 
». log (— 10) = loge 10 + (2k + 1) mi 
= 2.302585 + zi or 2.302585 + 3-71. 


B51 000. log N = log, N + 2kmi. 
log 1000 = log 108 = 3 log 10 
= 8 (2.802585) + 2 kai 
= 6.907755 + 2 ai or 6.907755 + 4 7i. 
46. V10. log N = loge N + 2 kai. 
log V10 = 08 102 = Slog 10 
= }, (2.302585) + 2kmi 
= 1.151292 + 27i or 1.151292 + 4 wi. 


47. From the series of § 162 show that 
sin(— ¢) =— sing. 


Aan 4  ¢ ¢ 
Reg? Tan By OT ” 
as 3 ho es 7 
sin(—9@)=-¢ - —* Per os aE 
= Ge GBP ght! ‘ 
See cen ayy (2) 


Add (1) and (2), sin(— ¢) + sing=0. 
sin(— ¢) =— sing. 
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48. Prove that the ratio of the circumference of a circle to the diameter 
equals — 2 log (i) =— 2tlogi. 


in 
From § 164, C7. 
Pn 
Hence E24 = 4% 
LE) 
e 21 — 4 
Tv 
e 2=i%. 
: T % 
Take logarithm, me log (#’). 


Exercise 84. Review Problems (Page 184) 


1, The angle of elevation of the top of a vertical cliff at a point 575 ft, 
from the foot is 32°15’. Find the height of the cliff. 


a é 
3 = tan 32° 157, @ = 575 tan 32° 15’. 


log 575 = 2.75967 
log tan 82° 15’ 8 
log a = 2.55967 


Il 
cS 


The height of the cliff is 8362.8 ft. 


2. An aeroplane is above a straight road on which are two observers 
1640 ft. apart. At a given signal the observers take the angles of ele- 
vation of the aeroplane, finding them to be 58° and 63° respectively. 
Find the height of the aeroplane and its distance from each observer. 


A035 = OO mnCe—nO4Os C = 180° — (63° + 58°) = 59°. 
a sina es 1640 sin 68° 


¢ sinc sin 59° 
log 1640 = 3.21484 
log sin 63° = 9.94988 
colog sin 59° = 0.06693 
log a = 3.23165 


a=1704.7. 
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6b sinB oe 1640 sin 58° 
¢ sind ~ sin 59° 
log 1640 = 3.21484 
log sin 58° = 9.92842 
colog sin 59° = 0.06693 
log b = 8.21019 
b = 1622.5. 
= sin 58°. h = 1704.7 sin 58°. 
log 1704.7 = 3.23165 
log sin 58° = 9.92842 
log h = 3.16007 
h = 1445.67. 


The height of the aeroplane is 1445.67 ft., and its distance from the 
two observers 1704.7 ft. and 1622.5 ft. respectively. 


3, Prove that (Vese x + cota — Vesea — cota)” = 2(csca —1). 


2 aOR 
(Vesea + cot z — Vesex — cota) = esex + cotx — 2V esc? x — cot? a 
+ cscxv — cotz 
= 2esex — 2-Vesc?a — cot? x; 


by [21], = 2esca —2V1+ cot?a — cot?e 
= 2 csexr — 2 
= 2(csex — 1). 


4, Given sinc = 2m/(m? + 1) and siny = 2n/(n? + 1), find the value 
of tan (x + y). 


: 2m | 4m? 
sing = ————. EN a mn Ae 
m+ 1 (m? + 1)? 
ae 2n eet ly 4n? 
siny = : sy = 4/1—— as 
n?+1 \ (n? + 1)? 
Bey f18 Nmot 2m /[: 4m? i 2m 
oie — ci (Pra SU 
YeL18]; m2 +1 (m2+4+1)?] 9 m?—-1 
fet Qn /[: 4n? i 2n 
AN) = — —— = : 
ne +1 (n? + 1)? n?—1 
2m 2n 
m2—1 n?—1 
By [26], tan(z + y) =-—— 


2m 2n 


L—— ~ + — 
m?—1 n?—1 


_ 2m(n? — 1) + 2n(m? — 1) 
(m2 — 1) (n? — 1) — 4mn 
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5, Find the least value of cos?z + sec?z- 

Whatever the value of x, cos?a and see?z are positive. Sec?x is never 
less than 1, and cos? is never less than 0. From the graphs in Ex. 25, 
Exercise 75, the smallest value of cose +secz is when c=0. Then 
cos — ieeandesecm —al. 

When x = 0°, cos*z + sec?a = 2. 


6. Prove that 1 — sin?x/sin?y = cos?a(1— tan?z/tan?y). 
1— sin?a/sin? y 
»2 
1 ery 


iy CSC7& 
= 1+ cot?y 
1 +.cot?z 


il 
i eee 
= tan?y _ 1 1+ tan?y tan? 
1 tan?y 1+ tan? 
tan? x 
_ tan?y—tan?e _ 1 1 tan?2 
tan? y (1 + tan?) ~ 14 tan2z tan? y 
ma 1 tan? =) 
sec tan2y 
: tan?z 
= eos? a (1 — “). 
tan? y 
7. Prove this formula, due to Euler: 
tan—1}+4 tan-1L=1 7. 
Let. @= tan-13, 8=tan-1I. 
Then tana = $, tang= 4. 
eum @ede ‘uel ae 5 
Bys(26i tana wie) ex ee ee eee ey 
l—taneatan8 1-3-4 32 
. @-+ B= tan=11= 27. 
8. Prove that cot }x — cotr=csea. 
s0t? La — 
By [88], cot }2 — cotx = cot Ja — ce pe 
: 2 cot ha 
cot? be +1_ ese? bx 
2cothaz 2 cot hx 
x 1 * 1 
cos ka 2sin La ‘ 
5 ee ae sin $a cos}a 
sin Da ; 
‘ 1 
by [30], = —— = cseg, 


sin x 
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9. Prove that (sing + icosz)" = cosn(}m— 2) + isinn(}m— 2). 
sing = cos(47—2z). 
cos & = sin (4a — 2). 
Hence sinz + icosz = cos($}a7— a) + isin(}m— 2). 
“. (sing + i cosx)” = [cos($ m7 — x) + isin(}m— a) ]” 
= cosn(}a7— 2) + isinn(}a7— 2). 
10, Show that logi = } zi, and that 
log (— i) =— 3m. 
From § 164, e7m™=— 1, 
rs 


Take square root of each side, e2 = V—1=i. 


Take logarithm of each side, = = log7. 


LOS mates 
2kn —- = 
—-i= cos (2 km — *) + isin (2m — *) = Aca st 
Take logarithms, log (— i) = (2 kar — 2) Za 


If k = 0, we get the principal value of log (— 7); that is, 

log (— i) =— } zi. 

11. Through the excenters of a triangle ABC lines are drawn parallel 
to the three sides, thus forming another triangle A’B’C’. Prove that 
the perimeter of A A’B’C’ is 4 Rcot} A cot } Bcot } C, where R is the 
radius of the circumcircle. foul 

Given the A ABC with excenters £, 
EK’, E”. Draw a line through £ par- 
allel to AB, a line through KH’ 
parallel to BC, and a line 
through HE” parallel to AC, 
these three lines forming 
the A A’B’O’. 

Draw ALE’ intersecting 
BC at M. By Geometry ye k 
AE’ bisects the ZA. Qh ca E C2 

By §118, AABM=j)cAMsin} A, and AACM=}bAMsin} A. 

» AABM+ 4 ACM=S=3(6+c)AMsin} A. 


cs GY See ma ale 
(6+ c)sn }A 
abe 
By § 118, S = —. 
se aR 
abe 


~2R+ec)sin} A 
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AK’ 
Fi 
» AH’ =7 esc} A = 48h cos $ Boos $C. 
Since B’C’ and BC are parallel, & AA,A, and ABC are similar. 
Aj An Ads _ 4 cos } B cos $C 
a AM abe 
2R(b+c)sin}A 
_4Reos$ Boos} C-2R(O+ec)sin$A _2Reos} Boos} C-(6+¢) 
abe be cos $ A 
_ 2 Racos}B cos }C-(b + ¢) 


Now 


= ese Ay 


0 Al Al, 
apa be cos } A 

_2Ra(b+c)_ j{s(s—b) x § b=) be 
ei be ac ab s(s — a) 
SU poet ee 
me abe s =a 
& 2 abe (b + ¢) [s(s— d)(s—c) _ a(b+ ¢) 

4 bc V's (s — a) (s — b) (8 — ¢) sS—@ 2(8 — a) 

Similarly, B, Behe o. and een ee 

A 2) So (se) 


By means of equal angles and parallel lines it is easy to prove that 
A,E’= A,B=B‘C,, c’ 

and AN IF = Zl 0) ss OM I8% 

“ A,A, = AE’ + A, Ee’ 

— BAGo Oa B 


Sinilarly, 
B,B, = B,E’ + B,E” 
1 OeAlnet eA Onn 
and C,C,=C,#+C,E 
= A'B,+BA,. 4” CG ee Coen 
“A, A,+ B,B,+ 0,0, = BC, + 0B, + C’A,+ AC, 4+4’B, 4+ BA, | 
= BC, + A’C, + BA, + C’A, + CB, + A’B,. 
“ A,A, + BB, + CC, = 4 (a' + 0’ +c’. 
.&@+Y 4+ e'=2(4,4,4 BB+ €,C,) 
7" 2( oe +c) i b(a +c) a c(a+b)]_a(b + ¢) 4 b(a+ec) , e(a+ 5) 


2(s—a) 2(s— bd) ea s—a s—0b By $s—Cc 
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2a(b+ec)  2b(a+c) , 2c(a+b) 


OH SE iy he (eee 
b+c—a PEM a+b—ce 


a 4 abe + 4ab2e + 4 abe? rs 4 abe (a + b +) 
ae (b+ ¢—a)(a—b+c)(a+b—c) 


4 abe. aves 
2(s—a)- = 2620) ~ (§—a)(s—b)(s—e) 


abe 


Now, by § 118, 4R= 


Vs (s — a) (s — b) (s — c) 


| s(s—a) 1) ¥s($ —b) 
Also, by § 115, cot}. A = y/— COU DB — see e, 
4 oe: VG—d 6-9 eae VG—a(s—e) 
and cotlC= pera!) 


V(s—a)(s—d) 


* 4R cot $A cot }Beot }C 


oe abe AD) s(s—b) |__s(s—c) 


- V's (s—a)(s—b) (s—c) (s—6)(s—c) Vers \ (s—a)(s—l 


abe V's? = abes 


V (s— a)? (s —b)* (s—c)? (s— a) (s—b)(s—c) 


«bes 
(s — a) (s — b) (8s —c) 
 U+04+c=4R cot tA cot} Becot LC. 


But, as above, wW+U’4+c= 


12. Given two sides and the included angle of a triangle, find the pei 
pendicular drawn to the third side from the opposite vertex. 


Given ZA and sides} andc. Find the 1 AD to the side a. 
3 Cu SO Are 

b—ec_ tand(B— C) 

b+e tan (B+ Oo); 


By [49], 


ZC can be found from this equation. 


eo =<sin. ©. 
b 


0, AUN csin Oe 
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18. To find the height of a mountain a north-and-south base line is 
taken 1000 yd. long. From one end of this line the summit bears N. 80°E., 
and has an angle of elevation of 13° 14’; from the other end it bears 
N. 48° 30’ E. Find the height of the mountain. 


In the oblique A ABC, JE Fs nS) GM ie 
Z B= 180° — 80° = 100°, 
se AG SON 


Ci 10008 
a_ sind 
¢. sing 
rea 1000 sin 43° 307 
sin 36° 50’ 
log 1000 = 3.00000 


log sin 43° 80’ = 9.83781 
colog sin 36° 80° = 0.22561 


log a = 8.06842 


In the right triangle BDC made by h and the line from B to the top of 
the perpendicular A, 


ZB= 13° 14" 


h ; 
—= tan 13°14’. 
a 


h= a tanl3vt4. 
log a = 3.06342 
log tan 13° 14’ = 9.37137 
10g h = 2.43479 
h= 272.14 yd. 


The height of the mountain is 816.42 ft. 


14. The angle of elevation of a wireless telegraph tower is observed 
from a point on the horizontal plane on which it stands. At a point 
a feet nearer, the angle of elevation is the RB 
complement of the former. At a point b fect 
nearer still, the angle of elevation is double 
the first. Show that the height of the tower 


is [(a +d)? — Larye. 


Let AB= vx denote height of tower. 


> pr © 90-h 
PEs a C\ 

P , " 
PoP oo b. P ie A 
PAA in 


¢, 90° — p, and 2 ¢ the three angles. 
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x 


Then tani 
gp Pelee ? (1) 
£ 
tan (90° — ¢) = 
(0° — *=— @) 
&@ 
tan2¢=-—. (3) 
y 
From (2 Cig a=. 
(2), ae 
* tan P= BAY 
x 
But tan ¢ = ene ea) 
atb+y 
, Osea x 
Ce) Eee 
e=(b+y)\(a+b+y). (4) 
20 
From (8) and (1), tan2¢= pa = esol me 
1— tan?¢ 1 ( ie y y 
a+b+y 
Dig (Ca) ee 
atbt+y (atbt+y)?—2 y 
2(a+b+y)y=(a+b+y)2?— 22. 
r=(a4+b b—y). 
From (4) and (5), ONC ”) (9) 
O+y)(a+tb+y)= (a+tb+y)(a+b—y). 
(a+b+y)(a—2y)=0. 
a 
.y=-- } 
Ti (6) 
Substitute ; for y in (5), x= (« +b+4 (« 26) 3) 
a 
= (4 b)2 —_— 
(a + d) ri ; 
© = [(a +d)? — 1 a?]2. 
The value y =— (a+) is inadmissible from the conditions of the 
problem. 
Prove the following formulas : 
isis PCOS == Worse, aan ls 
By [16], 2 cos*a = cos?.x + (1 — sin2z) 


= cos*x — sin?a + 1; 
2 ees Eira 
by [32], =cos2x+41. 
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16. 2 sin’?’2 =— cos2a4+4+1. 


By [16], 2 sin2x = sin? + (1— cos*z) 
=— (cos?z — sin?z) +1; 
by [82], =— cos2z¢+1. 


17. 8costz = cos4za+4cos2e+4 38. 


8 costa = 2 (2 cos?x) (2 cos*z) ; 


by Ex. 15, = 2(cos2« + 1)? 
= 2cos?27+ 4cos2a42; 
by Ex. 15, =cos4x+44cos2e4+4 8. 


18. 4cos?w = cos8a4 4+ 3 cosa. 


4 cos?x = 2 cosa 2 cos? x ; 
’ 


by Ix. 15, = 2 cos% (cos 2a + 1) 
= 2cosxzcos2a4 + 2cosz; 
by [44], =cos3a24+ cosx + 2cosz 
= cos3z+4+ 8cosa. 
19, 4sin?s =— sin8a2 + 8sinza. 
4 sinc = 2 sina (2 sin?2z) ; 
by Ex. 16, = 2 sinz(1— cos 22) 
= 2sinz —2sinzcos272; 
by [43], = 2 sine — (sin 3a — sin@); 


=— sinda-+ 3sing. 
20. 8sintx = cos4a — 4cos2z + 3. 
8 sinta = 2 (2 sin?@) (2 sin?) ; 
by Ex. 16, = 2(1— cos 2“)? 
=2—4cos2a 4+ 2 cos?2a° 
by Ex. 15, = cos4% —4cos2z +438. 
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Exercise 85. Formulas of Right Triangles (Page 195) 


1, From the formula cos¢c = cosa cosh show that the hypotenuse of a 
right spherical triangle is less than 90° if the two sides are both less 
than 90° or are both greater than 90°. 


If a and 6 are both < 90° or both > 90°, cosa and cosb have the same 
sign. Hence cose is positive, andc < 90°. 


2. As in Ex. 1, show that the hypotenuse is greater than 90° if one 
side is greater than 90° and the other side less than 90°. 


If a and b are unlike in kind, that is, if one is > 90° and one < 90°, 
cosa and cosb have opposite signs. Hence cosc is negative, and ¢ > 90°. 


3. From the formula cos A = cosasin B show that in a right spherical 
triangle an oblique angle and the opposite side are either both greater 
than 90° or both less than 90°. 

B< 180°. 
.. sin B is positive. 

Hence the sign of cos A is the same as the sign of cosa, and both must 
be greater than 90° or both less than 90°; that is, alike in kind. 


From the formulas on pages 1938-195 state the inferences to be drawn 
respecting the values of the other parts when: 


4 c= 90°. i, GS OU, 
If C= If Ga 30es 
(1) becomes 0 = cosacosb. (6) becomes 
*, cosa or cosb=0. cosA = 0 x sinB=0. 
= a or b= 90°. pea —19 Que 
If a= 90°, (6) becomes Hence, from § 172 (2), since C is 
cosA = 0 x sin B= 0. a vight angle, and 
nyt = "902; 75) == ONE. 
Hence, from § 172 (2), it follows that C= (=o, 
since (C903 and 13} => (0), 
Bi=0% 
Similarly, if b= 90°, A=a. 
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Gai 907. 


If Din Os 
(7) becomes 
cosB=0 x sind = 0, 


BED == 0S 
Hence, from § 172 (2), 
since CX=2 902% 
it follows that Ci == 2008 
and A= Gs 
fo C=) 
If Cha 
(2) becomes sina = sina sin A. 
Sinead — ile 
#, A= 908; 
Hence, from § 172 (2), 
since Ce 00a. 
it follows that CEO SANUS, 
and Bi=<0. 
Saa="'0 
If 05 


(2) becomes sina = sinc sind, 
sing = sine sin B. 
-, sin A = sin B. 


nau eye 


(8) becomes 
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9FeA 200: 

From § 172 (2), 
since C002, 
it follows that C= C= 90°, 
and ee lip 


10."e= 90° anda: = 90". 


We have C— cr — O00 
and Ge 902. 
Hence (2) becomes 
11 esin Ae 
Co gvbiee! = at, 
al OOo 
By §172 (2), B=b. 


dar — 902 andi 007. 


We have Gi 10 == 9008 
and C902, 
Since a= 90°, 
by Ex. 5 Ags Oe: 
Since O=002) 
by Ex. 5 Be==90% 
and C= 00 
That is, (i= 0200" 
and ise Oe ON en 


Exercise 86. Spherical Triangles (Page 197) 


Deduce eight of the formulas on page 191 by means of Napier’s rules, 


luking for the middle part : 


lia: sin @ = cos (Co-c) cos(Co-A). 
= sind =sinesin dA. (2) 
sina = tan b tan (Co-B), 
*, sina = tanb cot B. (9) 
&, 0, sin b = cos(Co-c) cos (Co-B), 
. sind = sinc sin B, (3) 


sin b = tan a tan (Oo-A). 


. sinb= tana cota, (8) 
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3, Co-B. sin (Co-B) = cosb cos (Co-A). 
*. cos B = cosb sin A. (7) 
sin (Co-B) = tan a tan (Co-c). 
*. cos B = tana cote. (5) 
4, Co-A. sin (Co-A) = cosa cos (Co-B). 
. cosA = cosasin B. (8) 
sin (Co-A) = tan b tan (Co-c). 
.. cosA = tan b cote. (4) 
By Napier’s rules deduce the following : 
5. cos B= tana cot c. 6. sina = tand cot B. 
sin (Co-B) = tan a tan (Co-c). sina = tan b tan (Co-B). 
. cosB = tana cote. “. sina = tanb cot B. 


7. What do Napier’s rules become if we take as the five parts of the 
triangle the hypotenuse, the two oblique angles, and the complements of 


the two sides ? 


Each part will be replaced by its complement, and every function 


will be replaced by its complementary function. 
Therefore, Napier’s rules become 


1. The cosine of any middle part is equal to the product of the cotangents 


of the adjacent parts. 


2. The cosine of any middle part is equal to the product of the sines of the 


opposite parts. 


8. Solve a spherical right triangle, given a, b, and c. 


From sina = sine sin A, we find A. 
From cos B= tana cotc, we find B. 
C= 90°: 


9, Solve a spherical right triangle, given A, B, and c. 


From sina = sine sin A, we find a. 
From sinb = sine sin B, we find 6. 
=O) S. 


10, Solve a spherical right triangle, given A, a, and 6, 


From cos B = cosh sin A, we find B. 
From cos¢ = cosa cosb, we find c. 
Ci B02, 
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Find the number of degrees in the sides of a spherical triangle, given the 
angles of its polar triangle as follows : 
Ibi, te, Wes GEE 
a@ = 180°— A’ = 180° — 829 = 98>. 
O18 02 Be S02 aioe. 
Oe C7 Saat Se IE 
12. 844°, 813°, 72}°. 
a = 180° — A’ = 180° — 84}° = 95}°. 
b = 180° — B’ = 180° — 813° = 981°. 
¢ = 180° — C’ = 180° — 722° = 1072°. 
18. 78° 80’, 89°, 102°. 
a = 180° — A’ = 180° — 78° 80’ = 101° 30’. 
C= 1802 B18 0l 8 0o ee Oe: 
¢ = 180° — G’=180° — 102° = 78°. 
14, 83° 40’, 48° 57’, 103° 43”. 
@ = 180° — A’ = 180° — 88° 40’ = 96°20’. 
Di S00 = Be = 18024325 el Olle 
c = 180° — C’ = 180° — 108° 43’ = 76°17’. 
15. 96° 87’ 40”, 82° 29’ 30”, 68° 47’. 
a = 180° — A’ = 180° — 96° 837’ 40” = 83° 22’ 20”. 
b = 180° — BY = 180° — 82° 29’ 30” = 97° 30’ 30” 
c¢ = 180°— C’ = 180° — 68° 47’ ea ahlOaey,, 
GH ASP OAS, CRY BMC ffs a Bi) 
a = 180°— A’= 180° — 48° 29’ 837” = 136° 80’ 23”, 
b= 180° — Bo = 1802 — 98° 227534 = 819 3T4 ie 
¢ =180°— 0’ = 180° — 87° 36’ 39” = 92° 23’ 21”, 


Find the number of degrees in the angles of a spherical triangle, given the 
vides of the polar triangle in Exs. 17-20: 
17. 68° 42’ 89”, 98° 48’ 7’, 89° 38’ 14”. 
A= 180° — a7 = 180° — 687424394 = TIS aie 
B= 180° — bf = 180° — 98°48" 74 = 86° 11453 
C = 180° — c’ = 180° — 89° 38’ 14” = 90° 21’ 46”. 
18, 78° 47’ 29”, 106° 86’ 42”, a quadrant. 
Ar= 80% a7 = 1802 97182472294 Ole 12 eS e 
B = 180° — b’ = 180° — 106° 36’ 42” = 78° 23’ 18”. 
C = 180° — c’ = 180° — 90° = 90°. 
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19, 111° 29’ 43”, a quadrant, a quadrant. 
AGA 802 a 802 OAR a= OSU SOT, 
B= 180° — b’ = 180° — 90° = 90°. 
C= 180° = & = 180° — 90° =-90°. 


20. A quadrant, half a quadrant, three fourths of a quadrant. 
A = 180° — a’ = 180°— 90° = 90°. 
B= 180° —  =180°— 945° = 185°, 
C = 180° — ec’ = 180° — 673° = 112}. 


21. The angles of a spherical triangle are 70.5°, 80.7°, and 101.6° 
Find the sides of the polar triangle. 
wv =180° — A = 180° — 70.5° = 109.5°. 
(67 OP Te MY DS Ss CUB 
c’ = 180° — C = 180° — 101.6° = 78.4°. 


22. The sides of a spherical triangle are 40.72°, 90°, and 127.83°. Find 
the angles of the polar triangle. 
A’ = 180° — a= 180° —  40.72° = 139. 28°. 
B’ = 180° — b = 180° — 90902; 
C7 = 180° — ¢ = 180° — 127.83° = 52.17°. 
23. Show that, if a spherical triangle has three right angles, the sides 
of the triangle are quadrants. 
Each vertex is the pole of the opposite side. Tach side is therefore 90°. 


24, Show that, if a spherical triangle has two right angles, the sides 
opposite these angles are quadrants, and the third angle is measured by 
the opposite side. 

Let ABC be the triangle, and 

Jo} = (0! = Oe 

Then A is the pole of a. Therefore b and ¢ are quadrants, and the 
angle A is equal to the side BC measured in degrees. 

25. How can the sides of a spherical triangle, measured in degrees, be 
found in units of length, when the length of the radius of the sphere 
is known ? 

Since the sides of the triangle are arcs of great circles, every degree 


fal : : 277 ; 
of are is —— of the circumference of a great circle, or ——, where r is 
360 36 
the radius of the sphere. Hence, to find the length of a side, multiply 
7 ar 


2 


its measure in degrees by —— or —~ 
. 360 180 
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Exercise 87. Given Two Sides (Page 199) 


Solve the following right spherical triangles, given: 
Tea 3 0220 Oe, Soe Tae. 


cos¢ = cos a cosb. 
log cos a = 9.93753 
log cos b = 9.80807 
log cos ¢ = 9.74560 
C= 560107 257 


sinb=tanacotA. 


tana = sinbtanA. 
tan A = tana cscb. 
log tan a = 9.76144 
log esc b = 0.11575 
log tan A = 9.87719 
ABP Oe 


sina = tanb cot B. 


tan B = tanb csc a. 
log tan b = 10.07619 
log esca = 0.30103 
log tan B = 10.37722 

B= 67° 14’ 23”. 


= 40°, b = 60°. 


cos¢ = cosa cosb. 
log cos @ = 9.88425 
log cos b = 9.69897 
log cos ¢ = 9.58322 
C= 612 2874575 


sind = tana cot A. 


tan A = tana cscb. 
log tan a = 9.92381 
log esc b = 0.06247 
log tan A = 9.98628 
A = 44° 5’ 438”, 
sina = tanb cot B. 
tan B = tan b csc a. 
log tan b = 10.28856 
log esca = 0.19198 
log tan B = 10.48049 
B = 69° 38’ 22” 


cosc = cosa cosb. 
log cosa = 9.84949 
log cos b = 9.48998 
log cos¢ = 9.33947 
Ch 22497 


sinb= tana cota. 
tan A = tana cscb. 
log tan a = 10.00000 
log eseb = 0.02179 
log tan A = 10.02179 
Av 46° I6F12 4 
sina = tanb cot B. 
tan B= tanbesca. 
log tan b = 10.48822 
log esea = 0.15051 
log tan B = 10.63873 
Bik gaia. 


4. a = 56°, b = 78°. 


cosc¢ = cosa cosb. 
log cos a = 9.74756 
log cos b = 9.31788 
log cose = 9.06544 
O= 8825197 257. 
sinb = tana cot A. 
tan A = tana cscb. 
log tan a = 10.17101 
log escb = 0.00960 
log tan A = 10.18061 
A = 56° 35’ 4”. 


sina = tanb cot B. 
tan B= tan bd ese a. 
log tan b = 10.67253 
log esca = 0.08148 
log tan B = 10. 75396 
Br 807062428 
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Dredi—=1089, 0808 
cos¢ = cosa cosb. 
log cos a4 = 9.65705 
log cos b = 8.71880 
log cosc = 8.37585 
c = 88° 38 19”. 
sind = tanacota. 
tan A = tana cscb. 
log tan a = 10.29283 
log escb = 0.00060 
log tan A = 10.29343 
At Cowie O 4a. 
sina = tand cot B. 
tan b = tanbesea. 
log tan b = 11.28060 
log esc a =_ 0.05012 
log tan B = 11.33072 
(Bra Sele 8c 


Gnd@— 08, 0 — 93°, 
cos¢ = cosa cosb. 
log cos @ = 9.57358 
log cos b = 8.71880 (n) 
log cos ¢ = 8.29238 (n) 
C= OIZIE24e, 


sind = tanacotA. 
tan A = tanacscb. 
log tan a = 10.39359 
log escb = 0.00060 
log tan A = 10.39419 
A= 68217 897. 


sina = tan) cot B. 
tan B = tanb esea, 
log tan b = 11.28060 (n) 
log ese a@ = _ 0.08288 
log tan B = 11.31843 (n) 
B = 92° 46’ 55”. 
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he) =)715°1b = 1982: 
cos c = cosa cosb. 
log cos a = 9.41300 
log cosb = 9.14356 (n) 
log cos ¢ = 8.55656 (n) 
C9223 AO 2E6 
sinb = tana cota. 
tan A = tanacscb. 
log tan a = 10.57195 
log escb = 0.00425 
log tan. A = 10.57620 
AbD US Allie 
sina =tanbcotB. 


tan B = tand esea. 


log tan b = 10.85220 (n) 

log esca = 0.01506 

log tan B = 10.86726 (n) 
Be ie 437 o1e, 


Sing = 8220 == 1002. 
cosé¢ = cosa cosh. 


log cosa = 9.14856 

log cos b = 9.23967 (n) 

log cos ¢ = 8.88323 (n) 
Om ODES BG 


sinb = tana cota. 
tan A = tana csc 0. 
log tan a = 10.85220 
log esc b = 0.00665 
log tan. A = 10.85885 
PSM (AMI 


sina = tanb cot B. 
tan B = tanb esc a. 
log tan b = 10.75368 (n) 
log csea = 0.00425 
log tan B = 10.75793 (n) 
B = 99° 64/17”. 
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Ch Gi CB (0 IPS, 
cosc = cosa cosb. 


log cos a = 8.94030 (n) 

log cos b = 9.69897 (n) 

log cos ¢ = 8.63927 
C= Pay 


sinb = tana cota. 
tan A = tanacscb. 
log tan a = 11.05805 (n) 
log eseb = 0.06247 
log tan A = 11.12052 (n) 
A = 94° 19’ 58”. 
sina = tand cot B. 


tan B = tan 6 csc a. 


log tan b = 10.238456 (n) 
log esca = 0.00166 
log tan B = 10.24022 (n) 


J53 == Ne Bee IY 


LOM a= 120250 ae: 
cosc = cosa cosb. 


log cos a = 9.69897 (n) 
log cos b = 9.68557 (n) 
log cos¢ = 9.38454 


C = 75° 58’ 18”. 


sinb = tana cotA. 
tan A = tana cscb. 
log tan a = 10.23856 (n) 
log cseb = 0.05818 
log tan A = 10.29674 (n) 
Fils WGP A ABW, 


sin a = tanb cot B. 
tan B = tan b esc a. 
log tan b = 10.25625 (n) 
log esca = 0.06247 
log tan B = 10.31872 (n) 
B = 115° 88’ 35”. 


Il. G= 36° 276) b = 482 32-31 
cosc = cosa cosb. 


log cos a = 9.90546 
log cos b = 9.86026 
log cose = 9.76572 

C42 200 


sinbd=tanacotA. 
tan A = tanacscb. 
log tana = 9.86842 
log eseb = 0.16185 
log tan _A = 10.03027 
A = 46° 59’ 48”, 
sina = tanb cot B. 


tan B = tanb esca. 
log tanb= 9.97789 
log csea = 0.22613 
log tan B = 10.20402 
B= Dr OOClOm. 
12._a = 86° 40’, 6 = 82° 40’. 
cosc = cosa cosb. 
log cos a = 8.76451 
log cosb = 9.92522 
log cos¢ = 8.68973 
C= S12 Mes 0 


sinb = tana cotA. 

tan. A = tana cscb. 
log tan @ = 11.23475 
log cseb = 0.26781 
log tan A = 11.50256 

PAG 88 2neoSa. 


sina = tan cot B. 
tan B = tan b ese a 
log tan b = 9.80697 
log esc a = 9.00074 
log tan B = 9.80771 


B = 32° 42’ 39” 
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13. a = 50°, 6 = 36° 54’ 49”. 
cosc = cosa cosb. 


log cos a = 9.80807 
log cosb = 9.90284 
log cose = 9.71091 


C2092 462677, 


sinb = tana cota. 
tan A = tana csob. 
log tan a = 10 07619 
log cseb = 0.22141 
log tan A = 10.29760 
AS= 68715 13% 
sina = tanb cot B. 
tan B = tan b ese a. 
log tan b = 9.87575 
log ese a = 0.11575 
log tan B = 9.99150 
BSNS Vo 


14. a = 120° 10’, b = 150° 59’ 44”. 
cos¢e = cosa cosb. 
log cos a = 9.70115 (n) 
log cosb = 9.94180 (n) 
log cose = 9.64295 
¢ = 68° 65’ 43”, 
sinb = tana cot A. 
tan A = tana csc b. 
log tan a = 10.23565 (n) 
log eseb = 0.31487 
log tan. A = 10.55002 (n) 
A = 105° 44’ 21”, 


sina = tanb cot B. 
tan B = tanbesca. 
log tan b = 9.743883 (n) 
log ese a = 0.06820 
log tan B = 9.80703 (n) 
Bis (OO eas 


sy Gh Ss PR? SY 0 = lO GEY, 
cos¢ = cosa cosb. 


log cos a = 9.96639 
log cos b = 9.79047 
log cos¢ = 9.75686 


¢ = 65° 9 337, 


sinb = tana cota. 

tan A = tanacscb. 
log tan a = 9.61188 
log ese b = 0.10416 
log tan.A = 9.71604 


A SSP WN AS 


sina = tanb cot B. 

tan B = tanb ese a. 
log tan b = 10.10537 
log ecsca= 0.42172 
log tan B = 10.52709 

IDeS IS? BIC MO 


Ws Ces UeO UG Si Ss IO I, 
cos¢ = cosa cos. 
log cos a = 9.98638 
log cosb = 9.97491 
log cos ¢ = 9.96129 


C252 00% 


sinb = tanacota. 
tan A = tana csc bd. 
log tana = 9.40562 
log esc b = 0.48117 
log tan A = 9.88679 


A = 87° 36’ 55”. 


sina = tanb cot B. 
tan B = tan b esc a. 
log tanb = 9.54390 
log esca = 0.60801 
log tan 6 = 10.16191 
B = 54° 49/ 20%, 
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Loe Ole rOe— ro 2o ail 
cosc = cosa cosb. 


log cos a = 9.92769 
log cosb = 9,92514 
log cos¢ = 9.85283 


c = 44° 83’ 18”. 


sinb = tana cotA, 
tan A = tana cscb. 
log tana = 9.79840 
log escb = 0.26761 
log tan A = 10.06601 
A = 49°20° 16”. 
sina = tanb cot B. 


tan B = tanb esc a. 


log tanb = 9.80725 
log csea = 0.273892 
log tan B = 10.08117 


B= 50° 19’ 24”. 
18, a=1382°14’ 12”, b =79° 1338”. 


cosc = cosa cosb. 


log cos a = 9.82750 (n) 

log cosb = 9.27164 

log cose = 9.09914 (n) 
C= O12 138747, 


sinb = tanacotA. 
tan A = tanacscb. 
log tan a = 10.04196 (n) 
log eseb = 0.00772 
log tan A = 10.04968 (n) 
A = 181° 43’ 48”, 


sina = tanb cot B, 

tan B = tand esc a, 
log tan b = 10.72064 
log csca = 0.18055 
log tan B = 10.85119 


B= 812 bSeo40, 


19 Gi 222'07 50 02 Zi Ue 
sinb = tanacotA. 
tan dA = tanacscb. 
logtana= 8.54639 
log esecb= 2.10224 
log tan A = 10.64863 
A=T7P 2Y 34%. 
sing = tand cot B. 
tan B = tanb cse a. 
log tan b = 7.89777 
log ese a = 1.45388 
log tan B = 9.35165 
B = 12° 39’ 557. 


cosB = tana cote. 
tane = tana sec B. 
log tan a = 8.54639 
log see B = 0.01070 
log tance = 8.55709 
C= 237564 
20. a= 20° 20’ 20”, b = 15°16’ 50” 
cose = cosa cosb. 
log cosa = 9.97204 
log cos b = 9.98437 
log cose = 9.95641 
c = 25° 14’ 40”, 


sinb=tanacotA. 
tan A = tanacscb. 
log tana = 9.56900 
log cseb = 0.57915 


log tan. A = 10.14815 
FARO AU Saale 


sina = tanb cot B. 

tan B = tanb cse a. 
log tan b = 9.48649 
log esc a = 0.45896 
log tan B = 9.89545 

B= 389107 97% 
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21, How many degrees are there in the are of a great circle drawn 
from a point on the equator in longitude 40° E. to a point on the prime 
meridian in latitude 40° N. ? 

cos¢ = cosa cosh 
= cos 40° cos 40°. 


log cosa = 9.88425 
log cosb = 9.88425 
log cos ¢ = 9.76850 


OSTEO Ce 


22. Greenwich lies on the prime meridian 51° 28’ 38’ N. The are of a 
great circle drawn from Greenwich to a point on the equator in longitude 
25° W. makes what angle with the equator ? 

Gi 252 10s O 280384. 
B= the required angle. 
tan B= tanb ese a. 
log tan b = 10.09904 
log csea = 0.37405 
log tan B = 10.473809 
Jaf (LOOX ie 


23, The arc of a great circle drawn from Greenwich to a point on the 
equator in longitude 150° E. makes what angle with the prime meridian ? 
Gp WAY (ata Wer Stee 

A = the required angle. 
tan A = tana csc db. 
log tan a = 9.76144 (n) 
log esc b = 0.10660 
log tan A = 9.86804 (n) 
A = 148° 34’ 25”. 


24. How many degrees are there in the arc of a great circle drawn from 
a point on the equator in longitude 0° to a point in longitude 48° W.., 
latitude 30° N. ? 
OAS b= 00", 
c = the required arc. 
cos¢ = cosa cosb. 
log cosa = 9.82551 
log cos b = 9.98753 
10g COS ¢ = 9.76304 


C= 64° 35° 10” 
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25. In a right spherical triangle on a sphere of radius 6 in. it is given 
that a = 45° and b = 70°. Find the length of ¢ in inches. 
cos¢ = cosa cosb. 
log cosa = 9.84949 
log cos b = 9.53405 
log cos¢ = 9.38354 
C= OU 
2x 31x 6 rae 
360 oS OO i xa180 


c in inches = 


26. In a right spherical triangle on a sphere of diameter 2 ft. it is 
given that a = 75° and b = 75°. Find the length of ¢ in inches. 
eosce = cosa cosb. 
log cos a = 9.41300 
log cos b = 9.41300 
log cos ¢ = 8.82600 
C= ha Gy Sy 
2x 81x 12 22 x 12 
B60. 8800 7x Ig9 * OSETD 


¢ in inches = 


27. Taking the radius of the earth as 4000 mi., how many miles is it, 
on a great circle, from a point on the equator in longitude 70° W. to a 
point on the prime meridian in latitude 60° N.? 

cos¢ = cosa cos’. 
log cos a = 9.58405 
log cos b = 9.69897 
log cos¢c = 9.28802 
CS wwe, 


«zo 22 X 4000 ih “ 
360 X 803300 7 x 180 x 803%'o'o = 95981 Fp. 


‘ , 2 x 31 x 4000 
cin miles = — = 


28. The arc of a great circle drawn from a point on the prime meridian 
60° N. toa point on the equator 60° W. makes what angle with the prime 
meridian and with the equator ? 

tan 4d. = tana esc b. 
log tan @ = 10.28856 
log cseb = 0.06247 
log tan A = 10.30108 

AT=632.26062, 

B = 63° 26’ 67, 
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29. In Ex. 28, what is the length of the arc, taking the radius of 
the earth as 4000 mi. ? 
cos¢ = cos a cosb. 


log cos a = 9.69897 
log’cos b = 9.69897 
log cose = 9.39794 


Gy 18S Ge One 
4 2x 81 x 4000 
c in miles = é Le x ThA 83h 
= 22 x 4000 
~ 7x 180 


THISSI1L—~SH osu & 
x 753: = 527424. 


Exercise 88. Given the Hypotenuse and a Side 
(Page 200) 


Solve the right spherical triangles, given c and a as follows: 


eC 104° 20ers Zien QC — en le 40 a= )86" 40% 
cos> = cose sec a. 


log cos ¢ = 8.68972 


cosb = cose seca. 


log cos¢ = 9.76572 
log sec a = 0.09454 
log cos b = 9.86026 


b = 48° 82’ 380” 


sin. A = sina escc. 


log sin a = 9.77387 
log esc c = 0.09022 
log sin A = 9.86409 


A = 46° 59’ 40”. 


cosB = tana cote. 


log tan a = 9.86842 
log cot ¢ = 9.85594 
log cos B = 9.72436 


IB = D5 9S 57, 


log sec @ = 1.23549 
log cos b = 9.92521 


b = 32° 40’ 8”, 


tan? (45° — 3 A) 

= tan} (¢ — a) cot } 
log tan $(¢ — a) = 7.663 
log cot L(¢ + a) = 8.7293! 


5 
log tan? (45° — 5A)= 16.8926 5 


log tan (45° — }. A) = 8.19632. 
A al ee? Oe 
PA 5S Small ao Sie 


cos B = tana cote. 


log tan @ = 11.23475 
log cote = 8.69024 
log cosB = 9.92499 


B = 32° 42’ 58”. 
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8. ¢ = 59° 4° 267, G@—= ov. 
cosb = cosc seca. 


log cose = 9.71091 
log sec a = 0.19193 
log cos b = 9.90284 


b = 86° 54’ 48”. 


sin. A = sina csec. 


log sin a = 9.88425 
log esee = 0.06660 
log sin A = 9.95085 


PAG Oom Lome 


cos B = tana cotc. 


log tan a = 10.07619 
log cote = 9.77750 
log cosB = 9.85369 


B= 44° 26’ 23”, 


FC 63° 55°43 a == 12 0°08 
cosb = cose seca. 


log cose = 9.64295 
= 0.29885 (n) 
= 9.94180 (n) 


150° 59% 43”. 


log sec a 
log cos b 


Db 


sin A = sina csec. 
log sina = 9.93680 
log esc ¢ = 0.04661 
log sin A = §).98341 


A = 105° 44’ 15”, 


cos B= tana cote. 
log tan a = 10.28565 (n) 
log cote = 9.68955 
log cos B= 9.92520 (n) 


B= T4719" 457, 


TRIGONOMETRY 


5. C= Ob2 99320 = 22D lige 


cosb = cosc seca. 


log cos¢ = 9.75686 
log sec a = 0.08861 
log cos b = 9.79047 
De HIS Sah, 
sin. A = sina cscc. 

log sin a = 9.57828 
log ese ¢ = 0.08579 
log sin.A = 9.66407 

Ate Gnome 

cosB = tana cote. 
log tan a = 9.61188 
log cot ¢ = 9.84266 
log cos B = 9.45454 


JB S22 hae aa 


me SSIS ate LY cee y ee 18) ANE 
cosb = cose sec a. 


log cos ¢ = 9.85283 
log sec a = 0.07281 
log cosb = 9.92514 


De Oo adie 


sind = sina cscc. 
log sin a = 9.72608 
log ese ¢ = 0.15891 


log sin A = 9.87999 
Al 4922 OMG 


cos B = tana cote. 


log tana = 9.79840 
log cote = 10.00675 
log cosB = 9.80515 


B= 50° 197 167, 
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C=O 13 44g = 132244 No 
cos 6b = cose seca. 


log cose = 9.09914 (n) 
log sec a = 0.17250 (n) 
log cos b = 9.27164 


Dia LO uesoie 


sin. A = sina csc c. 
log sina = 9.86945 
log esc ¢ = 0.00845 
log sin-.A = 9.87290 


A = 181° 43’ 50”. 


cos B = tana cote. 


log tan a = 10.04196 (n) 
log cote = 9.10259 (n) 
log cosB = 9.14455 


B= 81° 58’ 53” 


Sac O9o Dba aie t002. 
cosb = cosc seca. 


log cose = 9.54595 
log sec a = 0.19193 
log cos b = 9.73788 


b = 56° 50’ 51” 


sin A = sina cscc. 


log sin @ = 9.88425 
log esc c = 0.02864 
log sin. A = 9.91289 


A = 54° 54’ 40”. 


cos B = tana cote. 
log tan a = 10.07619 
log cote = 9.57459 
log cos B = 9.65078 


B = 63° 25’ 2”. 


OC 022306) s1di== 2104 Ds 
tan? $b = tan } (c—a) tan }(c + a): 
log tan }(¢ —a)= 6.64222 
log tan }(¢ + a) = 8.55181 
log tan? $b = 15.19403 
log tan } b = 7.59702. 
OPO 
sind = sina esec. 

log sin a = 8.54612 

log ese ¢ = 1.44318 

log sin A = 9.98930 

PAU ani a0 


cos B = tana cote. 


log tana = 8.54639 
log cot c = 11.44289 
log cos B= 9.98928 
B = 12° 40’ 40”. 
LO e902 ai O02. 


sin A = sin a esec. 
Sines eel 
re Au—sO(oe 
= A= C= 002 
cos¢ = cosa cosb, 
cose _ COs 90° 0 


+ cOso) = 2 = 
cos 90° 0 


COS @ 
which is indefinite, 
Therefore bis indeterminate, and, 
Dyesili2 (2) — 05 
11. A point on the equator in 
longitude 62° 30’ W. is 85° from a 
point A on the prime meridian. 
What is the latitude of A? 
CSE, USO BU 
cosb = cose sec a, 
log cos¢ = 8.94030 
log sec @ = 0.383559 
log cos b = 9.27589 


(i Th CM 
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In a right spherical triangle show that: 


12. cos?A sin?c = sin(c + a)sin(c — a). 


4 sin a 
sin A = ——. 
sinc 
in2 
5 sin? a 
sinc : 
sin2¢ 
sinta@  sin?¢ — sin?a@ 
cos24 = 1 — —— = =F 
sin2¢ sin?¢ 


cos? A sin?c = sin?¢ — sin?a. 
sin(c + a) = sine cosa + cosesina. 
sin (c — @) = sinc cos a — cose sina, 
sin (c + a)sin(c — a) = sin?c cos? a4 — cos?e sin? a 
= sin?c (1— sin?a) — (1— sin?c) sin?a 
= sin2c — sin?c sin? a — sin?a@ 4+ sin?c sin?a 
= sin?c — sin?a. 
*. cos?d sin?¢ = sin(c + a)sin(¢ — a). 


18. tana cose = sinb cot B. 


sinb = tana cota. 


sin b 
cota a 
tan @ 
cosc = cotA cot B. 
cose 
cot A = . 
cot B 


cose sin b 


. 


cotB tana 
.. tana cose = sinb cot B. 


14, If, in a right spherical triangle, p denotes the arc of the great 
circle passing through the vertex of the right angle and perpen- 
dicular to the hypotenuse, m and n the 
segments of the hypotenuse made by this Q 
arc adjacent to the sides @ and b, show we 
that tan?a@=tane tanm, and that sin?p = 
son m tan n. 


In the triangle BCA, by Napier’s Rules, 
cos B = tana cote. 


D nr 
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In the triangle CBD, by Napier’s Rules, 
cos B = tan BD cot BC = tanm cota. 


tanm 
tana = . 2 
cos B (2) 
5 tanm cosB 
Multiply (1) by (2), tan? @ = = tanm tance, 


cosB ~~ cote 
In the triangle CBD, by Napier’s Rules, 


sinp = tanm cot BCD, (3) 
In the triangle CAD, by Napier’s Rules, 
sinp = tann cot DCA. (4) 


Multiply (8) by (4), sin?p = tan m tann cot BCD cot DCA 
But BOD + DCA = 90°, 
-, cotBCD x cotDCA =1. 
. sin?p = tanm tann, 


Exercise 89. Given a Side and the Opposite Angle 
(Page 201) 
Solve the right spherical triangles, given a and A as follows: 


1. a= 50°, A = 63° 15/13”. 2, a = 36° 27, A = 46° 59’ 43”, 


sine = sinacsc A. 


10g Sin @ = 9.88425 
log ese A = 0.04915 
log sinc = 9.93340 


C= O92 4226. 


sind= tana cota. 


log tan a = 10.07619 
log cot A = 9.70240 
log sinb = 9.77859 


b = 386° 54’ 49”, 


sin B = seca cos A. 


log sec a = 0.19193 
log cos A = 9.65326 


log sin B = 9.84519 


B= 44° 26’ 18” 


sinc = sina esc A. 
log sin @ = 9.77887 
log ese A = 0.13590 
log sine = 9.90977 


¢ = 54° 19° 53”. 


sind = tana cotdA, 


log tana = 9.86842 
log cot A = 9.96973 
log sinb = 9.83815 


b = 48° 32’ 327 


sin B= seca cosA 


log see a = 0.09454 
log cos A = 9.83382 


log sin B = 9.92836 


B10 OO! Alas 
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SP di C6240 eae SO aoe 
sinc = sing csc A. 


log sin a = 9.99926 
log esc. A = 0.00021 
log sine = 9.99947 


Ce= rol Or 


sinb = tanacota. 


log tan @ = 11.28475 
log cotA = 8.49742 
log sinbD = 9.738217 


b = 82° 39’ 54”. 


sin B = seca cosA. 


log sec @ = 1.23549 
log cos A = 8.49721 
log sin B = 9.78270 


B = 82° 42’ 35”. 


4, a=120° 10’, A = 105° 44’ 21”. 
sinc = sinacscA. 


log sin a = 9.98680 
log esc A = 0.01659 
log sinc = 9.95339 


c = 68° 55’ 40”. 


sind = tana cotA. 


log tan a = 10.23565 (n) 
log cot A = 9.44998 (n) 
log sinb= 9.68563 


b = 160° 59’ 44”. 


sin B= secacosaA. 
log sec a = 0.29885 (n) 
log cos A = 9.43338 (n) 
log sin B = 9.73223 


B = 147° 19’ 48”, 


Bad = 19523072 OCA Oe: 
sinc = sina cscA 


log sina = 9.95549 
log csc A = 0.02749 
log sinc = 9.98298 


C= M493 Abe. 


sind = tana cota. 


log tan a = 10.382150 (n) 
log cot A = 9.56504 (n) 
logsinb= 9.88654 


b = 129° 38’ 18”. 


sin B = secacosA. 


log sec a = 0.386602 (n) 
log cos A = 9.53757 (n) 
log sin B = 9.90359 


B= 126° 46’ 54”. 


6. @&= 122°30%, A = 120° 2072074 
sinc = sinaecsc A. 


log sin a = 9.92603 
log esc A = 0.06396 
log sinc = 9.98999 


c = 77° 44’ 40”. 


sinb = tana cot A. 


log tan a = 10.19581 (n) 
log cot A = 9.76735 (n) 
log sinb = 9.96316 


C= Ge 


sin B = sec a cos 4. 


log sec a = 0.26978 (n} 
log cos A = 9.70339 (n) 


log sin B = 9.97317 


B= 109° 56". 
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Uo Biss PPO sy 1, hs ON I Gye. 
sine = sina csc A. 


log sin a = 9.57828 
log csc A = 0.383593 
log sinc = 9.91421 


€= 55° 9733”, 


sinb=tanacot A. 


log tana = 9.61188 
log cot A = 10.28394 
log sinb= 9.89582 


b = 51° 52’ 48”. 


sin B= seca cos A. 


log seca = 0.03361 
log cos A = 9.94802 
log sin B = 9.98163 


ish (ES OU MB 


8, d= 14° 16°35% A = 37°36 490%, 


sinc = sina cse A. 


log sin a = 9.39199 
log ese A = 0.21443 
log sine = 9.60642 


C= 23°49" 51%. 


sinb = tana cota. 


log tana = 9.40562 
log cot A = 10.113824 
log sinb= 9.51886 


Bio LIA, 


sin B= seca cos A. 


log sec a = 0.013862 
log cos A = 9.89881 
log sin B = 9.91243 


B= 54° 49° 27”. 


Oa = 132297 1177 Al 49° 20167, 
sinc = sinaese A, 
log sin a = 9.72608 


log ese A = 0.12001 
log sin c = 9.84609 
c = 44° 33’ 18”. 
sinb = tana cot A. 
log tan a = 9.79840 
log cot A’= 9.93899 
log sin b = 9.73289 
b = 82° 41’. 
sin B= secacos A. 
log seca = 0.07231 
log cos A = 9.81898 
log sin B = 9.88629 
B= O02 LOGS ae 


10. a =77° 21’ 50”, A= 40° 40’ 40” 
sinc = sina csc A. 
But sinA <sinc. 
.. sine >1, which is impossible. 
IW a=7i2 21 607, A= 838° 56’ 407 
sine = sina csc A. 
log sin @ = 9.98935 
log esc A = 0.00248 
log sine = 9.99178 


c = 78° 53’ 20” or 101° 6’ 40”. 


sinb = tanacotaA. 
log tana = 10. ae 
log cot A = 9.0256! 
log sinb = oe 
b = 28° 14’ 81” or 151° 45’ 29”. 
sin B = seca cos A. 


log sec a = 0.66004 
log cos A = 9.02325 


o 
7 


log sin B = 9.6 .6832 


B= 28° 49’ 57” or 151° 10’ 8” 
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NOX Gh IBV IRI, AL SGT By YG 
sinc -= sinaesc A. sind = tana cotdA. sin B = seca cosA. 


log sin a = 9.86945 log tana = 10.04196(n) log seca = 0 17250 (n) 
log ese A = 0.12710 log cot A = 9.95033 (n) log cos A = 9.82828 (n) 
log sine = 9.99655 log sinb = 9.99229 log sin B = 9.99573 


CeO nom i= YS EM B= 81° 58’ 30”. 


In a right spherical triangle show that: 
138. sin?A = cos?B + sin?a sin? B. 


cos B = cosbsinaA. 


‘ cos B 

Se Nw i : 
cosb 
2 

: cos? B 
sin? A = —— 

cos?b 


= cos? B sec?b 
= cos? B(1 + tan?b) 
= cos? B + tan?b cos? B. (1) 
sina = tanb cot B. 
tanb = sina tan B. 
Substitute in (1), sin? = cos*B + sin?a tan? B cos? B, 
-, sin? 4 = cos?B + sin?a sin? B. 


14, sin(b + c) = 2 cos? A cosb sine. 


sin (bd + c) = sinb cose + cosb sine 
__ /sinb cose 
= (— bsine 
= (tanb cote + 1)cosbsine. (1) 
tan b cote = cos A. 
tanbcote +1=cosA 41 
=2cos?*h A. 
Substitute in (1), sin (b + c) = 2 cos? }.A cosb sine. 


+ 1) cosb sine 


15, sin(c — 6) = 2sin?} A cosb sine, 


sin (c — b) = sinc cosb — cose sinb 
1— cose sin *) 
sinc cos b 
= sinc cosb(1— cote tanb). (1) 
cotc tanb = cosA. 
1— cotc tanb =1— cosA 
= 2sin?} A. 
Substitute in (1), sin(¢ — 6) = 2sin?}.A4 cosb sinc. 


= sine cos o( 
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Exercise 96. Given a Side and an Adjacent Angle 
(Page 202) 


Solve the right spherical triangles, given the following parts: 


1. a = 54° 30’, B= 35° 30’. 8. a=20° 20’ 20”, B= 38° 10’ 10”. 
tanc = tana sec B, tanec = tan asec B. 
log tan a = 10.14673 log tan a = 9.56900 
log sec B= 0.08981 log sec B = 0.10448 
log tance = 10.23604 log tan ¢ = 9.67348 
C= D0 Ole2IKG C2 NASB 8. 
tan b = sina tan B. tanb = sina tan B. 
log sin a = 9.91069 log sin a = 9.54104 
log tan B = 9.85327 log tan B = 9.89545 
log tanb = 9.76396 log tan} = 9.48649 
Oi 302.87 39, (== 1h? ICH, 
cos A = cosa sin B. cos A = cosasin B. 
log cos a = 9.76395 log cos a = 9.97204 
log sin B = 9.76395 log sin B = 9.79098 
log cos A = 9.52790 log cos A = 9.76302 
Ag wOcmlimoeine Ay SSO BY 1S 
ei 920A eS 2G O02 lia A= 000 D 1650 264g 
tanc = tanasec B. tanc = tanasec B. 
Jog tan a = 11.31183 (n) log tan a = 10.07619 
log sec B= 0.19223 log sec B= _ 0.84923 
log tan ¢ = 11.50406 (n) iog tance = 10.42542 
Ci OCA Ta AO C6025 oes 
tan b = sina tan B. tan b = sina tan B, 
logsina = 9.99948 log sina = 9.88425 
log tan B = 10.07670 log tan B = 10.80070 
log tan b = 10.07618 log tan b = 1018495 
b = 49° 59° 58”, b = 56° 60’ 49” 
cos A = cosa sin B, cos A = cosasin B. 
log cos @ = 8.68765 (n) log cos a = 9.80807 
log sin B = 9.88447 log sin B = 9.95148 
log cos A = 8.57212 (n) log cos. A = 9.75955 


A = 92° 8’ 28”, A = 54° 54’ 40”, 
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Sind 100g 2023 Co0 6. 
tanc = tana sec B. 


log tan a = 10.07619 
log sec B= _ 0.30019 (n) 
log tan ¢ = 10.37638 (n) 


C= 112° 487%, 


tan b = sina tan B, 


log sina = 9.88425 
log tan B = 10.23744 (n) 
log tan b = 10.12169 (n) 


Dr We 432. 


cos A = cosasin B. 


log cos a = 9.80807 
log sin B = 9.93725 
log cos A = 9.74532 


TAD Ooms Once 


6. ¢ = 91° 47’ 40%, A = 92° 8 28”. 
tanb = tance cosA. 
log tan c = 11.50406 (n) 
log cos A = 8.57218 (n) 
log tan b = 10.07619 


sind = tana cota. 
tana = sind tan A. 
logsinb= 9.88425 
log tan A = 11.42756 (n) 
log tan a = 11.81181 (n) 
Gi= 92° 477 33. 


cot B = cosc tan A. 


log cose = 8.49574 (n) 
log tan A = 11.42756 (n) 
log cot B= 9.92330 


iON 


%. C= 26° 14 38% A= 540 857177, 
sina = since sin A. 


log sine = 9.62989 
log sin. A = 9.91117 
log sin a = 9.54106 


C= 202 2070738 
tan b = tanec cos A. 


log tan c = 9.67348 
log cos A = 9.76302 
log tan b = 9.48650 


b= abe 167 527. 


cot B = cose tan A. 


log cose = 9.95641 
log tan.A = 10.14815 
log cot B = 10.10456 


Toye ey MOO 


Se 592 1214 Al Oodiaoom 
sina = sine sin A. 


log sinc = 9.93690 
log sin A = 9.97379 
log sina = 9.91069 


a = 54° 30’. 


tanb = tanec cosA. 


log tan c = 10.23604 
log cos A = 9.52790 
log tanb = 9.76394 


b = 80° 8 35”, 


cot B = cose tan A. 


log cose = 9.70086 
log tan A = 10.44589 
log cot B = 10.14675 


B = 35° 29’ 56”. 
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ONC 2S A Ser 56 eb 6% 


sina = sinc sin A. 
log sinc = 9.96467 
log sin. A = 9.91958 
log sin a = 9.88425 
1) = 150", 


tanb = tanc cos A. 
log tan c = 10.37638 (n) 
log cos A = 9.74532 
log tan b = 10.12170 (n) 
MPH LY SN 


cot B = cosc tan A. 


log cose = 9.58829 (n) 
log tan A = 10.17427 


LOCI 2"3150 GAs = 11 20028, 


sing = sinc sin A. 
log sine = 8.55682 
log sin. A = 9.98931 
log sin a = 8.54613 
iis POY YS 


tanb = tanec cos A, 
log tance = 8.55711 
log cos A = 9.84073 
log tan b = 7.89784 
(0) SOP BF WOM. 


CoB = Icosic¢tankA. 


log cose = 9.99972 
log tan A = 10.64858 


log cot B= 9.76256 (n) log cot B = 10.64830 
B = 120° 3’ 50”. B=12° 40’. 


11. Define a quadrantal triangle, and show how its solution may be 
reduced to that of the right triangle. 

A quadrantal triangle is a triangle that has one or more of its sides 
equal to a quadrant. 

Let A’B’C’ be a quadrantal triangle with side A’ Bb’ = 90°, or a quadrant. 

Let ABC be its polar triangle. 

Then, since ACB C= 180°, C= 90°. 

Hence ABC is a right triangle. 

Therefore all parts of the polar triangle may be found by formulas 
for the right triangle. 

The parts of A’B’C’ may then be found by subtracting proper parts of 
ABC from 180°. 


12, Solve the quadrantal triangle the sides of which are a = 174° 12’ 49”, 
b = 94° 8’ 20”, c = 90°. 

Let A’, B’, 0’, a’, b’, c’ represent the corresponding angles and sides 
of the polar triangle. 

Then Age borealis 18) uo ladOm, (C0 —= 90%. 

By 4, page 194, tan? }c’ =— cos(B’ + A’) sec (B’— A’). 

By 5, page 194, tan? }’ = tan[}(B’ + A’)— 45°] tan [45° + 3 (B’—A’)}, 

tan? L a’ = tan[}(B’ + A’)— 45°] tan [45°— 3 (B’—A’)] 
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B + A’ = 91°88’ 51”. log tan [$ (B’4+A’)— 45°] = ~— 8.15770 

B — A’ =80° 4°29”. log tan [45°+ 3(B’—A’)] = 11.061383 

4 (B’ + A’) — 45° = 0° 49° 25.5”. 2) 9.219038 

45° + 4(B’— A’) = 85° 2 14.5”. logtan}b°= 9.60952 
—}(B—A’) = £57 45.5”. 46° = 22° 8 35”. 
Bo Aso iat Oe 

log cos(B’+ A’)= 8.45864 B = 135° 42’ 50” 


log sec (B’— A’) = 0.76356 


0.76356 jog tun [} (B+ A’)— 45°] = 8.15770 
2)9.22220 4 ped Ree = ae 


log tan [45°— $(B’—A’)] = _ 8.93867 
log tan ye — 9.61110 2)7.09637 
igo 5 
Je’ = 22°19/563”. logtan}a’= 8.54819 
4 ka = 2 1°25”. 
Cc’ = 44° 25’ 53”. ia 4° 2 5” 
G= 186° 84 7”. ore 


A= 1152 bial Os 
Solve the right spherical triangles, given the following parts : 
1350¢-= 50% 0245", 14a ie — 659 x4 ho 


cos¢ = cosa cosb. Sin = 
cos a@ = cose sec b. 


sine sin A. 


log sin ¢ = 9.95728 


log cose = 9.75859 log sin. A = 9.98494 
log see b = 0.15051 log sina = 9.94222 


log cos a = 9.90910 
GG C1248 
a = 35° 47’ 33”. 
cosd = tanb cote. 


cos A = tand cotc. tanb = tanec cos A 


log tan 6 = 10.00000 log tance = 10.33133 
log cote = 9.84523 


log cos A = 9.41300 
log cosA = 9.84523 


log tanb= 9.74433 
WAR = 45° 3a: 23% b= 292 1456.2 
sinb = sine sin B, 


cosc = cot A cot B 
sin B = sin besce. 


cot B = cose tan A. 
log sin b = 9.84949 
log esc ¢ = 0.08664 


log cose = 9.62595 
57195 
log sin B= 9.93613 


log tan A = 10. 


B= 5940759" Bi= 329 29682 
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DE id | OP 4 oes 
cos A = cosasin B. 
log cos a = 9.53405 (n) 
log sin B = 9.84949 
log cos A = 9.38354 (n) 
A = 108° 59’ 44”, 
sina = tanb cot B. 
tanb = sina tan B. 
logsina = 9.97299 
log tan B = 10.00000 
log tanb = 9.97299 
Ds 3 MO 
cos B= tana cote. 
tance = tanasec B. 


log tan a = 10.48893 (n) 
log sec B= 0.15051 


17. c = 50°, b = 44° 18’ 39”. 
cose = cosa cosb. 
cos @ = cose sec b. 
log cos ¢ = 9.80807 
log sec b = 0.14535 
log cos a = 9.95342 
y= AGP SY Sl, 
cosA = tanb cote. 
log tan b = 9.98955 
log cot ¢ = 9.92381 
log cos A = 9.91336 
LA = Ba, 
sind = sine sin B. 
sin B= sinbescc. 
log sinb = 9.84419 
log ese ¢ = 0.11575 
log sin B = 9.95994 
B= 65° 46’. 
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log tan ¢ = 10.58944 (n) 
¢ = 104° 25’ 59”. 


18. A=156° 20’ 30”, a=65° 15’ 45”. 
The triangle is impossible, because 
a and A are unlike in kind. 


se Seog = i: 19, A = 74° 19’ 81”, ¢ = 64° 28’ 47” 


sina = sinc sina. 
log sine = 9.97299 
log sin A = 9.99040 
log sin a = 9.96889 


G@= 66°43" 12": 


tanb = tance cos A. 
log tanec = 10.48893 
log cos A = 9.81788 
log tanb= 9.75681 


b = 29° 44’ 10%, 


cot B= cosc tanA. 
log cose = 9.53405 
log tan A = 10.67253 
log cot B = 10.20658 
Brerslo pls S47, 


sind =sincesina. 
log sinc = 9.95542 
log sin. A = 9.98329 
log sin a = 9.93871 
Gy == (OU MY WY 


cos A = tanb cote. 
tanb = tanec cos A. 
log tanec = 10.82111 
log cos A = 9.48479 
log tanb= 9.75590 
b = 29° 41’ 4”, 
cose = cot A cot B 
cot B= cosc tana. 
log cose = 9.63451 
log tan A = 10.54851 
log cot B = 10.18282 
B= 88° 16’ 54” 
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20. a = 112° 42’ 88”, B= 44° 28’ 44”. 


sina = tanb cot B. cos B = tana cote. 
tanb = sina tan B. tane = tanasec B. 
log sina = 9.96495 log tan a = 10.37828 (n) 
log tan B = 9.99210 log sec B= 0.14660 
log tan b = 9.95705 log tan e = 10.52488 (n) 
Op RAD Oa, C= NOCH Saad 


cos A = cosasin B. 


log cos a = 9.58667 (n) 
log sin B = 9.84550 
log cos A = 9.43217 (n) 


A = 105° 41” 39”. 


Exercise 91. Given the Two Angles (Page 203) 


Solve the right spherical triangles, given A and B as follows : 


NY Zo eae ss Ie Oe A= GS 43 Ose 
B = 135° 33’ 39”. Bie NGS oo i. 
cosa = cosA esc B. cosa = cosA ese B. 
log cos A = 9.65826 log cos A = 9.65286 (1) 
log csc B = 0.15480 log ese B = 0.04830 
log cos a = 9.80806 log cos a = 9.70116 (n) 
a = 50° 0 4”. 6 = 12040 Bee 
cosb = cos Bese A. cosb = cosBesc A. 
log cos B = 9.85369 (n) log cos B = 9.64988 (n) 
log csc A = 0.04915 log esc A = 0.04904 
log cos b = 9.90284 (n) log cosb = 9.69892 (n) 
b= 148° 5 12”, b = 119° 59’ 46”. 
csosc = cotA cot B. cosc = cot A cot B. 
log cotA = 9.70241 log cot A = 9.70190 (x) 
log cot B = 10.00850 (n) log cot B = 9.69818 (n) 
log cose = 9.71091 (n) log cose = 9.40008 


¢ = 120° 55’ 84”. C= TO 26008e. 
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3. A = 46°59 43”, 
B = 57° 5Y 19”. 


cosa = cos A csc B. 


log cos A = 9.83382 
log esc B = 0.07163 
log cos a = 9.90545 


Gob 2701 


cosb = cosBesc A. 


log cos B = 9.72435 
log ese A = 0.13591 
log cos b = 9.86026 


b = 48° 82’ 30”. 


cosc = cot A cot B. 


log cot A = 9.96973 
log cot B = 9.79598 
log cose = 9.76571 


c= 54220787 


4, A = 90°, B= 88° 24’ 35”. 


cosa = cosA ese B. 


cos A = 0. 
cosid = 0. 
= 002 


(hy wel 3 OPA Pree, Jase IIe 
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cosh = cos Besc A. 


cseza 
V=1B, 
b = 88° 24’ 85”. 


cose = cot A cot B. 


cotA = 0. 
cosic:= 0: 
Cone 


ify al VCH BYS Matt Poa 
cosa = cosA esc B. 


log cos A = 8.57213 (n) 

log ese B = 0.11553 

log cos a = 8.68766 (n) 
& = 92° 47’ 32”, 


cosh = cos Bese A. 
log cos B = 9.80777 
log ese A = 0.00030 
log cos b = 9.80807 
b = 50°. 


cose = cot A cot B. 

log cot A = 8.57244 (n) 
log cot B = 9.9233 

log cosc = 8.49574 (n) 

¢ = 91° 47’ 40%. 


tan? a= tan[}(4 + B)— 45°] tan [}(A — B) + 45°], 
4(A + B)— 45° = 0° 0' 14”. 
4 (A — B) + 45° = 77° 20’ 14”. 
log tan[} (4 + B)— 45°} = 5.88170 
log tan[}(4 — B) + 45°] = _10.64844 
2)16.48014 
logtan}a= 8.24007 
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tan? 4c =— cos(A + B) sec (A — B). 


A + B= 90° 0° 28%. 
A — B= 64° 40’ 28”. 


=logcos(A + B)= 6.18278 
log sec(A — B) = __0.36880 
2)16.50153 

logtan}e= 8.25077 


tan? }b = tan }(c + a) tan }(c — a). 


logtan}(ec+a)= 8.54663 
logtan}(c—a)= _ 6.63496 
2)15.18159 

logtan}b= 7.59080 


$b = 0° 13’ 24”, 
b = 0° 26’ 48”. 


WeAe~ 504° 3501, B= 38° LOMOe, 
cosa = cosA ese B. 


log cos A = 9.76302 
log esc B = 0.20902 
log cos a = 9.97204 


a = 20° 20’ 24”. 


cosb = cosBesc A. 


log cos B = 9.89552 
log esc A = 0.08883 
log cos b = 9.98435 


La) Sass PAD 


cose = cot A cot B. 


log cotA = 9.85185 
log cot B = 10.10455 
log cose = 9.95640 


c¢ = 25° 14’ 60%. 


8. A= 70917735 BB = 135280) 
cosa = cos.A ese B. 


log cos A = 9.52790 
log ese B = 0.23605 
log cos @ = 9.76395 


a = 54° 30’. 


cosb = cos Besc A. 


log cos B = 9.91069 
log csc A = 0.02621 
log cos b = 9.93690 


b = 80° 8’ 88”, 


cosc = cot A cot B. 


log cot A = 9.55411 
log cot B = 10.14673 
log cose = 9.70084 


C= 597 O12 265 
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9, A = 54° 54’ 42”, B= 63° 25’ 4”. 


cos a = cos A ese B, 
log cos A = 9.75954 
log esc B = 0.04852 
log cos a = 9.80806 
Gi= 0210747. 


LOA 562116567 B= 120937507 


cosa = cos A ese B. 
log cos A = 9.74532 
log ese B = 0.06275 
log cos a = 9.80807 
= 50% 


cosb = cos B ese A. 
log cos B = 9.69980 (n) 


cosb = cos Bese A. 
log cos B = 9.65077 
log ese A = 0.08714 log csc A = 0.08042 
log cosb = 9.73788 log cos b = 9.78022 (n) 
b = 56° 50’ 51”. 0 = 127247327. 


cosc = cot A cot B. cose = cot cot B. 
log cot A = 9.84665 log cot A = 9.82573 

log cot B = 9.69930 log cot B = 9.76256 (n) 
log cos ¢ = 9.54595 log cos¢ = 9.58829 (n) 


Gi 1605 Zoe C—O SS 


Exercise 92. Isosceles Triangles (Page 204) 
Solve the isosceles spherical triangles, given: 
Tei 150 10130". BO Ss IF = TOV ASI 
Denote the elements of one of A = 2A” = 39° 29’ 40”. 
the right triangles by A’, B’, OC’, b=c= 50°, 
and a’, b’, c’, where C’ is the right 26 = 607 0 402. 


angle. a’ = 1. 40° = 20°. ce’ = 60° 
Ee 2 ’ G 
a’ = 1. 80° = 15°, c= 50°. 


Inthe A A’B’O’, given the hypote- 
nuse c’ and aside a’, 


sinvAe= siniagese.ce 
log sin a = 9.58405 
log ese c’ = 0.06247 
sin A’ = sin a’ esc c’. log sin.A’ = 9.59652 
log sin a’ = 9.41300 Ave —$2 5001 OG 4 lee 
log ese c’ = 0.11575 
log sin A’ = 9.52875 
A’ = 19° 44’ 50”. 


cos b> — tan aacotic. 
log tan a’ = 9.56107 
log cot c’ = 9.76144 
log cos B’ = 9.32251 


cos Bb’ = tana’ cotc’. 


log tan a’ = 9.42805 B= 77° 52’ 10”. 
log cot v= 9.92381 B = @, = B = 77° 52’ 10% 
log cos B’ = 9.35186 A = 2A’ = 46° 81’ 22’ 


B = TT? 0 25”. Dee — G0", 
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Sic 627 aiAtdi = 491052 


a’ = 4. 49°10’ = 24°35, c’ = 62°37’. 


sin A’ = sina’ cscc’. 
log sin a’ = 9.61911 
log ese c’ = 0.05161 
log sin A’ = 9.67072 


INOS HOSES SYS 


cos B’ = tana’ cotc’. 


log tan a = 9.66088 
log cot c’ = 9.71431 
log cos B’ = 9.87469 


BGO mhwOn “e 


OO} as oy Salo il SY 
= 2A’ = 55° 52’ 30”. 
Oi Cres OD tone 


AC = 329780") Bib: 


Inthe A A’B’C’, given the hypote- 


nuse c’ and the adjacent angle, 
Bia NOs Cae 2O OO. 


tan a’ = tanc’ cos B’. 


log tance’ = 9.75411 
log cos B’ = 9.98494 
log tan a’ = 9.73905 


a’ = 28° 44’ 16”, 


tan. A’ = cot B’ sec c’. 


log cot B’ = 10.57195 
log sec ce’ = 0.06066 
log tan A’ = 10.63261 


TN TGS SM Se 
A = 2 A’ = 158° 45’ 58”, 
ia Omens 
C= 200 28G8 oe" 
(Se es Oty 


By 6G = 68-476 bi 3422 80 
IBE = 42° 307, c= 68a ie 


tan a’ = tanc’ cos B’ 


log tan c’ = 10.41093 
log cos B’ = 9.86763 
log tan a’ = 10.27856 


a = 627137 627. 


tan 4’ = cot B’ sec c’. 


log cot B’ = 10.03795 
log sec ce’ = 0.44142 
log tan A’ = 10.47937 


AWS 7123914": 
A= (2 AZ = 143218! 28%. 
B= Oe sae 
a= 2a’ = 124° 27’ 44”. 
Pes OSs ia aha 


6; C= 92407 Bi 4907S ie 
Boz 49237. 66 192408 
tan a’ = tan c’ cos B’. 


log tan c’ = 10.74563 
log cos B’ = 9.81151 
log tan a’ = 10.55714 


= 42 S07 16a 
tan A’ = cot B’ secc’. 


log cot B’ = 9.92971 
logsece’ = 0.75252 
log tan A’ = 10.68223 


TAG mal Gum Ome Sua 


Al= 2A" = 11562307567, 
BOB 4 Oe ye 
C= 2 OO se 2Ge 
C= C9497 
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7. In an isosceles spherical triangle, given the base a and the side 8, 
find B, A, and AD, as shown in the figure. 
Let ABC be an isosceles triangle, B and CO the equal angles, c and 
b the equal sides, and AD the are of a great circle, drawn through 
A 1 to BC, meeting BC in D. 
Then, in the right triangle ACD, 
CD = }a in triangle ABC, 
AC = bd in triangle ABC, 
A’= A in triangle ABC. 
In the rt. A ABD there is given the hypotenuse 
and a side. cos B = cotb tan $a. 
sin }A = cscbsin da. 
cos AD = cosbsec ha. 


Exercise 93. Law of Sines (Page 205) 


Consider the Law of Sines when: 


eA re) sin B= sinb sin A. 
sina  sinb _ sine sinC = sincsin A. 
snA sinB sin@- 5. A=B=90°. 

sin A = 1. sin.A = sin B= 1. 
ey 2, BIO _ Bune sina = sinb. 
ook sin B cain'G sine = sina sinC 
sina sin B= sinb. = sind sin C, 
sina sin CO = sinc. 6..a/=6 = 90° 
2, B= 90°. Wap ees 
sin B = 1. snA  sinB 
sina sine sin Bb ='sin A’. 
“. sinb = | SR EUEP sin C = sine sin A 


sina = sinbdsin A. = sine sinB 


sine = sinbsinC,. to CS AS Oe 


sing 1k sin B 
sina  sinb sin B = sind. 


* sine = ean Sim) Os—sSine,s 
sina = sine sin A. Ch Chess Bh Joj= O0e 
sinb = sinc sin B. eae sinc 

4, a = 90°. sin C 
SUNN sin C = sinc. 
1 sind. sinc 9, d= B=C= 90°. 


“snd sinB sin€d sina = sinb=sine. 
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Exercise 94. Law of Cosines of Sides (Page 206) 


Consider the Law of Cosines of Sides when: 


LAr 902. Sy il noire OU. 
cos a = cosh cose + sinb sine cosA. cos A = cosB = 0. 
cos A = 0. “. COS&4 = cosb cose, 
.. COS@ = cosh cose. and cosh = cosa cose. 

4. A =p 10 ee 

22 he 90e. cos A = cosB = cosC = 0. 
cosb = cose cosa + sinc sina cosB. =) COS = COS?! 20s, 
cosB= 0. cosb = cosa cose, 
“, COSO = COS @ COSC. cos €¢ = cosa cosb. 


Prove the following formulas : 


5. 1— cosa =1— cos(b —c) + sind since versin A. 
cosa = cosb cose + sinb sine cos A. 
cos A = 1— versina. 
Substitute the value of cos 4, 
cos @ = cosb cose + sin) sine — sind sine versin A 
= cos(b — c) — sind sine versin A. 
1— cosa =1— cos(b — c) + sind sine versin A. 


: ‘ sin b sinc versin A 
6. versin a = versin (b — c) E | 


versin 62 c) 
versin @ = 1— cosa. 
By Problem 5, 1— cosa =1— cos(b — c) + sind sine versin A. 
1— cos(b — c) = versin (b — ¢). 
versin @ = versin (b — c) + sind sine versin A 


; sin 6 sine versin_A 
= versin(b — c)} 14+ : : 
versin (b — c) 


7. From the Law of Cosines find formulas for cos.A, cos B, and cos C 
in terms of functions of a, b, and c. 


cos a@ = cosh cose + sinb since cos A, 
cos @ — cosh cose 
3 .CcOs:A === a 
sin 6 sine 


ae... cos b — cose cosa 
and, similarly, cos B= ——— 3 


sinc sina 
cose — cosa cosh 


cos = 


sin a sin b 
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cosa — sinb sine cos A 
8. Prove that cose = = F 


cos b 

cosa = cosh cose + sinb sine cos A, 
cos b cos¢ = cosa — sinb sine cos A. 
_ cosa — sinb sine cos A 


cose = : 
cos b 


9. In the figures given prove that cosp = cosa sec m. 
In the right spherical triangle BDC, from § 172, (1), 


Cc 
1) 
a 
A 
B A 
D 
Seen ee eee 
C 


cos @ = COSp COSM. 
COS 

cos p = -~= cosa secm. 
COS 71 


Exercise 95. Law of Cosines of Angles (Page 207) 


Consider the Law of Cosines of Angles when: 
eA = i027: cosA =— cosBcosC + sin Bsin C cosa. 
COsta al Sin -Ag— Oz 
.. 1+ cosBcosC = sin B sin C cosa. 


cos Bb =— cos A cosC + sin A sin C cosb, 
*, cos B =— cosC. 
cos C =—cos A cos B 4+ sin A sin B cose. 
“. cosC =— cos B. 
Bir Au 180". cos A =— cosBeosC + sin B sin C cosa. 
cos Al — sin AO): 
. cosB cosC —1=sin Bsin@ cosa. 
cos B =— cos A cosC 4+ sindA sin C cosb 
*, cosB = cosC. 
cos C =— cos A cos B + sin dA sin B cose 


+, cos C = cos B. 
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8 A= 90°. cosA =— cosP cosC 4+ sin B sin C cosa. 
cos: A = 0, sin-Ac— 
*. cos B cosC = sin B sin C cosa. 


cos B =— cosA cosC + sin A sinC cosb. 
-. cos B = sinC cosb. 
cosC =— cos A cos B+ sin A sin B cose. 


{COSCO — SIND: COSC. 
4.A=B=90°. cosA =—cosBcosC + sin BsinC cosa. 
costAs=) cos B= 0fsin-45— sin a 
+ sinC cosa = 0. 


cos B =— cosA cosC +4 sin A sinC cosb. 
*, sinC cosb = 0. 
cosC =— cosA cosB + sin A sin B cose. 


ECOS Cu== COS Ge 
5. Deduce the formulas of § 191 from those of § 190 by means of the 
relations between polar triangles (§ 171). 
Substituting their equals, 180°— A’, 180° — B’, 180° — C’, and 180°— a’, 
for a, b, c, and A in the formulas of § 190, we obtain 
cos (180° — A’) = cos (180° — B’) cos (180° — C’) 
+ sin (180°— B’) sin (180°— C”) cos (180°— a’) 
.. — cos A’ = cos B’ cos CO’ — sin B’ sin C’ cosa’. 


cos A’ =— cos B’ cosC’ 4+ sin B’ sin C’ cosa’. 
Similarly, cos B’ =— cos A’ cos C’ + sin A’ sin C’ cos’, 
and cos C’ = — cos A’ cos B’ + sin A’ sin B’ cosc’. 


Prove the following formulas : 
6. 1— cos A = 1+ cos(B + C) + sin Bsin C versin a. 
1— cosA =1+ cos BcosC — sin Bsin C cosa. 
cosa = 1— versin a. 
1— cos A =1+ cos Boos C — sin Bsin C (1 — versin a) 
=1+ cos Bcos C — sin Bsin C + sin Bsin C versin a 
=1+ cos(B + C) + sin Bsin Cversin a. 


7. versin A = [1+ cos(B+ C)] [2 + 
versin A =1—cos A. 
By Ex. 6, 1— cos A = 1+ cos(B + C)+ sin Bsin C versin a 
sin Bsin C versin | 


sin Bsin C versin a 
1+ cos(B + C) | 


= Tl B x Ss 
eee + oy)[1+ 1+ cos(B + C) 


sin Bsin C versin a 
1+ cos(B + C) | 


“, versin A = [1+ cos(B + C)] [1 + 
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From the Law of Cosines find formulas for the following in terms of 
functions of A, B, and C: 
8. cosa. cos A =— cosBecosC + sin Bsin C cosa. 
sin B sin C cosa = cos A + cosBcosC. 
cos A + cos B cosC 
sin B sin CU ; 


cosa = 


9. cosb. cos B =— cos A cosC + sin A sin C cosb. 
sin A sin C cosb = cosB 4+ cos A cosC. 
cos B + cos A cos C 
snAsinC 


COs 


10. cose. cos C =— cos A cos B + sin A sin B cose. 
sin A sin B cose = cosC + cos A cos B. 
cosC + cos A cosB 
snAsinB 


11. Investigate the dual of Ex. 8 in Exercise 94. 


cose = 


cosa — sinb sinc cos A ; F 
cos — - Required the vaiue of cosC. 
cos b 
cos A =—cosBcosC + sin Bsin C cosa. 
cos B cosC = sin B sin C cosa — cosA. 
sin B sin C cosa — cos A 
cos B 
_ —cosdA + sin B sin C cosa 


cos:G: = 


cos B 


Exercise 96. Formulas for Half Angles (Page 209) 


Show that the following formulas are true: 


1. sin} A= V'sin (s — b) sin (s — c) esc ese. 


sin (s — b) sin(s — ¢) 
sind sine 


eee ee 
sin} A= 


1 
ese b esc ce 


sind sine = 


sin $A = sin (s — 6) sin (s — c) esc 6 esce. 


2. cos} A = Vsin s sin(s — a) escb esec. 
sin s sin(s — a) 
cos} A= EROS ew 


| 


sinb sinc 


a0 Ose — 
esc bese e 


“. cos $A =~Vsin s sin (s — a) esc sce, 
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Find the value of A in each case, given: 
Si == 952. Oe OS C= 422, 


cos } A =Vsins sin (s — a) cscb ese. 


$= 97-30% 

logsins= 9.99627 
logsin(s—a)= 8.63968 
logeseb= 0.07158 
logesee= 0.17449 
2)18.88202 
logcos} A= 9.44101 
LA = 78° 58’ 29”, 

A = 147° 56’ 58”. 


Ad = 92?) b= 61o Ve 43 = 


cos 4.A = Vsins sin (s — a) escb csce. 


Sito. 
logsins= 9.99575 
log sin(s —a)= —- 9.01928 
log ese b = 0.05818 
logesce = 0.16622 
2)19.23938 
logcos} A= 9.61969 


}.A = 65° 22’ 531”. 
A = 180° 45’ 47”. 


5) a=) 96 O=- 64°. c= 48% 


cos }. A =Vsins sin(s — a) esc ese. 


s = 104°. 
logsins= 9.98690 
logsin(s—a)= 9.14856 
logescb= 0.04634 
logesec = 0.12898 
2)19.30578 
logcos}.A = 9.65287 


tA = 63° 16’ 46”, 
A = 126° 33’ 32”, 
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cos }. A = Vsins sin(s — a) cscb esc. 


Sel S 5 
logsins= 9.94593 
log sin(s—a)= = 9.53405 
logeseb= 0.00960 
logescc = 0.06247 
2)19.55205 
logcos$} A= 9.77603 


$A = 58° 20’ 21”. 
A = 106° 40’ 42”, 


Find the value of B in each case, given: 
Mai 1900 160276 — 402: 


cos } B =V sins sin(s — b) csc a esce. 


8 = 97° 30%. 


logsins= 9.99627 

log sin(s—b)= 9.78445 
logesca= 0.00166 
logesce= 0.19193 
2)19.97431 

logcos} B= 9.98716 


4 B= 18°51’ 45”. 
B = 27° 43’ 30”, 


Ch a OF) SS Os Csi ahe 


cos }B = Vsins sin (s — 6) esc a esc ¢ 


$=.98" 307. 


log sins = 9.99520 

logsin(s—6)= 9.77489 

logesca= 000825 

log ese ¢ = 0.21066 

2)19.98350 

logcos$}B= — 9.99175 
7B = 11° 8", 


Hai) Ara Ore 
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Find the value of C in each case, given: 
9.4 =927, (0 — 69° ea 
) RTC PigEne A EGET ES & 
cos }C = V sins sin (s — c) ese a esc b. 


$=: OF". 

log sin s = 9.99894 
log sin(s—c)= 9.92859 
log esc a = 0.00026 
logescb= 0.06693 
2)19.98972 
logcos}C= = 9.99486 

4 C=8° 48’. 

SSS BUY 


10. «a = 96°, b = 6496 = 39°. 
cos }C = Vsins sin (s — c) esc a csc 6. 


log sins = 99400 
logsin(js—c)= —- 998970 
log ese a = 0.00239 
logeseb= 0.04634 
2)19.98243 
cos$C= 9.99122 

3 =tte oe. 


Prove the following formulas : 
‘ sins sin(s — a 
11, sin (180° — A) = fsins sin(s— a) 
sin} sine 
sin }(180° — A) = sin (90° — 4A) 
= cos }A 


nt lsin s sin (s — a) 
fa sinbsine 
sin (s — 6) sin (s — ¢) 
12. cos (180° — A) = A | Chane s 


cos 3 (180° — A) = cos (90° — 3A) 


=sin}A 
sin(s — b)sin(s —c¢ 
= ( ) sin ($ — ¢) , 


4! sind sinc 
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13, tan ise 
. ~ Nsin(s — 0) sin(s — ¢) 


tan } (180° — A) = tan (90° — } A) 
= cot} A 


be sin s sin (s — a) 
~ Nsin (s — 6) sin (s — c) 


Exercise 97. Formulas for Half Sides (Page 211) 


Consider the formula for sin a a when: 


x o 
B= 90°, sere |— cosS cos(S— A) 
sinla=v-! : ee - 
2 sin B sin C 

__ {—cosS cos(S—A) 

iy: sin C 
2. C= 90°. : AE cos cos (S — A) 
sin}a= ; C 

sin B 

8. B=C= 90°. 


sin }a =V— cosS cos(S — A). 


Consider the formula for sin Zb when: 


=, ° 
Or es ae aes — cosS cos(S — B) 
sin }b= : =e 
sin A sin C 


ss \ = cos S cos (S — B) 
3 V2 sin 0 


— 2cosS cos (S — B) 
V2 sin C 


5. OC = 45°, sin d= |= cos S$ cos (S — B) 
1V2sin A 


=.= 2 cos cos(S — B) 
V2 sin.A 


sin }b =V— 2 cosS cos(S— B). 
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Consider the formula for sin Z c when: 


7. A = 200, B= 100 GC= 135%, 
| — cosS cos(S — C) 


er ae 
Sine ici - : 
2 N sin A sin B 


Sia ere 
log cosS = 9.89947 (n) 
log cos (S — C) = 9.11570 
colog sin A = 0.46595 (n) 
colog sin B= 0.00665 
2)19.48777 (n) 
log sin }¢ = 9.74889 (n) 


$c =— (88° 40’ 32”). 
¢ =— (67° 21’ 4”). 
Hh Ales Je} SS (Ce 


a — cos cos(S — C) 
Sin {he = \ oan : 
% ; sin A sin B 
135°. 


— c0s185° cos 45° 
sin 90° sin 90° 


ain posN eee 


sin}c= 


Show that the following formulas are true: 


9. sina = V — cosS cos(S — A) ese Bese C. 


; — cosS cos(S — A) 
sinla= - : : 
2 sin B sin C 


1 
sin B sin C = - — 
ra ese B ese C 


. snta= Vv — cosS cos (S — A) ese B ese C. 


10. cos}a= Vcos(8 — B)cos(S — C) ese B ese C. 


cos (S — B)cos(S —C 
costa= ( =a ye ( ie 
~ sin B sin C 
. : 1 
sinB sin ee 
esc B ese C 


. cos ha = Vcos(S — B) cos (S — C) ese B ese C. 
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11. tant}a= V—cosS cos (S — A) sec (S — B)sec(S — C). 


4 \ — cosS cos(S — A) 
tanga= . 
cos (S — B) cos (S — C) 
1 
sec (S — B) sec (S — C) : 
*, tanda= V — cos 8 cos (S — A) sec (S— B)sec(S— C). 


cos(S — B)cos(S— C) = 


12. sin}b = V — cosS cos(S — B) ese A ese C. 


snbb= = coe. Cos ea By 


sin A sin C 


1 
Sins ©) ————— 
ese A ese C 


. sin} b = V — cosS cos(S — B) ese A ese C. 


13. tan}c = V — cosS cos(S — C) sec (S — A) sec (S — B). 
tandc= \/ = cos S cos (S— C) 
cos (S — A) cos(S — B) 


i 
cos(S — A) cos(S — B) = sec(S — A) sec(S — B) 


» tante= Vv — cos cos (S — C) sec(S — A) sec(S — B). 


14. From the formula for tan }b deduce another formula similar to 
that of Bx. 13: 


[ — cos S c 108 (S = B) 
tan > = N= Lz =# 
cs cos (S —. L) yeos(S— C) 
. 1 
cos(S — A) cos(S — C) = IG — a = a rae ; 


* tan $b =v —coss cos(S — B) sec (S— A)sec(S— C). 


15. From the formula for cos tb deduce another formula similar to 
that of Ex. 10. 


- S — A)cos(S — C 
cos bb aS NES ou. 


sin A sin C 


1 
SimeAusin C7—— . 
esc A ese CO 


- coslb= V cos ( S — A) cos(S — C)ese A ese C. 
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16. From the formula for sin }¢ deduce another formula similar to 


that of Ex. 9. 


[- coss cos (S =. he 


sin ke — \ 


sin A sin B= 


sin A sin B 
1 


ese A esc b . 


~ sin dc =V —cosS cos(S — C)ese A ese B. 


Exercise 98. Given Two Sides and the Included Angle 
(Page 214) 


Solve the triangles, given the following parts: 


1. a = 88° 12/20”, 
b = 124° 7°17”, 
C = 50°21”, 
1 (b — a) = 17°57 28.5”. 
3 (b + a) = 106° y 48,5”. 
LC = 25° 1’ 0.5”. 


log cos $}(b) — a) = 9.97831 
log sec $(b + a) = 0.55536 (n) 
log ect } C = 10.33100 
log tan } (B+ A) = 10.86467 (n) 


| (B+ A) = 97° 46’ 84.7”. 


log sin } (b — a) = 9.48900 
log ese 3 (b + a) = 0.01751 
log cot } C = 0.33100 

log tan } (B — A) = 9.83751 


}(B— A) = 34°81’ 28.67. 
| (B + A) = 97° 46’ 84.7”. 


PAGO 3 ome alane 
Bio ee eOS ay 
C= 094 WT 


log sec 4 (B + A) = 0.86868 (n) 
log cos 5 (b + a) = 9.44464 (n) 
log sin } Ae = 9.62622 
log cos } ¢ = 9.93954 


= 29° 32’ 8.6”. 


we we 


2. a = 120° 55’ 35”, 
b = 88° 12’ 20”, 
C = 47° 42/1 

a — b) = 16° 21’ 87.5”. 

a + b) = 104° 88’ 57.5” 
} C = 28° 51’ 0.5”. 


> ( 
4 


log cos $}(a — 6) = 9.98205 
log see } (a + b) = 0.59947 (n) 
log cot 3 C = 10.35448 
log tan }(A + B) = 10.93600 (n) 


L(A + B) = 96° 36’ 35.5”. 


logsin $(a —b) = 9.44976 
log ese $(a +6) = 0.01419 
log cot } C = 10.85448 
log tan (A — B) = 9.81848 
L(A — B) = 88° 21’ 26.7”. 
4(A + B) = 96° 36’ 35.5”. 
A= 1205 8eoe 
Bi=682t5984 


log sec 3 (A + B) = 0.98890 (n) 
log cos } (a+ b) = 9.40053 (n) 
log sin } C = 9.60675 
log cos }¢ = 9.94618 


Loe 27 60 20% 
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3, b = 68° 15’ 12”, 
¢ = 47° 42/1”, 
= 69° 4’ 25”, 


1 (b + ¢) = 55° 28’ 86.5”. 


1 (b —c) = 7° 46’ 35.5”. 


4A = 29° 32’ 12.57. 


log cos $(b —c) = 9.99599 
logsec (b+ c)= 0.24662 
log cot } A = 10.24671 

log tan } (B i C) = 10.48932 


AB tC) = 72° 2 82.77. 


log sin }(b —c) = 9.18138 
log esc (b+ c) = 0.08418 
log cot $A = 10.24671 
log tan }(B—C)= 9.46217 
4(B— C) =16°9’ 51.1”. 
4 (B+ C) = 72° 2’ 32.77. 
B = 88° 12’ 24”, 
C = 55° 52’ 42”, 


log cos } (b + ¢) = 9.75388 
log sec } (B + C) = 0.51101 
log sin } A = 9.69284 
log cos $a = 9.95723 
4 a = 25° 0’ 50”. 
Gia 07114 407 


4. b = 69° 25’ 117, 
c = 109° 46’ 19”, 
A = 54° 54’ 42”, 
4 (¢ — b) = 20° 10’ 34”, 
3 (¢ + b) = 89° 35 45”, 
4A = 27° 27/21”, 
log cos }(c — b) = 9.97250 
log sec }(¢ + b) = 2.15157 
We cot SA = 10.28434 
log tan 3 (C + B) = 12.40841 
3(C + B) = 89° 46’ 34.6”. 


log sin } (ce —b) = 9.53770 
log ese }(¢ + 6) = 0.00001 
log cot } A = 10.28434 
log tan }(C — B) = 9.82205 

4(C — B) = 88° 34 37.8”. 

3(C + B) = 89° 46’ 34.6”, 

Oh BY 7A ee, 

BO Gonleleme ies 


log cos }.(c + b) = 7.84843 
log sec $(C + B) = 2.40842 
ns sin } A = 9.66376 

log cos }a= 9.92061 


3 a = 88° 35/ 53.38”, 
Op eS tine MaKe 


5. Two sides of a triangle are 90° and 12°, and the included angle 
is 85°. Find the third side in degrees. 
Let a = 90°, 6 = 12°, C = 85°; required c. 
h(a — b) = 89°. 
4 (a + b) = 41°. 


log cos }(a — b) = 9.89050 
lo he c saa +6)= 0.20118 
e cot $C = 10.08795 
og tan . A + B) = 10. 10. 12958 
] 


(A of B) = — 58° AREAS EN 


LC = 42°30, 


log cos } (a + b) = 9.79887 


log sec 4 (A + B) = 0.22483 


log sin 4 C = 9.82968 
log cos }c = 9.85338 

¢ = 44° 28’ 55 
Oya tehohe bane Cah) < 


we 
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Exercise 99. To find the Third Side (Page 215) 


Find the value of c, given. the following parts : 


Ta 882307 SIG 635°, 
bh = 125° 45’, b = 89,.25°, 
C= 495s C=02.762. 
log tan a = 11.58198 log tan a = 10.30226 
log cos0 = 9.81475 log cos C = 9.78197 
log tan m = 11.39668 log tan m = 10.08425 
m = 87° 427 10” m = 50° 31’ 18” 
C= 382.2" 507. b — m = 88° 497 42”. 
log cos a = 8.41792 log cos a = 9.64953 
log sec m = 1.39704 log seem = 0.19669 
log cos (b — m) = 9.89625 log cos (b — m) = 9.89216 
log cos¢ = 9.71121 log cos ¢ = 9.73838 
CSP, c = 56° 48’ 16”. 
Sag 210457 490 = Vi2.20-. 
b = 92° 15, b =98.75°, 
C=48°'307 C= 1637523 
log tan a = 10.20844 (n) log tan @ = 10.49471 
log cos C = 9.82126 log cos C= 9.64953 
log tan m = 10.02970 (2) log tan m = 10.14424 
M = NSS 32s m = 54° 20’ 40”. 
b—m= — 40° 47 32”. b — m = 89° 24’ 20”. 
log cos a = 9.72116 (n) log cos a = 9.48411 
log sec m = 0.16588 (n) log sec m = 0.23440 
log cos (b — m) = 9.87914 log cos (b — m) = 9.88800 
log cos¢ = 9.76618 log cose = 9.60651 
Cr TOA calli eo 3a C=316620 250 


Exercise 100. Given Two Angles and the Included Side 
(Page 216) 
1. Write the formulas used in computing A, given B, C, and a. 
sinl(B— 
tan} (b—c) = le Ve tan da. 
sin }(B + C) o 
in 1 
cost A = sit AB 200) cos 4a, 
cos $(b — c) 
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2. Write the formulas used in computing B, given A, O, and b 


tan $(a—c) = 


cos} B= — 


sin S(A— C) 


sin }(4 + 0) 
sin $ se + C€ a) 


3. Write the formulas used in computing b, given B, C, and a. 


tan }(b—c) = 


sin } (B— C) ene: 


tan} (6+ c) = 


sin] 5 .(B+C) 
_cos $(B—C) 


cos } 1(B + C) 


tan da, 


Solve the triangles, given the following parts : 


AeA 28>. 407.6 = 902. 
4(B— A)= 6°. 
4 (B + A) = 84°. 
te = 45°. 
log cos }(B— A) = 9.99761 
log sec} (B+ A)= 0.08143 
log tan }¢ = 10.00000 
log tan }(b + a) = 10.07904 
£ (6+ a)= 50°11 7”. 


log sin} (B—A)= 9.01923 
log ese } 3 (B+ A) = 0. 25244 


Teen an 3 6 = 10.00000 
log tan (6 — a) = 9.27167 


1 (b — a) = 10° 35’ 16”. 
b = 60° 46 23”, 
a = 89° 85’ 51”, 


tog sin 3 (LB + A) = 9.74756 
log sec } (b — a) = 0.00746 
log cos $e = 9.84949 
log cos } -C = 9.60451 

1 C = 66° 16’ 49”. 


C = 182° 33’ 38” 


1 (B — A) = 10° 30’. 
Vey Je = 45° 30’. 


Le = 35°. 
log cos 3 (B — A) = 9.99267 
log sec (B+ A) = 0.15434 
log tan $4 = 9.84523 


log tan } (b + «) = 9.99224 


1 (b + a) = 44° 29°17”. 


10g sin } (B — A) = 9.26063 
log esc 4 (B + A) = 0.14676 
log tan }¢ = 9.84528 
log tan $(b — a) = 9.25 262 
70) lO soe aoe 
b= 54° 377 52”. 


a = 34° 20° 42”. 


4 (b 


Jog sin }(B + A) = 9.85324 
log see 4 (b — a) = 0.00684 
log cos $¢ = 9.91336 

log cos } C = 0.77344 
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6. Al =462. B= 602 rc 1802: 


1(B—A)=7. 
3 (B+ A) = 58°. 
Lc = 40°. 


log cos }(B— A) = 9.99675 
log sec (B+ A)= 0.22054 
log tan }e = 9.92881 
log tan $ (6 + a) = 10.14110 
(b+ a) = 54° 8’ 53”. 


log sin } (B— A) = 9.08589 
log esc 5 (B + A) = 0.09765 
log tan }¢ = 9.92881 
log tan }(b — a) = 9.10735 
4(6—a@) =7°17' 47”. 
b = 61° 26’ 40”. 
i= AG? Ol 6 


log sin $(B + A) = 9.90235 
log sec } (b — a) = 0.00853 
log cos be = 9.88425 
log cos} C = 9.790138 
4 C= 51° 55’ 8”. 
C = 108° 50’ 16”, 


1. A = 75°, B= 30°, ¢ = 85°. 


(A — B) = 22° 30’. 
L(A + B) = 52°30’ 
1c = 42°30’, 


log cos }(A — B)= 9.96562 

log sec } (A + B)= 0.21555 

log tan }¢ = 9.96205 

log tan } (a + d) = 10,14322 
1 (a + b) = 54° 16 51”. 


log sin }(A — B) = 9.58284 
log ese (A + By = 0.10053 
log tan Fe = 9.96205 
log tan } (a = b)= 9.64542 
4 (a — b) = 23° 50’ 43”, 
Oa Smart, 
O50 Ono ie 


log sin $(A + B) = 9.89947 
log sec } (a — b) = 0.08875 
log cos }.c = 9.86763 
log cos } C = 9.80585 
34 C = 50° 14’ 40”, 
C = 100° 29’ 20”. 
8 As 60S E100 er en 
Solve as an isosceles triangle. 
Let A’B’C’ represent one of the 
right spherical triangles of the 
isosceles triangle, with O’ the right 
angle. B = 60°. 
c= TC — 20% 
By (5), cos B’ = tana’ cotc’. 
.. tanec’ = tana’ sec B’, 
log tan a’ = 9.56107 
log sec B’ = 0.30108 
log tan c’ = 9.86210 
C= S02 On0 
= (105 
By-(6), cos A“= cosa sin. B% 


log cos a’ = 9.97299 
log sin B’ = 9.93753 
log cos A’ = 9,91052 
AG S02 OlmDoms 
Ce 2A Sle Se46e 
OF Ar 802 B80 ocr Olas 
Let A’ B’ C’ represent one right 
spherical triangle of the isosceles 
triangle, with ©’ the right angle. 
Baa S0e8 
d= C— 402. 
By (5), tanc’ = tana’ sec B’, 
log tana’ = 9.92381 
log sec BD’ = 0.7608: 
log tan c’ = 10.68414 
Ci 18a Seo Sic 
=i 
By (6), cos A’ = cosa’ sin BY, 
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log cos a’ = 9.88425 
log sin B’ = 9.99335 
log cos A’ = 9.87760 
AG m= ALOALBS 
C= 2AG= BPP 801645 


LO Ase 204, IF =i DOr Cm LDS" 
} (B — A) = 6° 80’. 
} (B+ A) = 82° 30’. 
he = 7T°, 
log cos } (Bi Ale = 9.99720 
log sec } (B+, 0.07397 
ae tan }¢ = 10.63664 


Zz 
log tan } (b -+ a) = 10.70781 


4 (h 4 () — if ope 5d’ 44”, 


log sin} (B— A) = 9.05386 
log ose L(B+ A) = 0.26978 
log tan }¢ = 10.63664 
log tan 3 (b — a) = 9.96028 
} (t — a) = 42° 23’, 
a 2h Wa ae 
a = 86° 81’ 44”, 


log sin 5 (B+ A) = 9 73022 
log see 3 (b — a) = 0.18156 
log cos }¢ = 9.85209 
= 9.21387 
Y = 80° 34’ 56”. 
= 161° .9" 52”. 


log cos } io 


w= to 
~ 
I 


1 A = 128% 2b = Lor, 
(A — 8) = 10°30’. 
4(A shes | ne BOe, 

4 Gr 6B" 


log cos § (A — sil = 9.99267 
log sec } (A + B) 0.83559 (n) 
log ta un 4c : > 10,.27488 
log tan 4 (a + ~ = 10.60259 (n) 
h(a +.6) = 104° 1 11%. 


{iE Whe 


471 


log sin }(A— B)= 9.26063 
log ese 5 (A + a = 0.05207 
log tan } ¢ = 10.27433 

log tan 4 (a — ne = 9.58703 


4 (a — b) = 21° 7 35”. 
a@ = 125° 8’ 46”. 
b = 82° 53’ 36”. 


log sin 4(A + B) = 9.94793 
log sec 5 (a4 — b) = 0.03022 
log cos Le = 9.67161 

log cos 3 C = 9.64976 


4. C = 68° 297 5”. 
C= 126° 58’ 10”. 


MP AN alse E AG) sea 7ileh", [dcertoho} 


4 (A — C) = 87°30. 
(A + C) = 115° 30’. 


4b = 43° 
log sin $(A — C) = 9.78445 
log esc } (A + ae 0.04451 


log tan 3b = 9.96966 


log tan 4 (a — c) = 9.79862 


1 (a — c) = 82° 10’ 4”. 


log cos }(A — C) = 9.89947 
log sec (A + C)= 0.36602 (n) 
log tan }b = 9.96966 
log tan } (a + ¢) = 10.23515 (n) 
(a + ¢) = 120° 11’ 48”, 
@= 152° 21’ 47”. 
Cr 88° 1°30 


log sin } (A + C) = 9.95549 
log see } (a — c) = 0.07236 
log cos $b = 9.86418 


log cos } B= 9.89198 
3B = 38° 45’ 30”. 
i a Sik 
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18, A = 125°, C = 82°, b = 52°. 


}(A—C) = 21°30’. 
L(A + C) = 108° 30’. 
1b = 26°. 


log sin } (A — C) = 9.56408 
log ese $(A + C) = 0.01217 
log tan $b = 9.68818 

log tan 3 (a — c) = 9.26443 


1 (a — ¢) = 10° 28’. 


log cos (4 — C) = 9.96868 
log sec $(A + C) = 0.63181 (n) 
log tan $b = 9.68818 
log tan } (a + c) = 10.28867 (n) 


1(@+ =I? 1322”. 
a = 127° 38’ 22”, 
c¢ = 106° 48’ 22”. 


log sin }(A + C) = 9.98783 
log see 4 (a — c) = 0.00722 
log cos $b = 9.95866 

log cos } B = 9.94871 


B= 27° 18’. 
B= 54° 36’. 


Lr —lO0 2 Ci 100 a Ohio 


sinb = tana cot A. 
tana = sind tan A. 


log sinb = 9.97821 
log tan A = 10.75368 (n) 
log tan a = 10.73189 (n) 


a) = 10023012 


cos B = cosb sin A. 


log cos b = 9.48998 
log sin-d = 9.99335 
log cos B = 9.48333 


Bi T22AGEBO ms 


cos A = tan b cote. 

cotc = cos. A cotd. 

log cos A = 9.23967 (n) 
log cot b = 9.51178 

log cot ¢ = 8.75145 (n) 


C= 93° 134633 


15. A = 120°, C = 88°, b = 75°. 
1(A— 0) = 10. 
4 (A+ C) = 104. 
1b = 87° 30’. 


log sin 5 (A — C) = 9.44084 
log ese 3(A + C) = 0.01310 
log tan } b = 9.88498 

log tan 3 (a — c) = 9.38842 


V(a —c) = 12°17 49”. 


log cos }(A — C) = 9.98284 
log sec }(A + C)= 0.61682 (n) 
log tan }b = 9.88498 
log tan } (a+ c¢)= 10.48414 (n} 
£ (a + c) = 108° 9 32”. 
@ = 120° 277 214 
¢ = 95° 51’ 43”. 


log sin $(A + C) = 9.98690 
log sec (a — c) = 0.01008 
log cos £6 = 9.89947 
log cos } B = 9.89645 

4 B= 88° 0 48”, 

B= WCACS6e 
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Exercise 101. To find the Third Angle (Page 217) 


Find the value of C, given the following parts: 


Ag 28, 34 OO Cel 20S. 
cotz = tan A cose. 


log tan A = 9.72567 
log cos¢ = 9.69897 (n) 
log cote = 9.42464 (n) 


Cie LOA Ha ee'6— 


cosA sin(B— x 
cosC = cosas are) : 
sin x 


B—« =— (64° 53’ 16”). 


log cos A = 9.94593 

log sin (B — x) = 9.95688 (n) 
colog sina = 0.01483 

log cos C = 9.91764 (n) 


C = 145° 49’ 7”, 


Qe At==t30o, == 400.16 = 130°: 
cota = tan A cose. 


log tan A = 9.84528 
log cos¢ = 9.80807 (n) 
log cot x = 9.65830 (n) 


ey = 114° 1387 557. 


cos C = ——____— 
B—xz=— (69° 13’ 55”). 


log cos A = 9.91386 
log sin (B — x) = 9.97083 (n) 
colog sinz = 0.04005 


log cos C = 9.92424 (n) 


O=14ie 1768" 


ALS ADS, 15) = M0? Orcs, IE 
cote = tan A cose. 


log tan A = 10.23856 (n) 
log cos¢ = 9.80807 (n) 
log cot x = 10.04668 


iA DAA 87 


cos A sin(B—2 
cosC = ( ) ‘ 


sin 2 
B— = 58° 4712”. 


log cos A = 9.69897 (n) 
log sin (B — a) = 9.92875 
colog sinz = 0.17508 

log cos C = 9.80280 (n) 


C = 129° 25’ 22”. 


4, A = 140°, B =75°, c = 125°. 


cotz = tan A cosc. 


log tan. A = 9.92381 (n) 
log cos¢ = 9.75859 (n) 
log cot x = 9.68240 


Ota lao Sie 


cos A sin(B— 2) 
COs i= Sos Se!) . 
sine 


B—x=10° 42’ 2”. 


log cos A = 9.88425 (n) 
log sin(B — 2) = 9.26875 
colog sing = 0.04524 


log cos C = 9.19824 (n) 


C = 99° 4’ 55”. 
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Find the value of the third angle, given the following parts : 


5, A = 26° 58’ 46”, 6. A = 128° 41’ 49”, 
B= 39° 45’ 107, B = 107° 33’ 20”, 
c = 154° 46 48”. = 124912" 31% 
log tan A = 9.70678 log tan A = 10.09634 (1, 
log cos¢ = 9.95650 (n) log cose = 9.74990 (n) 
log cot z = 9.66328 (n) log cotz = 9.84624 
x = 114° 43’ 44”. xv = 54° 56’ 18”. 
log cos A = 9.94996 log cos.A = 9.79602 (n} 
log sin (B — x) = 9.98490 (n) log sin(B — x) = 9.90015 
colog sinz = 0.04177 colog sinz = 0.08697 
log cos C = 9.97663 (n) log cos C = 9.78314 (n) 
CE NGT226bie C= IT2722042 


Exercise 102. Given Two Sides and an Opposite Angle 


(Page 219) 
1 Given @ = 76°, 2. Given b = 80°, 
b = 110°, C=tbe. 

A = 85°, find B. B= 95°, find C- 
sinBa 52 4 sin Db ane sind sinc | 

sin @ sin 0 

log sin. A = 9.99834 log sin B = 9.99834 

log sinb = 9.97299 log sine = 9.95728 

log sin a = 0.01506 colog sin} = 0.00665 

log sin B = 9.98639 log sin C = 9.96227 
B= 104° 16’ 15” C = 118° 32’ 20 


8. Givenc = 95°, 
Ga 20s, 
C = 97°, find A. 
sin A = 2 e sing 
sine 
log sin C = 9.99675 
log sin a = 9.93753 
colog sinc = 0.00166 
log sin A = 9.93594 


A= 120° 2817, 
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Solve the triangles, given the following parts : 


4, a = 73° 49’ 38”, 
b = 120° 58’ 35”, 
A = 88°52’ 42”, 


log sin A = 9.99992 
log sin b = 9.93355 
colog sin a = 0.01753 
log sin B = 9.95100 


B= 180° — (63° 17’ 30”) 
nl 62 427307, 


since the greater side is opposite 
the greater angle. 


4 (B +A) = 102° 47’ 36”, 

1 (B—A) = 18° 54’ 54”. 
L(b + a) = 97° 21’ 36.5”. 
3 (b — a) = 23° 81’ 58.5”. 


log sin} (B+ A)= 9.98908 
cologsin }(B—A) = 0.61892 
log tan }(b — a) = _9.63898 
log tan $¢ = 10.24698 


3£¢ = 60° 28’ 43.4”, 
c = 120° 57’ 27” 


log sin }(b + a) = 9.99641 
colog sin $(b — a) = 0.39873 
log tan } (B— A) = 9.39402 

log cot } C = 9.78916 


1 C = 58° 28’ 80” 
C = 116° 47’. 


5. a= 150° 57457, 
b = 184° 15’ 54”, 
A = 144° 22’ 42”, 
A and a are alike in kind and 
sind > sina > sin A sind. 
.. there are two solutions. 


log sin A = 9.76524 
log sinb = 9.85498 
colog sin a = 0.31377 
log sin B = 9.93399 
B, = 120° 47 45”. 
By=159°12" 15”. 


1 (A + B,) = 182° 807 18.5”, 
4(A + B,) = 101° 47’ 28.5”. 
4(A — B,) = 11°47’ 28.5”. 
4 (A — B,) = 42° 85 18.5”. 


— 


3 (a — b) = 8° 20’ 85.5”. 
3 (a + 6) = 142° 86’ 29.5”. 
in 3(a +d) 
sin 3 (a —b) 
log sin } (a + 6) = 9.78388 
colog sin } (4 — b) = 0.83833 
log tan } (A — B,) = 9.81963 
log cot $C, = 9.94134 
CE, Se ANS elt 
C, = 97° 42’ 55”, 
log sin }(a + 6)= 9.78338 
colog sin }(a@— b) = 0.83833 
log tan } (A — B,) = 9.96338 
log cot } C, = 10.58509 
10, = 14° 34’ 19.6” 
C, = 29° 8’ 39”. 
log sin }(A + B,) = 9.86708 
colog sin} (A — B,) = 0.68963 
log tan } (a — b) = 9.16629 
log tan de, = 9.72295 
SG, S30 UE 
C00 427 87, 
log sin }(A + B,) = 9.99074 
colog sin }(A — B,) = 0.16960 
log tan } (a — b) = 9.16629 


tol 09 


n 


cot} C= tan (d+ B) 


log tan $e, = 9.32663 
4c, = 11° 58’ 38.7 
Gee 20 OF LIS 
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6, a = 79° 0 54”, b = 82°17 4”, 
A = 82° 9’ 26”. 


log sin. A = 9.99592 
log sin b = 9.99605 
colog sin a = 0.00808 
log sin B = 0.00000 


p05 
tanc = cosA tanb. 
cot C = tan A cosb. 


log cosA = 9.13499 
log tan b = 10.86812 
log tance = 10.00311 


QMS ie. 


log tan A = 0.86093 
log cosb = 9.12793 
log cot C = 9.98886 


C = 45° 44’ 5”, 


7%, Given a= 30° 52’ 37,” b=81° 
9’ 16, and A= 87° 34° 12”. show 
that the triangle is impossible. 
sinBb = sinJA sin 0 ese a. 
log sin. A = 9.99961 
log sin b = 9.71878 
colog sin a = 0.28972 
log sin B = 0.003811 
sin B = 1.0072. 
Since sin B>1, the triangle is 
impossible. 


Reviewing preceding work, find the value of the third angle, given: 


Ch als SOI, Je VS? IG 
c = 48° 32’. 
3 (A — B) = 25°59. 
4 (A + B) = 104° 18’. 
de = 24°16’, 
log sin } (A — B) = 9.64158 
colog sin }(A + B) = 0.01367 
log tan $e = 9.65400 
log tan }. (a — b) = 9.80925 
(a — b) = 11°81’ 18”. 


log sin }(A + B) = 9.98633 
colog cos }. (a — b) = 0.00883 
log cos $c = 9.95982 
log cos $ C = 9.95498 

LC = 25° 38’ 20”. 

C = 51° 16’ 40” 


9, B= 142° 20’, CO = 79° 56, 
a = 82° 18’. 
4(B— C) = 81°12. 
4(B + C) = 111°8.. 
ha=41°y. 


log sin 3 (B— C) = 9.71435 

colog sin (B + C) = 0.03024 

log tan $a = 9.94146 

log tan 3 (b — c) = 9.68605 
(6 — c) = 25° 53’ 22” 


log sin }(B + C) = 9.96976 
colog cos $(b — c) = 0.04593 
log cos $a = 9.87679 
log cos } A = 9.89248 

4A = 88° 40’ 36”. 

ZN (AN? IG, 


LON B= 1562 15aeC 38382264 
a = 75° 48’, 
3(B— C) = 36° 24 30”. 
4(B + C) = 119’ 50’ 30”, 
da= 87° 54’, 
log sin }(B — C) = 9.77345 
colog sin } (B + CO) = 0.06177 
log tan } a = 9.89125 
log tan 3 (b — c) = 9.72647 
4 (b — c) = 28° 2’ 87”, 
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log sin 3 (B + C) = 9.93823 
colog cos $(b — c) = 0.05424 
‘ log cos $a = 9.89712 
log cos } A = 9.88959 

A = 39° 8’ 54”. 


Wse= Its WY CE 


11, C = 75° 48’, A= 132° 17, 
b = 64° 197. 


By = = BODO, 
log sin } (A — C) = 9.67504 
colog sin } (A + C) = 0.01317 
log tan $b = 9.79846 
Jog tan }(a — y= = 9.48677 
£(a—c) =17°3' 11%. 


log sin } a (4 + C) = 9.98683 
colog cos $ (a — ce) = 0.01953 
log cos $b = 9.92767 

log cos } B = 9.98408 


4 B= 30°47 15”, 
B = 61° 34’ 30”. 


12, C = 88°52’, A 
b = 72° 50. 
4 (A = C) = 21° 58’. 


= 127° 48’, 


4 (A + OC) = 105° 50’. 

$b = 36° 25’, 

log sin }(A — C) = 9.57295 
colog sin $(A + a 0.01680 


log tan 1b = 9.86789 
log tan } (a — = = 9.45764 
4 (a —c) = 16° 0’ 18”. 


log sin $ 2 (A + C) = 9.983820 
colog cos } (a — c) = 0.01717 
log cos £6 = 9.90565 

log cos ] i B = 9.90602 

1B = 86° 2)’. 

B= 72° 42’, 


L(A = 28° 14’ 30”. 
L(A = 104° 2’ 30”, 


NS eae 8On ior. 
B= 48.259, 
€ =132.5°. 


4(B— A) = 5° 46’. 
4 (B+ A) = 42°30’. 
4c = 66° 15’ 
log sin }(B— A) = 9.00082 
colog sin} (B+ <A) = 0.17032 
log tan $e = 10.35654 
log tan $(b — a) = 9.52768 


1 (b — a) = 18° 37 83”. 


a 


log sin 3 (B+ A) = 9.82968 
colog cos } (b — a) = 0.02336 
log cos be = 9.60503 
log cos } C = 9.45807 


WO = ToS cole 
C = 146° 87’ 42”. 


} (B— A) = 6° 48’ 45”, 
4 (B + A) = 65° 18’ 45”. 
Lc = 64° 22’ 30”, 


log sin }(B— A) = 9.07416 
colog sin} (B+A)= 0.08498 
log tan }¢ = 10.31907 

log tan }(b— a) = 9.47821 


1 (b — a) = 16° 44’ 20’ 


log sin 3 & + A) = 9.91502 
colog cos } (b— a) = 0.01880 
log cos 1 C965 3596 
log cos $0 = 9. 56978 


1 C = 68° 12/4”, 
C = 136° 24’ 8” 
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153) — 156162 Ae 200 eae. 


4 (B— A) = 80° 27’. 

3 (B + A) = 126° 9. 

bce = 58° 54’. 
log sin $}(B— A) = 9.70482 
colog sin} (B+4<A)= 0.09287 
log tan $e = 10.21951 
log tan $(6 — a) = 10.01720 


3 (b — a) = 46°82”. 


log sin (B + A) = 9.90713 
colog cos $ (b— a) = 0.15928 
log cos } ¢c = 9.71310 
log cos $ C = 9.77951 
4 C = 52° 59 42”. 
C = 105° 59’ 24”, 


Reviewing preceding work, solve the following triangles : 


16. B= 158° 17’ 6”, 
C = 78° 43’ 36”, 
a = 86° 15’ 15”. 


4 (B+ C) = 116° 021”. 
4 (B— C) = 87° 16 45”. 
La = 43° 7 87.5”. 


log cos }(B— C)= 9.90074 
colog cos 3}(B+C)= 0.85807 (n) 
log tan }a = _ 9.97159 
log tan $ (6 + c) = 10.23040 (n) 


4 (b + c) = 120° 28’ 6.2”. 


log sin } (B — C) = 9.78226 
colog sin }(B + C) = 0.04636 
log tan ba = 9.97159 

log tan $ (6 — c) = 9.80021 


4 (b — c) = 82° 18 45”, 
b = 152° 48’ 51”, 
¢ = 88° 12/21”, 


log sin }(B + C) = 9.95364 
colog cos } (b — c) = 0.07283 
log cos $a = 9.86822 

log cos } A = 9.88969 


4A = 39° 7 54 
A=W Sol Daa uss 


17, A = 125° 41 44”, 
C = 82° 47’ 35”, 
b = 52°37’ 57”, 


L(A + C) = 104° 14’ 39.5”. 
4(A — C) = 21° 27’ 4.57. 
4b = 26° 18’ 58.5”, 


log cos }(A — C) = 9.96883 
colog cos}(A+C) = 0.60896 (n) 
logtan}b= 9.69424 
log tan } (a + c) = 10.27203 (n) 


3(a@ + c) = 118° 7 32.9”, 


log sin }(A — C) = 9.56313 
colog sin } (A + C) = 0.01356 
log tan $b == 9.69424 

log tan } (a — c) = 9.27093 


3 (a—c) = 10° 84’ 12.9”, 
a = 128° 41’ 46”, 
C— 10283220 


log sin }(A + C) = 9.98644 > 

colog cos (a —c) = 0.00743 
log cos }b = 9.95248 
log cos } B = 9.94635 


$B = 27° 53’ 50”. 
B= 55° 47’ 40”, 
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Exercise 103. Given Two Angles and an Opposite Side (Page 220) 


Solve the triangles, given the following parts : 


1 A =110°, B=130°, a = 150°. 


log sin a = 9.69897 
log sin B = 9.88425 
colog sin A = 0.02701 
log sin 6 = 9.61028 
b = 155° 56’ 46”. 
4, (B+ A) = 120°. 
4(B— A) =10°. 
4a=78°. 
£(b + a) = 152° 58’ 28”. 
3, (b — a) = 2° 58’ 23”, 
log sin 3 (B + A) = 9.93753 
colog sin } (B—A) = 0.76088 
log tan }(b — a) = 8.71546 
log tan $c = 9.41832 
to= 14° 31167. 
C= 29° 2 327. 


log sin }(b+ a)= 9.65744 
colog sin }(b — a) = 1.28512 
log tan 3 1 (B —A)= 9.246382 


log cot  C = 10.18888 
£C = 82° 55’ 58”. 
CeObapLa66% 
OA 20 e Ble. 0. 
Since A and a are unlike in kind 


and sinB>sin A, 
there is no solution. 


Sree Ooi O02 mm 1007. 
Since A and a are unlike in kind 
and sin A = sin B, 
there is no solution, 


Bee Age Ooms Or OL ——n) O02. 
log sin a = 9.99335 
log sin B = 9.99761 
colog sin. A = 0.00166 
log sinb = 9.99262 
6 = 100° 32’. 


4(B + A) = 95° 30’. 
4(B— A) = 0°30’. 
3(b + a) = 100° 16’. 
£(b— a) =0° 16. 
log sin }(B + A) = 9.99800 
colog sin $(B—A) = 2.05916 
log tan 4(b — a) = 7.66785 
log tan $e = 9.72501 
1c = 27° 57’ 50”. 
© = 55° 55’ 40”. 
log sin} (b+ a)= 9.99299 
colog sin}(b—a)= 2.33216 
log tan }(B— A)= 7.94086 
log cot } C = 10.26601 
L C = 28° 27 267. 
C = 56° 54’ 52”. 
Br O89 Cra OD 01002. 
log sin b = 9.99335 
log sin C = 9.98494 
: colog sin B = 0.00425 
log sine = 9.98254 
C= 1069 8" 15%. 
1(C + B) = 101° 30. 
Ae — B) = 3°30’. 
L(¢ + b) = 93° 4 7.5”. 
i (¢ — b) = 138° ¥ 7.5”. 
log sin }(C + B) = 9.99119 
colog sin}(C—B)= 1.21482 
log tan $(¢ — b) = _ 9.86573 
log tan 2 a = 10.57124 
Ta = 74° 58’ 36”. 
a = 149° 57’ 12”. 
log sin b(c + b) = 9.99988 
colog sin J it L(¢ — b) = 0.64566 
log tan 4( C —B) = 8.78649 
log cot $A = 9.48158 
1 CRA 
" A = 149° 46’ 12” 


wise hoe) 
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Bi 02254 beer 1902 


log sine = 9.99884 
log sin A = 9.95728 
colog sin C = 0.00026 
log sin a = 9.95588 


@ =.115° 23’ 30”. 


1(A + C) = 108° 30. 
4(A— 0) = 11°30. 
L(a +c) = 105° 11 45”. 
4 (a —¢) = 10°11’ 45” 


log sin } (4 + C) = 9.98783 
colog sin $(A— C) = 0.70034 
log tan } (a — c) = 9.25492 
log tan $b = 9.94309 

Lb = 41° 15/24”, 

b = 82° 30’ 48”. 


logsind(a+c)= 9.98454 
colog sin } (a —c) = 0.75199 


log tan} (A —C)= 9.30846 
log cot } B= 10.04499 

4 B= 42° 2’ 14”. 

B= 84° 4’ 28”. 


Find the side b, given the following parts: 


7, A=110° 10’, B 


= 33°87 or 1472 57 S27, 


log sin @ = 9.73503 
log sin B = 9.86200 
colog sin A = 0.02748 
log sin b = 9.62451 


8. A = 102° 14’ 12”, 
C = 129° 5’ 46”, . 
a = 104° 25’ 9”. 


log sin a = 9.98610 
log sin C = 9.88991 
colog sin A = 0.00998 
log sin ¢ = 9.88599 


¢ = 129° 43” 33”. 


3(C + A) = 115° 
4 (CO — A) = 18° 28° 47”, 
4 (c — a) = 12°39’ 12”, 


log sin $(C + A) = 9.95488 
colog sin $(C — A) = x cue 
jog tana (oe a) = 9.85123 
log tan }b = 9.04014 


1b = 41°38’ 50”. 
b = 82° 7 40”. 


39’ 59”. 


b = 158° 5’ 18”, 


Oh (Cs Oe ve ak, 
Al = 98°'30/ 28% 
¢ = 95° 20’ 897. 
log sine = 9.99811 
log sind = 9.99519 
colog sinC = 0.00670 
log sina = 10.00000 ~ 


e902 


4(0 + A) = 99° 16’ 19.5”. 

4(C — A) = 0° 45’ 51.5”. 
bc + a) = 92° 40’ 19.5”. 
3 (¢ — a) = 2° 40’ 19.5”. 


log sin} (C+ A)= 9.99428 
colog sin Ce A) = 1.87487 
log tan }(c — a) = 8.66904 


log tan $b = 10.53819 


3b = 73° 50’ 55”. 
b= 147° 41’ 50” 
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10. A = 118° 39 21”, 
B = 123° 40’ 18”, 
a = 65° 39 46”. 


log sin a = 9.95959 
log sin B = 9.92024 
colog sin A = 0.03812 
log sinb = 9.91795 


bi= 1242°°72207. 


il, Given A = 24° 33°97, 
BROS Ose 2 
and a = 65° 20’ 18”, 
show that the triangle is impossible. 
log sina = 9.95845 
log sin B= 9.78937 
colog sin A = 0.88140 
log sin b = 10.12922 
sin b = 1.3465. 
The triangle is impossible, since 
sinb>1. 


Exercise 104. Given the Three Sides (Page 221) 


Solve the triangles, given the following parts : 


Ny Gps WATE, a0, oes KO 


e202 
b= 602 
o= 110° 
Dis 2902 
SiN 45S: 
Se eens 
Sl) Satis 
s—¢ = 35°. 
log sin(s —b) = 9.99834 


log sin (s —c) = 9.75859 
colog sins= 0.24141 
colog sin (s — a) = 0.87405 
2)20.37239 

log tan } A = 10.18619 


2 
1A — 56° 55’ 19”. 
L 


Ayal 7 507384: 


log tan } B = 9.81881. 
1B = 83° 4’ 41”, 
B= 66290226. 
log tan } C = 10.05356. 
1 C = 48° 31’ 26”. 
0 97° 2 52”. 


2 — O02, (Ol Oo OO. 


Qs Ki 
= se 
Crm 30g 
2.8 = 295° 


Ss = 147° 30’. 


S— a= 97° 30’. 
Pi) = SVE SM, 
S— Cl 2307 
9.73022 
9.47814 
0.26978 
0.00373 
2)19.48187 
9.74094 


log sin (s — 6) = 
log sin (s — c) = 
colog sins = 

colog sin (s — a) = 


log tan $d = 


4A = 28° 50’: core 
Al == Oo AN 


log tan } B = 10.00699. 
1 B= 45° 27 41”. 
B= 902 65-227. 
log tan } C = 10.25907. 
BOs Ol OR2 8 
"CO = 122° 18’ 56”. 
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S &4=180, b= 1107, 6 = 85" 


@ = 180° 
b=0 
¢= 86° 
2s = 826° 
s = 162° 30’. 
s— @= 82°80’ 
s—b= 52° > 30°, 
s—¢= TT 30. 
logsin(s —8)= = 9.89947 
logsin(js—e)= 9 ee S958 
colog sins = 2186 
colog sin(s — @) = Lave 
2)20. 68069 
logtan}A= 10.34035 


{A= 


log tan } B= 

B= 
I 
log tan }C = 


“ 


4G = 60° 18’ 42”. 
CG = 100° 87° 24”. 
4. a= 20° 6 = 60°. ¢ = 70°: 
@= 320° 
d= 60° 
C= 408 
2s = 150° 
Sn 
s—a= 55°. 
s—b=15 
s—c= 


log sin (s — 0) = 
log sin(s — c) = 
colog sins = 


colog sin (s — a) = 


log tan $A = 
tA = 
A => 


65° 27’ 11". 
Al = 180° 54° 22” 


10.17110, 
56° 0° 19”. 
112° 0’ 88”, 
10.08099, 


9.41800 
8.94080 
0.01506 
oO. O8G64 
2 ) 18. 8.45500 
9.22780 
9° 85’ 2”. 


19° 10° 4”, 


log tan $B = 9.72786. 
$B= 2711". 
B = 56° 14’ 22”. 
log tan } C = 10.20056. 
4O=57 47. 
CH= 34’, 


&. @=SF, 6=— 5 = a. 
The triangle is impossible, for 


a+b=c. 


6. @= 55°, b = 100°, c = 125°. 


a= 65° 
b= 100° 
S= 780° 
2s = 280° 


$= 180°, 


s— a= 8d. 
s—b= 40. 
s—c=15°. 


logsin(s —0)= — 9.80807 


logsin(s—ec)= 9.41800 
cologsins= 0.19198 
cologsin(s—a)= 000166 
2)19.4 1466 

logtan $a = 9.70788 


4A = 27° 0°81”, 
A= 54°12", 
= 9.89760, 
88° 18’ 25", 
76° 36’ 50”, 


log tan 


1m to 
ad ed 


log tan } OC = 10.29267. 
4 C = 62° 59’ 29”. 
C = 126° 58” 68”, 
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Find the value of A, given the following parts: 
%. @ = 11209057357, b = 59°4’ 25”, 9. a = 131° 35’ 4”, b =108° 30 14”, 


¢ = 106° 10’ 22”. c = 84° 46 34”. 

a = 120° 55’ 35” a=1381°38 4” 
Di 59° Ae b = 108° 30’ 14” 

€ = 106° 10722” c= 84°46’ 34” 

28 = 286° 10’ 22” 28 = 824° 51’ 52” 

Si== 143950117 8 = 162° 25’ 56”. 
8 — a = 22° 9’ 86”. 8 — a= 80° 50’ 52”, 
8 —b = 84° 0’ 46”. 8 — b = 58° 55’ 42”, 
8 —¢ = 36° 54’ 49”. 8—C€=77° 39 22”, 
logsin(s—b)= 9.99763 log sin(s —b)= = 9.90756 
log sin(s —c)= —_ 9.77859 logsin(s—c)= 9.98984 
colog sin s = 0.22141 colog sins = 0.52023 
cologsin(s—a)= 0.42348 colog sin(s —a)= 0.29009 
2)20.42106 2)20.70772 
logtan}A= _  10.21053 logtan} A=  10.35386 

4A = 58° 22’ 24.8”. aaa nO OMe lee 
A = 116° 44’ 50”. A = 182° 14’ 22”. 


8. a = 50° 12’ 4”, 6b = 116° 44’ 48”, 10. a = 20° 16’ 38”, b = 56° 19’ 40”, 


B= IAS Ieee c = 66° 20’ 44”. 
a= 50°12’ 4” a= 20° 16’ 38” 
b = 116° 44’ 48” b= 56°19’ 40” 
C= 1292427 c= 66° 20’ 44” 
DSi 29670, 3A Dis 142° bie 27 
s = 148° 417”. Se 28 ols. 
8 = 19102, 18%. Si Ol 11753 
8 — b = 81° 19’ 29”. s—b=15° 851”. 
8 —c = 18° 52’ 85”. ee Sais RC 
log sin(s — b) = 9.71591 logsin(s—b)= 9.41715 
logsin(s—c)= 9.50992 log sin(s—c)= — 8.95139 
colog sins= 0.27666 cologsins= 0.02811 
cologsin(s—a)= — 0.00411 cologsin(s—a)= 0.10828 
2)19.50660 2)18,49993 
logtan}A= 9.75830 logtant A= 9.24997 
4 A = 29° 32’ 14”, 1A =10° 4’ 58”. 


Tie B aS LOA YG Ar==20° 0706". 
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Exercise 105. Given the Three Angles (Page 222) 


Solve the triangles, given the following parts: 


1, A= 120°, B= 112, O'= 8d". 


A = 120° 
B= 112° 
CO =<867 


28 =31P 
S = 158° 80’. 
S—A = 88° 80’. 
S—B= 46°30’. 
S—C=78°30. 


log cosS= 9.96868 (x) 


logcos(S— .A)= —- 9, 89854 
colog cos(S— B)= 0, 16219 
colog cos(S— C)= _0..54666 

2)20.57107 
log tan $a = 10.28554 


1 a@ = 62° 86’ 81”, 
@ = 125° 1872 
log tan $6 = 10.22981. 
1b = 59° 297 52”. 
b = 118° 59’ 44”. 
log tan }¢ = 9.84534, 
lc = 85° 0° 24”, 


“¢ = 70° 0’ 48”. 


2 ev OU On rs =a Oa Gon 


A = 60° 
B= 80° 
C= ‘ 60° 

2S = 200° 

SPS 
S—A = 40°. 


S— B= 20°. 
S—= GO = 40°. 


log cos S 
log cos(S = «t) 
colog vos (S = 2B) 


colog cos (S = C) 


log tan da 
N a 
a 


log tan $d 


bo: 


d 


3% 4 =100% B: 


log COS s 
log eos (S = <t) 
oolog cos (8 ~ b) 


eolog cos (S = C) 


log tan ba 


4 a 

a 

log tan J 
yo 

i) 


( 


log tan de 
je 


= 9.28007 (nr) 
O.88425 
0.02701 
O.11575 
2)19. 26068 
0, 03994 
23° 1 4", 


= 46° 31°22” 


> 30°. 
O.TAISO (n) 
9.06240 
0.48502 
0.06028 
220. 20044 
“1010472 

: 561° 80° SO”, 
Los 4. 

- 9, TOUMO, 
26° 57° 38", 
58° 55° 6%, 
10,07809, 
40° 47° 58%, 


0° SH ho”, 
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AAS ia 80EC = 150% logcosS = 9.58284 (n) 
log cos(S —A)= 9.89947 
SIRES colog cos(S— B)= 0.10053 
1, _ , [cos(S—B) cos (S—C) colog cos(S— C)= 0.10053 
eo NV sin B sin C ‘ 2)19.683 37 
logtanta= 9.84169 
A= 5° 
Des ROE 29 = 384° 46’ 51”, 
C = 150° = 69° 33’ 42” 
28 = 194 ates 
Stn) Tie 
S—A= 92°, GAT 0025 Ooe tO = 02 
S— B= 58°. 
S= 6 =— 63% Ate 
B= 105° 
log cos(S— B)= 9.72421 C =110° 
log cos(S — C)= 9.77946 25 = 316° 
colog sin B = 0.20118 
cologsinC = 0.30108 B= 167 30. 
2 )20.00588 
log cos $a =  10.00583 Si A518 0% 
S— B= 52°30’. 
The triangle is impossible, since S— C= 47° 30’. 
cos}a>l1. 
logcosS= 9.96562 (n} 
logcos(S— A)= 9.73022 
colog cos(S — B)= 0.21555 
colog cos(S— C)= _ 0.17032 
2)20.08171 
5. A = 75°, B= 75°, C= 78°. log tan ta= 10.04086 
ante eee 
B= 7h° & = 95° 22’ 58 
C= (5° log tan }b = 10.09509. 
2S = 225° A= Ole 234 


Di= 1022 26046 
Sell 2230 
= Au 0%. log tan 5c = 10.14082. 
J Se OO. 4.¢ = 54° 5’ 58”. 
— U = 87° 80’. GOS Sule bo 


RAN 
| 
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Find a and b, given the following parts : 


7, A = 130°, B=110°, C = 80°. 


A = 180° 

Bie NO? 

CaS 802 

2S 820° 

Si 1602: 

SA, = 80% 

S— B= 650°. 

S—C=80. 

log cos S = 9.97299 (n) 

log cos (S — A) = 9.93753 
colog cos(S— B)= — 0.19198 
colog cos(S — C)= 0.76083 


2)20,.86278 
logtanba= 10.43139 


La = 69° 40 41”, 
C= S02 ZIAD 
log tan } b = 10.30198. 
4b = 63° 28’ 56”. 
b = 126° 57’ 627. 


8. A=59°55°10”, B=85°367 50”, 


Co F592 500 10 


Aloo mODaOe 
B= 85° 36’ 50” 
C= Bony iki 
2S = 205° 27’ 10” 


S = 102° 43’ 35”, 
S— A = 42° 48’ 25”. 


S— B=17° 6’ 45”. 
$ — C = 42° 487 25”. 


logcosS= 9.34801 (n) 
logcos(S— A)= 9.86549 
colog cos(S— B)= 0.01967 
colog cos(S— C)= _ 0.13451 
2)19.36268 
logtant}a= 9.68134 


} a = 25° 88’ 45.5”. 
a = 51°17 31”, 


log tan }b = 9.79618. 
1b = 82° 1 23.67 
b = 64° 9’ 47”, 


9. 4=102°14/12”, B= 5493224”, 
C = 89° 5’ 46”, 


A7s— 1022 M4AGIEG 
B= 654° 32’ 24” 
G30 OL AOe 
2 S = 246° 2’ 22” 


1S) a2 225 Gralla 
S— A = 20° 41’ 59”, 
S — B= 68° 23’ 47”. 
S'—= 16 = 332/507 2545 


log sex 
log cos (S — A) = 


9.73536 (n) 
9.97102 


colog cos(S — B)= —- 0.48394 
colog cos(S—C)= _ 0.08061 
2)20.22093 


logtan}a= 10.11047 


La = 52° 12 84.6” 
a = 104° 25 9”. 


b = 9.70551. 
b = 26° 54’ 42.6’ 
b = 58° 49’ 25”, 


log tan } 
b 


TEACHERS’ EDITION 


10, A = 4° 28’ 35”, 
B= 8° 28’ 20”, 
C = 172° 17’ 56”. 


Ai 23D 
B= 8° 287 207 
Cras We WhO 
2S = 185796617 


S = 92° 34’ 55.5”. 


S— A = 88° 11’ 20.5”. 
S— B= 84° 6 35.5”. 
S—'C =— (79°43’0.5”). 


logcosS = 8.65370 (n) 
log cos(S— A) = 8.49971 
colog cos(S— B)= 0.98876 
colog cos(S— C) = _ 0.74833 
2)18.89050 
logtan$a= 9.44525 


= 15° 34’ 87”. 
= 31° 9 14”, 


i 


lq 
ays 


log tan }b = 9.95678. 
H b= 42°07 14/7, 
a Sey Oye" 


11. A = 71° 27’ 30”, 
B = 16° 29’ 30”, 
C = 140° 18’ 50”. 
By § 193, 


cos(S — A) cos(S— C 
cos$b= a - ) : ( a 
x V sin A sin C 


Ap mailer On| 
B= 16° 29’ 30” 
C = 140° 18’ 50” 
28 = 228° 15’ 50” 


S-= 114° 7 55”. 
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S—A= 42°40 25”. 
S = BiS259708'380257. 
— C =— (26° 1055”) 

log cos (S — A) = 9.86642 
log cos(S — C) = 9.95298 
colog sin A = 0.02815 
colog sin C = 0.19468 
2 )20.03723 
logcos}b= 10.01862 


The triangle is impossible, since 
cosb>1. 


12, A = 42.75°, 


B= 27.5°, 

CO = 150.8°. 
A= 42°45 
B= 27°30 
C = 150° 18’ 


2S = 220° 83’ 
Sy cs MO ey SOY, 
S — A = 67° 31’ 80”. 


S — B= 82° 46’ 30”. 
S— C=— (40° 1’ 80”). 


logcosS= 9.58974 (n} 


log cos(S —A)= 9.58288 
colog cos(S— B)= 0.90044 
colog cos(S— C)= _ 0.11591 

2)20.13847 
logtanSa= 10.06924 


4a = 49° 82’ 53”. 
@=) 99° 5° 46%, 


log tan 3b = 9.58642. 
O10 == Mey at 


b = 42° 11’ 54” 
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18, A= 72.51°, B= 142.65°, 
C = 100.2°. 
A= 12°30 36” 
B = 142° 39 
C = 100° 12 
2S = 315° 21’ 36” 
S = 157° 40 48”. 
S— A = 85° 10’ 12”. 
S— B=15°1' 48”. 
S— C = 57° 28’ 48”. 


logcosS = —- 9.96618 (n) 
log cos(S— A)= 8.92531 
colog cos(S — B)= 0.01511 
colog cos(S— C)= _ 0.26955 
2)19.17615 
logtan}a= 9.58808 


$a = 21° 10’ 22”. 
a = 42° 20 44”, 
log tan } b = 10.64766. 
4b =TT° 18’ 55”. 
b = 154° 37’ 50”. 


14. 4=121°10'10”, B=68° 42’ 30”, 


C = 21°17 30” 
A = 121° 10° 10” 
B= 68° 42’ 30” 
C= 21°17 30” 
2S = 211° 10’ 10” 
S = 105° 35’ 5”. 
S—A=— (15° 35’ 5”). 
S — B= 36° 52 35”. 
S— C= 84°17 85”. 


ll 


logcosS = = 9.42921 (n) 
log cos(S— A)= 9.98373 
colog cos(S — B)= —- 0.09695 
colog cos(S— C)= _ 1.00244 


2)20.51233 
logtanj}a= 10,25617 
ta = 60° 59’ 44”. 
CE DMS 8) eh, 
log tan 3 b = 10.17548. 
4b = 56° 16’ 22”, 
ebay eee 


Exercise 106. Areas of Spherical Triangles (Page 223) 


Find the areas of the following triangles : 


1. A = 80°, B = 35°, 


Cr 02s OF 
Pa 
Bixee 
C= 10 


185° 
ease O00 Gs 
180° = 648,000”. 


log r? = 2.00000 
log E = 4.25527 
log w = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 0.94084 
T = 8.7265. 


20 Ab 802 80 ei OO 


C=72°15',r=5. 


Ar SOS 
B= 29° 45’ 
Ce eatos 

187° 30’ 


E = 7° 30’ = 27,000”. 
180° = 648,600”, 


log r? = 1.39794 
log E = 4.43136 
log 7 = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 0.51487 
LY BSW Pe’ 


TEACHERS’ EDITION 


SPA == 84920197) B= 279122 40% 


Ci (Onsoiui— 20: 
A= 84°20’ 19” 
B= 27° 22’ 40” 
C—O 34 
187° 15’ 69” 
Jf UO NS SY rs OLS SI 
180° = 648,000”. 
log r? = 2.60206 
log EH = 4.41762 
log r = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 1.70525 
T = 60.729. 


Exercise 107. 


Find the spherical excess, given: 


Te Al 3 0%, Jotces GU, (C= Tas 


PAu —meS0> 
Biers (e 
C= WE 

185° 


E = 185° — 180° = 5°. 


, Al 3 (0%, JB 3 iO C= StU, 


Ay = 10 
Basle? 
Cis 02 

260° 


FE = 260° — 180° = 80°. 


3. A = 95°, B= 120°, C = 85°. 


A= 95° 

Bie 1202 

C= 85g 

300° 

E =: 306 180° = 120°. 
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4, A = 98°30’ 10”, B = 32° 35’ 30”, 
C = 88° 25’, r = 50. 
A= 93°30’ 10” 
B= 32°35’ 30” 
C= 88° 25’ 
214° 30’ 40” 
E = 84° 30’ 40” = 124,240”. 
180° = 648,000”. 


log r? = 3.89794 
log EF = 5.09426 
log r = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 3.17777 
T= 1505.8. 


Finding Areas (Page 225) 


fin Sales (hee, Jo = Wa, Ch MNO, 


= 88° 
B= 95° 
C = 100° 

283° 


EF = 283° — 180° =108°. 


hy zels (MS, Jove Os, Of Ss lal 


= 
B 08° 
C= 110" 
280° 


EH = 280° — 180° = 100°. 


6. A = 96°, B= 97°, C = 98°. 
A= 96° 
B= 97° 
C= 98° 
291° 


# = 291° — 180° = 111°. 


490 SPHERICAL TRIGONOMETRY 


Find the areas of the following triangles, given : 


7. a = 100°, b = 75°, c = 80°. 


C= 1002 
i= Te 
c= 80° 

23 = 25° 
St LOO 


S— a= 27°30. 
s — b = 52° 30’. 
s—c=47° 3. 
log tan $s = 10.80702 
log tan} (s — a) = 9.38863 
log tan }(s — b) = 9.69298 
log tan } (s —c) = 9.64846 
log tan? } # = 19.03209 
log tan i= = 9.51605. 
1 E = 18° 9’ 59”. 
EH = 72° 39 56” 
= 261,5967. 


log r? = logr? 

log E = 5.41763 

log a = 0.49715 
colog 648,000 = 4.18842 — 10 


log T = 0.10320 + log r? 


T = 1.2682 72. 
8. a = 110°, b = 85°, c = 95° 


eae 
Nie tela” 
C= WS 
2s = 290° 
S$ = 1452 
8s—a= 385°. 
s—b=60°. 
s—c=50°. 


log tan } s = 10.50128 

log tan }(s — a) = 9.49872 
log tan } (s — 6) = 9.76144 
log tan } (s — c) = _9.66867 
log tan? J 1H =19. 19.43011 


and cose = 


log tan } E = 9.71506. 
] EB = 27° 25’ 28”, 
E = 109° 41’ 40” 
= 394,900”. 


log r? = log r? 
log H = 5.59649 
log 7 = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 0.28206 + log r? 
T = 1.91457. 


9.04 120° Bie 8 alle 
By § 200, cotz = tan A cose 
cos.d4 sin(B—z) 
sin x 
log tan. A = 10.23856 (n) 
log cose = 9.62595 (n) 
log cote = 9.86451 
% = 58° 47’ 46”. 
B— «x = 24° 12’ 14”, 


log cos A = 9.69897 (n) 
log sin (B — x) = 9.61277 
colog sina = 0.09319 

log cos C = 9.40493 (n) 

C = 104° 43’ 4”, 


A = 120° 
B= 78° 
C = 104° 43 4” 
302° 43’ 4” 
E = 122° 43’ 4” 
= 441,784". 


login —Nown2 
log B = 5.64521 
log 7 = 0.49715 
colog 648,000 = 4.18842 —1¢ 
log T = 0.33078 + Flog 7? 
T= 2.14187" 


TEACHERS’ EDITION 


10. A = 60°, a = 75°, b = 80°. 


There are two solutions, since 
a and A are alike in kind and 
sinb>sina>sin A sinb. 


; sin A sinb 
Sune) = 
sin a 


log sin A = 9.93753 
log sin b = 9.993885 
colog sin a = 0.01506 
log sin B = 9.94594 
By = 622°07 97. 
Peo Omar. 


1(b + a) =77° 30. 
4(0 — a) = 2°80. 


Gi 15° 

bi=— 802 
¢ = 130° 49 247 
2s = 285° 49’ 24” 
Aste Cle 27 214 
4(s— a) = 88°57 21” 
4(s—b) = 31°27’ 21” 
¥(s—c)= 6° 2°39” 


log tan } s = 10.474387 
log tan }(s — a) = 9.82826 
log tan $(s — b) = 9.78657 
log tan }(s — c) = 9.02488 
log tan? } F = 19.11408 
log tan} #H= 9.55702 
L H= 19° 49’ 44.6” 
E = 79° 18’ 58” 
= 285,538” 


log r? = log 7? 
log HE = 5.45567 
log 7 = 0.49715 


colog 648,000 = 4.18842 —10 _ 
log T = 0.14124+ logr? or 


T= 1,3848 r? 
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4 (B, + A) = 61° 0 4.5”. 
4 (B, + A) = 88° 59’ 55.5”. 
$(B, — A) =1°0' 4.5,” 
4$(B, — A) = 28° 59’ 55.5”. 
log sin }(B, + A) = 9.94183 
log esc $ (B, — A) = 1.75760 
log tan} (b — a) = 8.64009 
log tan $e, = 10.383952 
4c, = 65° 24’ 41.8” 
C, = 180° 49’ 24”, 
log sin }(B, + A) = 9.99993 
log ese } (B, — A) = 0.31445 
log tan $(b — a) = 8.64009 
log tan $e, = 8.95447 
$C, = 5° 8 43.5”. 
Oy MD? War HEE, 


75° 

80° 
or OS e2Te 
OL LOO a 2 
or 41°19' 227, 
or 38°49° 22”, 
ORT eLOe 22a, 
or 86°10’ 38”. 


or 9.94410 
or 8.82490 
or 8.86343 
or 9.86408 


or 16.99641 
or 8.49821. 
OP AAS IB 
Oi FOUN 
or 25,975”. 

log r? 
or 4.41455 
0.49715 
4.18842 — 10 
1.10012 + logr? 
or 0,12593 r?, 
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LD A= 80° Boe 108 
sina sin B 
sin A 
log sina = 9.98494 
log sin B = 9.98494 


colog sin A = 0.00665 
log sinb = 9.97653 


sinb = 


n= Te AY. 


(a + b) = 73° 10. 
i (a —b) = 1° 60’. 
4 (A — B) = 2°30. 


logsin }(a@ + b) = 9.98098 
log esc 4 (a — b) = 1.49496 
log tan 3}(A—B) = 8.64009 

log cot } C = 10.11603 


4 O = 87° 269”. 
CO = 74° 52’ 18”. 


A= 80° 

BO 

CEES b26 18i¢ 
229° 52” 18” 


EB = 49° 52’ 18” 
= 179, 588”. 


log r? = log r? 

log H = 5.25416 

log wr = 0.49715 
colog 648,000 = 4.18842 — 10 


log T= 1.98973 + log r? 


T = 0.87042 r?. 


12. A = 150°, b = 45°, c = 15°. 


tanm = tanc cosa. 


COs @ = cosc seem cos(b—m). 


SPHERICAL TRIGONOMETRY 


log tance = 9.42805 
log cos A = 9.93753 (n) 
log tan m = 9.36558 (n) 


Mm — 166° 56.87 
b— m =—(121° 56’ 8”). 


log cose = 9.98494 

log see m = 0.01138 (n) 
log cos(b — m) = 9.72348 

log cos a = 9.71975 (n) 


Gir WAL SE, 


Ci NITES SAG 

45° 
C=Abe 

Ds Tekss ae 


o 
Il 


$'=/902497 3" 


$— a =— (80°49 3”). 
ie ese OY. 
S=—0= 19° 4973 


log tan }.s = 10.00620 
log tan }(s —a)= 9.44030 (n) 
log tan} (s —b) = 9.62592 
log tan } (s —c) =_ 9.89139 
log tan? 1} # = 18.96381 (n) 


log tan } E = 9.48192 (n). 
E = 112° 30’ 10” 
= 405,01¢”, 


log r2 = log r2 

log E = 5.60747 

log r = 0.49715 
colog 648,000 = 4.18842 — 10 

log T = 0.29304 + log r2 


T= 1963572. 


TEACHERS’ EDITION 


LSAT sO bon hn) een os 
cot c = tan A cosb. 


log tan A = 11.05805 
log cosb = 9.53405 
log cot = 10.59210 


x =14° 20 54”. 
C—2z = 80° 89 6”. 
sAsin(C—x 
cos B = cosine — 2) 
SID wv 


log cos A = 8.94030 

log sin (C — x) = 9.99419 
colog sin x = 0.60587 

log cos B = 9.54036 


B= 69° 41’ 41”. 


Als {35° 
B= 69241 41” 
(Cres 


249° 41’ 41” 


E = 69° 41’ 41” 
= 250,901”. 


log r? = log r? 
log H = 5.89950 
log wr = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 0.08507 + log 120 


Dee Naas 


Waren Oath OO 
sin B si 
ne oUN, sin ¢ 
sin b 
log sin B = 9.98494 
log sinc = 9.91336 
colog sinb = 0.02179 
log sin C = 9.92009 


OPTS MSI 


493, 


bb + c) = 63° 30’. 
L(b—c) = 8°30. 


3 (B + C) = 65° 88’ 56.5”, 
3 (B— C) = 9° 21'3.5”. 
log sin $(B + C) = 9.95954 
colog sin j (B—C) = 0.78920 
log tan } (b — c) = 9.17450 


log tan } a = 9.92324 


a= )80 5740". 
a = 79° 5B 82”. 


a= 79° 55’ 32” 


aan 
ev= 8007 


2.8 = 206° 55’ 32” 
$8 = 103° 27’ 467. 


8 — a = 28° 32’ 14”. 
s— b= 381° 27 46”. 
&S— C= 48° 27 46”. 


log tan } s = 10.10300 

log tan }(s — a) = 9.31877 
log tan }(s — b) = 9.44975 
log tan }(s —c) = _9.65329 
log tan? } # = 18,52481 


log tan ] # = 9.26241. 
4 BE =10° 22/10”. 
E = 41° 28’ 40” 
= 14953204. 


log r? = log r? 

log H = 5.17412 

log 7 = 0.49715 
colog 648,000 = 4.18842 — 10_ 

loo mi—ales 


85969 4+ log r? 


T = 0.72392 r2, 
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Exercise 108. Miscellaneous Examples (Page 226) 


Find the spherical excess, given : 


1, A = 84° 20’ 19”, 
B = 27° 2% 40”, 


CO = 75° 38’. 
A= 84°20 19” 
B= 27° 22/40” 
C= 15738" 
187° 15’ 59” 
E =187° 15’ 59”— 180° 
= 7915/59”. 
2a= 69°15 6”, 


b = 120° 42’ 47”, 
c= 159° 18" 88”. 

a= 69°15’ 6” 

b = 120° 42’ 47” 

¢ = 159° 18° 33” 

2.3 = 349° 16’ 26” 


$= 174° 884137: 


Si— = 06223 6eia. 
8s — b = 58° 55’ 26”. 
s—c = 15°19’ 40”. 


}3= 87°19 6.5”. 
1 (s — a) = 52° 41’ 88.5”. 
1.(s — b) = 26° 57’ 43”. 


4(s —c) = 7° 389 50”. 
log tan 3 s = 11.32942 
log tan 3 (s — a) = 10.11805 
log tan 3 (s — b) = 9.70645 
log tan }(s —c) = _9.12898 
log tan? 1 F = 20.28285 
log tan 1 H = 10.14142. 
1B = 54° 10’ 4.6”. 
TH PANS AY WSS 


3,0 359) bason, 
= NSE SLs 
C=O 10" 
tanm = tana cosCd. 
cos ¢ = cosa sec m cos(b — m). 
log tan a = 9.81300 
log cos C = 9.53751 
log tan m = 9.35051 
m = 167° 22’, 
b — m= — (12° 16’ 42”). 


log cos a = 9.92345 
log sec m = 0.01064 (n) 

log cos (b — m) = 9.98995 
log cosc = 9.92404 (n) 
C= 147 be 30m 


== 352 aoe 
0 — 1562 be 184 
emkewie! by Bi 


28 = 835° 12’ 33” 
Si== 167° S60162.bae 
8 — a = 184° 34’ 31.5”. 
s — b = 12° 80’ 58.5”. 
S—c = 20° 30’ 46.5”. 


bs = 88° 48’ 8.25”, 
L(s — a) = 67°17 15.75”. 
1 (s — b) = 6° 15’ 29.25”. 
3 (s — c) = 10° 15’ 23.25”. 
log tan $s = 10.96419 
log tan 3 (s — a) = 10.87824 
Jog tan } a (s — b) = 9.04005 
log tan 1 a (8 — ¢) = _9.25755 


i tol tole 


log tan? }H= ~ 9.64003 
log tan LE = 9.82002. 
LE = 38° 27 13.3”. 
HE = 138° 48’ 538”, 
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Find the areas of the following triangles, given : 


4. ¢ = 114° 27’ 57”, 
A = 78° 42’ 33”, 
B= 127° 18 7”. 


3 (B— A) = 249 15'17”, 

3(B + “ = 102° 577507 
$¢ = 57° 13’ 58.5”. 

aie 4 (B— i) 


t b—a)= tan he. 

aaa is sin 1 (B+ A) ae 
logsin} (B— A)= 9.61362 
colog sin} (B+ A)= 0.01121 


ies tan $¢ = 10.19128 
log tan}(6—a)= 9.81611 


(6 — a) = 39°18". 
Bossi) A 
cs} C= Saat) 


cos $e. 
cos } (b — a) 


log sin (B+ A) = 9.98879 
colog cos $(b — a) = 0.07748 


log cos }¢ = 9.73338 
log cos $ C = 9.79965 


4C= 650° 55’. 
C=N01250e 
Ih = fC OP SB 
13 SO UBY 76 
C = 101° 50’ 
807° 45’ 40” 
I By pO AVS AD 
= 459,940”. 
log r? = log r? 


log 459,940 = 5.66270 
log 7 = 0.49715 
colog 648,000 = 4.18842 —10 _ 
log T = 0.84827 + log r2 


T' = 2.2298 2. 


5. a = 76° 14’ 47”, 
b = 82° 40’ 15”, 
A = 60° 22’ 44”, 


Since a and A are alike in kind 
and sinb>sina>sin A sind, there 
are two solutions, 


log sin A = 9.93918 
log sin b = 9.99648 
colog sin a = 0.01264 
log sin B = 9.94825 


B, =~ 62° 34’ 61” 
B, = 117° 25 9 


40 + a) = 79° 27 31”. 
1(b— a) = 8° 19 44”, 
1(B, + A) = 61° 28’ 47.5”, 

1 (B, — A) = 1° 6’ 8.5”. 


log sin }(B, + A) = 9.94382 
cologsin}(B,—A)= 1.71637 
log tan }(b — a) = 8.74914 
log tan $c, = 10.40933 


4c, = 68° 42 42.6”. 
C, = 187° 25 25”. 


4 (B, + A) = 88° 53’ 56.5”. 
1(B, — A) = 28° 81’ 12.5”. 
log sin } (B, + A) = 9.99992 
Cre ae 2 1) = 0.382105 
log tan } (b — a) = 8.74914 
log tan $c, = 9.07011 
hc, = 6° 42’ 9.4” 
CG, = 18° 24" 19 


SPHERICAL TRIGONOMETRY 


G= 76°14 47 76° 14’ 47” 
b= 82°40 15” 82° 40’ 15” 
C= ASI 25257 or 13°24’ 19” 
2 8 = 296° 20° 27” OF A t2e Oe 2A 
4s = 74° 5’ 6.75” or 43° 4’ 50.25”. 
4 (s — a) = 85° 57 43.25” or 4° 57’ 26.75”. 
1(s — bd) = 82° 44’ 59.25% or 1°44’ 42.75”. 
4 (s — c) = 5° 22’ 24.25” or 386° 22’ 40.75”. 
log tan } s = 10.54494 or 9.97088 
log tan }(s — a) = 9.86065 or 8.93822 
log tan $(s — b) = 9.80836 or 8.48386 
log tan }(s —c) = 8.97540 or 9.86727 
log tan? } H = 9.18735 or 7.26023 
log tan} #H = 9.59368 or 8.68012. 
LE = 21° 25 22.7” or 2° 26’ 36.0%. 
1B Senet? LABS or 9° 46% 24” 
= 308,491” or 35,184”. 
log r2 = log r? log r? 
log E = 5.48925 or 4.54635 
log w = 0.49715 0.49715 
colog 648,000 = 4.18842 —10 4.18842 — 10 
log T = 0.17482 + logr? or 9.23192 — 10 + log r? 
T = 1.4956 1? or 0.17085 r? 


(Ch Zale VON Bias) Joh (OGkey VPA 


cote = cosa tan B. 
sin(C — 2) = cos A sec B sina. 
log cosa@= 9.86157 
log tan B = 10.65927 
log cote = 10.02084 

Die Ne} ims ae 


log cos A = 9.23055 
log see B = 0.66946 
log sinew = 9.83881 
log sin (C — 2) = 9.73882 
C— a = 33°14. 
C = 76° 51’ 34”. 


7 ORAL 28a 


A= 80°12 35” 
B= 17° 88/22” 
C= 76°51 34” 
234° 49’ 31” 
E = 54° 42 31” 
= 196,951”. 


log r? = log r? 
log H = 5.29486 
log 3 = 0.49715 
colog 648,000 = 4.18842 — 16 
log T = 9.97993 — 10 + log 7? 
T = 0.95484», 
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1. b = 44°27’ 40”, c = 15° 22” 44”, AG 84765. 8” 
A= 167° 42°27; Biz 667536447 

4 (b — c) =14° 32’ 28”, C= 96° 18’ 49” 

AO 2) = 29405 127, 248° 7 41” 


LA = 88° 51’ 13.5”. LB) = Gee 

a <0 ¢ 9R1” 

tan }(B+C)= se Aas) cot LA. geil 
cos }(b +c) : 


log r? = log r? 
o 1 —(¢)= 586 5 5 
ee pee ore log E = 5.38963 
colog cos } (b + ¢) = 0.06212 % 
log a = 0.49715 
log cot } A = 9.038215 
Neca 1(B +0) — 9.08018 colog 648,000 = 4.18842 — 10 
3 2 Wet log T = 0.07520 + log r? 
4(B + C) = 6° 51’ 27.5”. 
B+ CO = 18° 42’ 55”, T= 1.18917". 


Jel Se GOAL a 


eagle De 9, b= 72°19’ 88”, ¢ = 54° 58’ 52”, 


ULES ee Bite 50147, 
EN 257227 
= 5122” tanm = cosB tanec. 


cos (a@ — m) = cosb sec ¢ cos m. 
Que 2 
log r? = logr 


log E = 3.70044 log cos B =: ea 
log tan c = 10.15447 
SOE aay) Soe log tan m= 9.49814 
colog 648,000 = 4.18842 — 10 =. $e Fe 
log T = 8.89501 — 10 + log r? Mil? 280417, 


T = 0.024832 r?. ; 
log cos b = 9.48227 


g secc = 0.2412 
8. b = 67° 15/ 42”, A = 84° 55’ 8”, ve OK ane 
ms OOACOSW Us wits 
C = 96° 18’ 49”. Bee 


log cos (@ — m) = 9.70295 
cota = tan C cosb. 


cos B = cosC esea sin(A — 2). a — m = 59° 41’ 41”, 
log tan C = 10.95608 (n) ESO 


log cosb = 9.58718 
log cote = 10.64826 (n) 
SNOW BI 


G10 227 
j= (PUG GRY 
e= 54° 58 52” 
92.—9 9 98’ 59” 
log cos C = 9.04128 (n) > Pe 


log ese w = 0.56086 Leos SI ey. 

leg sin (A — wc) = 9.99210 (n) F(g= aq) 129.82 2” 
log cos B = 9.59874 4 (3s — b) = 14° 57 24’ 

B = 66° 53’ 44”. a(S) = 28° 87 47” 
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log tan }s = 10.09350 


log tan }(s —a)= 9.34697 
log tan} (s—b)= 9.42673 
log tan }(s —c) = 9.64099 


log tan? } H = 8.50819 
log tan 1 E = 9.25410. 
LE =e Opel Ogaie onde 
H = 40° 42’ 807 
= 146,550”. 


lostnza—s oer 
log B = 5.16599 
log 7 = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 9.85156—10 + logr? 
IE =D) OSs 
LON B= Gea 
C = 42° 34 19”, 
b = 54° 47’ 55”. 
sinc = sind sinC ese B. 
log sin b = 9.91229 
log sin C = 9.88027 
log esc B = 0.09919 
log sine = 9.84175 
c = 48° 59’ 51”. 
4(B+C)= 84° 55’ 1125 Bye 
4 (B— C) = 42° 20’ 52.5”. 
3 (b + c) = 49° 23” 63”. 
4(b—c)=6°24 2”, 


log sin }(b + c)= 9.88039 
log ese }(b—c) = 1.02688 
log tan $ 1(Be C)= 9.95974 
log cot A = 10.86646 

1A SSO CMe IE 

FAS GP 


PLES MOV PEN 
B= V2 167 44 
C= 42°34’ 19” 

= 184° 19’ 45” 
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E=5°19 45” 
= 19,185”. 


log r? = log r? 
log E = 4.28296 
log w = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 8.96853 —10+4 logra 
T = 0.09301 7. 


11, a = 128° 42’ 56”, 
b = 107° 13’ 48”, 
c¢ = 88° 37 51”. 
a = 128° 42’ 56” 
b = 107° 13’ 48” 
c= 88°37 51” 
23 = 324° 34’ 35” 
s = 162°17 17.5”. 
8 — a = 88° 34 21.5”, 
s —b = 55° 8 29.5”, 
$ — ¢ = 78° 39 26.5”. 
1s = 81° 8 38.75”. 
.(s — ie = 16°47 10.75”. 
a) = 27° 81’ 44.75”, 
— c) = 36° 49’ 43.25”. 


bol tole Wl 
peas 
ao @® 


log tan $s = 10.80742 
log tan $(s —a) = 9.47951 
log tan $(s —b) = 9.71701 
log tan }(s —c) = 9.87441 
log tan? 4H = 9.87835 
log tan } H = 9.93918. 
LE = 41° 4.6%, 
E = 164° 0’ 18” 
= 590,418”, 
log r? = log r? 
log HE = 5.77116 
log 7 = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 0.45673 + logr? 
T = 2.8624 r2, 
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12, A = 127° 22 28”, 
B= 181° 45/27”, 
C = 100° 52’ 16’. 

A = 127° 22 28” 

B = 181° 45/ 27” 

C = 100° 52 16” 


860° 0’ 11” 
J SO Oak 
= 648,011”. 
log r? = log r? 


log H = 5.81159 
log wr = 0.49715 
colog 648,000 = 4.18842 —10 _ 
log T = 0.49716 4+ log r? 
T = 8.141677. 


13, a = 116° 19’ 45”, 
A = 160° 42’ 24”, 
GS WO PAE ASS. 
cot = cosa tan C. 
sin(B— x) = cosA sec C sing. 
log cos a = 9.64692 (n) 
log tan C = 9.17687 (n) 
log cota = 8.82379 
CBS eh oe A Tis 


log cos A = 9.97490 (n) 
log sec C = 0.00485 (n) 
log sin x = 9.99904 
log sin(B — x) = 9.97879 
B—x= 72°14 15”. 
B = 158° 25/ 28”. 


A = 160° 42 24” 
B = 158° 25’ 28” 
CO = 171° 27’ 15” 


490° 36° 7” 


= 810° 385’ 7” 
alge Sel Onin 
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log r? = log r? 
log EF = 6.04848 
log 7 = 0.49715 
colog 648,000 = 4.18842 — 10 
log T = 0.73405 + log r? 


T = 5.4206 r?. 


14, Find the area of a triangle on 
the surface of the earth, regarded 
as a sphere, if each side of the 
triangle is equal to 1°, and the 
radius of the earth is taken as 
3958 mi. 


Cet 
Oi=ale 
C= 
23 = 3° 
3s= 0°45’, 
4(s — a) = 0° 15’. 


3 (s — b) = 0° 15’. 
3 (s —c) = 0° 15’. 
log tan } s = 8.11696 
log tan } (s — a) = 7.63982 
log tan }(s — b) = 7.63982 
log tan } (s — c) = 7.63982 
log tan? } B = 1.03642 
log tan | # = 5.51821 
1H =0° 0’ 6.8139” 
= 27.2556”. 


| 


log r? = 7.19496 
log H = 1.48546 
log r = 0.49715 
colog 648,000 = 4.18842 — 10 
{Kofond Bis 3.31599. 


e207 Oa 


Therefore the area is 2070.1 


sguare miles, 
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15. In an equilateral triangle, 
given the side a, find the angle A. 


C=O] C= a. 


s=}(at+at+ajy=l1ha. 


a ee 
sin }A = 


jsin (s— b) sin (s —¢) 


sin} sine 


isin 3 ba sin } a 


me NS sina sina 

jsin? 3 sa 

sin? a 
sinha 
~~ sina 
sin ba 

~ 3 sin Sacos $ 

=tsec} 1 a. 


16. Given the side a of a regular 
spherical polygon of n sides, find 


the angle A of the polygon, 
distance R from the center of the 


polygon to one of the vertices, 
and the distance r from the 
center to the middle point of one 
of the sides. 

In the regular polygon ABDE 
draw arcs of great circles from 
the vertices A, B, etc., through the 
center C,and from C to M, the 
middle of one side. 


QBN 
Shen “eee 
nr 
\e} 
deme 
nr 
CAM=}4, 
AM= ta, 
ACG=k: 
MC=r 


By Napier’s Rules, 


fe) 
cos 


= cos Jasin} A, 
n 


eo} 


sin }a=sin# sin A 


n 
O 
sinr = tan } a cot act . 
n 
Whence 
o 
sin } A = sec } acos- : 
n 
8 re} 
sink = sin } a ese -" 
n 


> : 180° 
sinr = tan 5 @ cot ——. 
# n 


17. Compute the dihedral angles made by the faces of the five regular 


polyhedrons. 


If a sphere is described about a vertex of the polyhedron as a center, 
with a radius equal to an edge of the polyhedron, the adjacent vertices 
of the polyhedron lie on the surface of the sphere and are the vertices of 
a regular spherical polygon, of which the angles are required. 

If a is the length of a side of this polygon, that is, one of the 
angles of a face of the polyhedron, and n the number of sides, 
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that is, the number of faces of the polyhedron which meet at a vertex 
we have for the different cases: 


POLYHEDRON 


3 


Tetrahedron 
Hexahedron 


Octahedron 
Dodecahedron 
Icosahedron 


or co HB CoO CO 


But if A is an angle of the spherical polygon, we have, from Ex. 14, 
Ae of ; 180° 
sin 2-A\= see. acos———« 
7% n 
Hence, for the different cases: 


POLYHEDRON SIN} Loc Six $4 A 


Metranedrom sy 4 4 3 9.76144 70° 31’ 46” 
Hexahednronnms: a) 1/ 9.84949 90° 

Octalved One-way iy 9.91195 109° 28’ 14” 
Dodecahedron .. . J sec 54° 9.92975 116983454 
Icosahedron ... . : 9.97043 188° 11’ 36” 


18. The distance from Washington (1) to a certain place Y, measured 


in degrees on a great-circle arc, is 9°, and of a place Y from Washington 
the distance is 12°. The angle YWY is 85°. What is the distance in 
degrees from XY to Y? 

Given two sides and the included angle, to find the third side. 


Ce ND Peat 2,10 eB 


tanm = tana cos C, cosc = cos a sec m cos (b — m) 
log tan @ = 9.32747 log cos a = 9.99040 
log cos C = 8.94030 log see m = 0.00008 
log tan m = 8.26777 log cos (b — m) = 9.99582 
m = 1°3’ 41”, log cose = 9.98630 
b— m= 7° 56’ 19”. CaO 


.. the distance from X to Y = 14° 19’, 


